UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

UNIT-I

PART A

3. Form a partial differential equation by eliminating the
arbitrary constants from z=ax +by
Solution:.
Given z = ax? + by? ...(1)

1. Form a partial differential equation by eliminating the
arbitrary constants from (x—a)’ +(y—b)'=Zcota.
Solution:
(x—a)+(y=b) =z"cot’ a = (1)

(x—a)=zpcot’a — (2) Differentiate (1) partially with respect to x, we get
(y=b)=1zqcot’a — (3) 9z
= (zp cotza)z+<zq cotza)Z =z’ cot’ & ox a(2x)
z?p?cot* a + 22 g% cot* o = z7 cot’ & p
cotza(p2+qz):1 o=@
(p+¢’)=tan’a . . . .
o Form a partial differential equation by eliminating the Differentiate (1) partially with respect toy, we get
arbitrary constants from z=(X+a)(’ +b) 0z _
Solution: @ = b(2y)
Given that z=(x"+a)(y* +b)
z=(x"+a)y*+b) i:
oz N 2y
P=o0" @x)y +b) > @)
5 Substituting a & b in equation (1) we get
g==("+a)(2) > (2)
o z=Lx2 4 Ly2
2 _ P 2x 2y
= +a)—2x N
X
)= (x*+a)= L z=2 qy:>22=px+qy
2y 2
.- [L) 9 |_re
2x 2y 4xy

4xyz = pq.
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UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

4. Form the partial differential equation by eliminating the

arbitrary function f from:z= /(yj
X

Solution:
Givenz=f(£) (1)

Differentiate (1) partially with respect to x, we get
“Z_ ) ()
P= %% x/ \x2

-0 o

Differentiate (1) partially with respect to y, we get
0z YN 1
=5/ G )

Ol o

q

@ »_rB6)
@ 7RG
§=_— = px+qy=0

5. Find the particular integral of (I -2DD+[F)z=¢""

Solution:

”]5&mes€cr Ve Fage
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Given (D?+2DD +D?%)z =e*™?

1
P.I = - eX ™y
D2 4+2DD '+ D2

1

= X7V
1+2(1)(-1D)+1

Replace D = 1,D' =—-1

P.I =1 ex*™Y
' 0
2;’ ex_y
2D+ 2D +0
= X eX™y Replace D = 1,D =-1
2—-2
— f ex_y
0
— x? x=y
“2+0°

P1=x—ex'y
' 2

6. Form the partial differential equation by eliminating the
arbitrary function f from(;>—x))= /(xj
z

Solution:
; 2 _ X\ —
Given ¢ (z xy, Z) =0

2

Letu =z —xy,v=—
y z




au_zaz =
ox Zax Y=y
au_z 0z .
ay_ Z(')y X =220 —x

0z
@22(1)—xﬁ=z—px

0x z2 z?2

v x 0z —xq

Ju 0dv
ax x| _
Ju OJv =0
dy ay
zZ—px
2zp—y P
2 x| =0
zq—-x —
z
—xq Z—pxy
(ZZp—y)(Z—z)—(qu—x)( o )—0
2xpq  xyq zZ—pxy
- +Z—2—(22q—x)( 2 )—0

x%p — (xy — 2z%)q = xz

7. Find the partial differential equation of the family of
spheres having their centres on the z-axis.

Solution:
Let the centre of the sphere be(0,0.c) a point on the z — axis and

UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

r radius.
It’s equation is (x —0)2 + (y — 0)2 + (z — ¢)? =12
x2+y?+(@zZ-o)=r’....
Here c and r are constants.
Diff (1) p.w.r.to x we get
2x+2(z—c)%=0
ox
x+(z—-c)p=0

(z—cp=—x

Diff (1) p.w.r.to y we get
0z
2y+2(z—c)a— 0
y+(z—-0q=0

(z—c)g=-y

(z—c)=—§ ................ (3)

ax =py
8. What Solve (I’ -7DD+6D")z=0
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Solution:
LetD=m,D =1

m?—7m+6=0
m—-1)(m-6)=0
m=1,6

Complementary function z = f;(y + 1x) + f,(y + 6x)

9. Solve(D-1)(D-D +1)z=0.
Solution:
Given D -1)(D-D' +1)z=0

(D —(0)D = 1) (D —()D' - (—1))z =0
Here

m, =0, m,=1
z=e fi(y+0x)+e " f,(y+x)

10. Find the complete integral of y+4=pq.

Solution:
Let the complete solution be

z=ax+by+c........... (1)
Given p+q =pq

Letp=a&q=0»>
a+b=ab
b—ab = —a

b(l—a)=—a

—a
b=

1—a
b — a
S (a-1)

a
(a-1)

Substituting b = in equation (1) we get

z=ax+ y+c

a
(a—1)
11.Solved’z _ 0°z 0z _
ox* 0xdy Ox

Solution:

Given Equation can be written as (D> = DD +D)Z = 0

D(D-D+1)=0

(D-0D'-0)(D— (D' +1)=0

Here my =0,c; =0&m, =1,¢c;, = -1
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

~z=eYfi(y + myx) + e f,(y + myx) The auxiliary equation is m’ —2m* =0
=efi(y +0x) + e *fo(y + 1x)
z=f[@)+e " fL,(y +x)

m® —2m*> =0
m*(m—2)=0

12. Solve (p-p)'z=0. m, =0, m, =0,m, =2.
Solution:

The auxiliary equation is (m — 1)3 = 0.

2= () +x¢, () + 45 (y+2x)
m=111

4 4y
fz= @V +20) + 20,7 + 20 + X203 (y + 2) 15. Solve (D" D )z=0.
Solution:

13. Find the complete solution of p +¢=1 LetD=m,D =1

Solution:

Let the complete solution be m*—1=0

z=ax+by+c m?—1Dm?+1)=0
Given p +q =1 m2—1=0&m2+1=0
Letp=a&q=0b m=4+1,m=+i

at+b=1 Complementary function z = fi(y + x) + Lb(y —x) + f3(y + ix) +
b=1—-a faly —ix)
Substituting b = 1 — a in equation (1) we get
z=ax+(1—-a)y+c PART B
14. Solve (D'-2D°D)z=0

Solution:

16. Form a partial differential equation by eliminating the
Given (D’ -2D’D")z=0 arbitrary function ¢ from¢(x’ +y’ +z°,ax+by+cz)=0.
Solution:
]”\Semestcr s Fage
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Given @(x? +y? 4+ z%,ax + by + cz) = 0
Letu=x?+y?+z°v=ax+by+cz

du Jdv

dx Ox| _

Ju dv| 0

dy ay

2x+2zp a+cp

2y+2zq b+cq =0

(2x+2zp)(b+cq) — 2y +2zq)(a+cp) =0

(2xb + 2xcq + 2zbp + 2zcpq) — (2ay + 2azq + 2cyp + 2czpq) =0
2xb + 2xcq + 2zbp + 2zcpq — 2ay — 2azq — 2cyp — 2czpq = 0
+2 =>xb+xcq+zbp—ay—azq—cyp=0

p(zb — cy) + q(xc —az) = ay — bx

17. Form a partial differential equation by eliminating the

arbitrary function /& g fromz=x"f(y)+1’g(x).

Solution:

Given z = x2f(y) + y%g(x) e (1)

_62_2 2 1 2
p=--=2xf(y) +y°g'(x) «(2)

_ 0z oo 2 )
q—@—xf(y)+ yg(x) - (3)

4

2

r=ss=2f0)+ y2g" () -
3 0%z 3 , , c
= xdy 2xf'(y) +2yg' (%) . (5)
— 622 2 F0

t—a—yz—xf M +2g9x) ..(6)

@x+ By >
px +qy = 2x*f(y) + xy?g' (x) + yx*f'(¥) + 2% g(x)
px +qy = 2[x*f(¥) +¥* g(O)] + xylyg' () + xf' ()]
px+qy = 22+xy(§)
2px + 2qy = 4z + xys
4z = 2px + 2qy — xys

18. Find the partial differential equation of all planes which
are at a constant distance / from the origin.
Solution:

The equation of the plane which is at a constant distance &
from the origin is

Ix+my+nz=k

Where I + m? +n?2 =1

Let l = cosa =a,m =cos =b,n=cosy =c
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Weget ax+by++vV1—a?—-b? z=k 1=2@*+q¢*+1)
ie,ax+by+vV1l—a?—b? z=k ccccooevinnininnn.n. (1) 12:;
@*+q¢*+ 1D
Diff (1) w.r.t xwe get
1
0z A=z 21 2
a++1—a%- b2 5= V@ taqt+1)
X
1
92 + g2 - __ is —
Vi—a?—bZp=-a pt+qgé+1= 7 (here Ais — ve)
—-a
= (1) = plx+qly—Az=k
P V1 —a? - b2
(px+qy—2)A=k
Diff (1) w.r.t y we get
k
a (px+qy—2) =~
b++1—a? — b2 %:0 A
z=px+qy+kyp?+q>+1
ll_az_bz q=-—a 2 2
19. Find the singular integral ofz = px+qy+p° +¢q" + pq.
q:_—b Solution:
V1 —a? — b2 Given z =px + qy +p? +pq + q>
a_b_ g A(say) This of the form z = px + qy + f(p, )
p q

Hence the complete integral is z = ax + by + a? + ab + b?

=pAb=qgl\J1—a%2—-b2=21
a=p q a Where aand b constants

— 212 — 42)2 —
\/1 piA% —q* A% =2 Now z=ax+by+a’+ab+b?..............(1)
292 _ 292 — 32
L e N Diff (1) w.r.t awe get
292 _ 292 _ 92 _
1-pA—q°2 A" =0 0=x+2a+b e (2)
1l Semester s Fage
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Diff (1) w.r.t bwe get
O=y+2b+a.........(3)
Now (3)xX2= 2a+4b+2y=0

Solving (2)& (4) we get

2)-4)=> -3b+x—-2y=0
3b=x-—2y

x—2y
b=—3

3) = 0=y+2(%)+a

3y+2x—4
0= y : y

(=)

+a

Substituting in equation (1) we get

= (55 (524 057 o

x—2y 2
()

y — 2x
3

)(

x —2y
3

)

20.

xy — 2x%  xy—2y? 24 4x% —4xy xy —2y?%—2x% 4 4x
_ y n y y +y y+ y y y

3 3 3 9
x2 + 4y% — 4xy

9

V4

=§ [3xy — 6x% + 3xy — 6y% + y? + 4x% — 4xy + xy — 2y? — 2x% + 4xy +
x? + 4y% — 4xy]

1

= 6[—3952 — 3y? + 3xy]
3

z =§[—x2 —y?2 + xy]
z=;[-x% -y +xy]
3z=—x%—y? +xy
3z+x%+y*—xy=0
To find general integral:
Put b = ¢(a)in equation (1) we get

z=ax + @(a)y + a® + ap(a) + [p(a)]?
Differentiating w.r.t awe get

. (5)

. (6)

Eliminating a between(S5) and (6) we get general solution

O0=x+¢' (@)y+2a+ap'(a)+ea)+2¢(a)p'(a)

Find the singular solution to the equation
z=px+qy+1+p° +q°.
Solution:
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UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

Givenz = px +qy ++/1 +p? + ¢

This of the formz =px + qy + f(p,q)
Hence the complete integral is z = ax + by + V1 + a? + b?
Where aand b constants

z=ax+by+V1+a?+b?..(1)

Diff (1) w.r.t awe get

Now

0=x+0+smmit®d
2T @ ¥ 5
3 a
Tt Araa
a
x=—m ..(2)
Diff (1) w.r.t bwe get
D0y sl 0H2DHO
2iTa T 5
oeyr b
iraio
b
yz—m ..(3)

2 42 o a? + b?
R P
a? + b?
1-(2+y)=1-—F——
=+ 1+ a? + b?
14+ a?+ b%—a? — b2
1+a?+ b2
_ 1
" 1+a?+b?

1—x2—y?=

1_x2_y2
/1—x2—y2=;
V1 +a? + b?

1
Jita2+bh? = —-o-——
J1—x2—y?

Substituting in equation (2) we get

x=—a1—x2—-y?

x
J1—x%—y?

Substituting in equation (3) we get

a =

y=—by1—x%—-y2
Yy

J1—x2%2—y?

Substituting in equation (1) we get

b=-—

”]5&mes€cr Ve Fage
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21.

B x2 B y2 N 1
\/l—xz—yz \/l—xz—yz \/l—xz—yz
1—x2—y2

J1—x2%—y?
z=,1-—x%—y2

z2=1-—x%—-y?

7Z =

x2+y?+z2=1
To find general integral:

Put b = ¢(a)in equation (1) we get

z= ax+go(a)y+\/1+a2 + [@p(a)]? .. (4)
Differentiating w.r.t awe get

1 2a+ 2¢(a)p'(a)
2 /1+a? +[p(@)]?

Eliminating a between (5) and (6) we get general solution.

0=x+¢'(0)y+ ..(5)

Find the singular solution to the equationz = px+qy+ p’q’
Solution:
Given z = px + qy + p%q?

This is of form z = px + qy + f(p,q)

Hence the complete integral is z = ax + by + a®b?

10
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Where a and b are arbitrary constants
To find Singular solution
z = ax + by + a?b? (1)
Differentiating with respect to ‘a’, we get
0 = x + 2ab?

x =—2ab*> ..(2)

A
, =2
Differentiating with respect to b’, we get
0=y +2a’b
y = —2a®b
Yo 2ab .3
a
Xy oab = 1
y =g = —2ab=y(say)
a=ky, b=kx

Put in equation (2) we get

x = —2k3yx?

1 Semester s Fa ge




UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Put aand bvalues in (1) we get

z = kxy + kxy + k*x?y?

1
= 2kxv + kx? 2(__)
z Xy x“y o

= dkay — Ky =3
z = 2kxy —5xy = kxy
27 27, 1
3_2713,3 32_(__) 3.,3
2 Eg Yy =g Ty Y Y

27
3__%2" 2.2
z 16xy

1623 + 27x%y%2 =0

This is the singular solution.
To get the general integral

Put b = ¢(a) in equation (1), we get
z =ax + p(a)y + a®(¢p(a))? . (4)
Differentiating w.r.to a we get

0=x+¢' (a)y +a?2¢(@)¢’'(a) +c ...(5)

Eliminate a between (4) & (5) we get the general solution.

22. Solve

the partial differential equation

x(y=2z)p+y(z—=x)g=z(x—y)

Solution:

1 Semester s Fa ge

Given x(y —z2)p+y(z—x)q = z(x — y)
The equation is of the form Pp + Qg =R
Where P=x(y—2),Q =y(z—x), R=z(x—y)

. . dx _dy _dz
Lagrange’s subsidiary equations are - = 22

Q R
dx dy dz
x-2) yz-0 zx-Y)
Use Lagrange multipliers 1,1,1 we get
dx + dy + dz _dx+ dy+ dz

Xy —XZ+yz—xy+zx—yz 0
=> dx+ dy+ dz=0
Integrating we get
[dx+ [ dy+ [ dz=0
x+ty+z=c

Use Lagrange multipliers %,%éwe get

1 1 1 1 1 1
zdx+§dy+2dz _;dx+§dy+2dz
y—z+z—x+x—-y 0

11




UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

Use Lagrange multipliers = 2,y2 ,Ziz we get

1 1 1
—dx+—dy+-dz=0
x y z

Integrating we get
1 1 1
f—dx+f—dy+f—dz=0
x y z
logx +logy +logz = logc,
log(xyz) = logc,
XyZ = C,
Hence the general solution is f(c;,c;) =0
px+y+zxyz)=0
23. Solve the partial differential equation Solve the partial
differential equationx’(y—z)p+ y*(z—x)g =z (x - y)

Solution:
Given x%(y — 2)p + y*(z — x)q = z*(x — y)

The equation is of the form Pp + Qq =R

Where P = x%(y —2),Q = y?(z—x), R=z%(x —y)
dy_E

Lagrange’s subsidiary equations are 0%

dx _ dy _ dz
X2(y—z) y*z-x) z(x—Y)

] ” 5ernestcr

12

Use Lagrange mult1p11ers

/ Fage

—dx+ dy+12dz
0

dx+ s dy + 2 dz
(y—z)+(z—x)+(x—y)

1 1 1
—de+}7dy+Z—ZdZ=O

Integrating we get fxiz dx + f%dy + fzizdz =0

fx'zdx+fy'2dy+fz'2dz=0

X_2+1 y—2+1 Z—2+1

S L S f e S

,y, Iwe get

1 1 1
de+y dy+E dz

1 1 1
de-i'y dy+E dz
0

xy—xz+yz—yx+zx—zy_
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1 1 1
—dx+—dy+-dz=0
X y z

Integrating we get
1 1 1
f—dx+f—dy+f—dz=0
x y z
logx +logy +logz = logc,
log(xyz) = logc,
XYZ = Cy

Hence the general solution is f(cqy,¢c;) =0

o+irima) -0

24. Solve the partial differential equation Solve the partial

differential equation(x-2z)p+(2z-y)g=(y—x)
Solution:

Given (x —22)p+ (2z—y)g=y —x
The equation is of the form Pp + Qq =R
Where P=x—-220Q0=2z—y, R=y—x

. . d
Lagrange’s subsidiary equations are ?x =0 =%

dx dy dz
—— = =—— .. v (D)
x—2z 22—y y-—x

Use Lagrange multipliers 1,1,1we get

dx+ dy+ dz _dx+ dy+ dz
x—2z2+2z2—y+y—x 0

=>dx+dy+dz=0

Integrating we get

fdx+fdy+fdz=0

= x+y+z=q¢
Use Lagrange multipliers y, x, 2zwe get

ydx + xdy + 2zdz _ydx + xdy + 2zdz
y(x —22) +x(Qz—y) +2z(y —x) 0

ydx + xdy + 2zdz =0

fydx+fxdy+f22dz=0

22
= xy +xy + 27 =,
2xy +z% =c¢,
Hence the general solution is ¢(c¢y,¢;) =0
o(x+y+2z2xy+2z2)=0

25. Solve the partial differential equation Solve the partial
differential equation (mz —ny)p + (nx —lz)qg =ly —mx

”]5&mes€cr Ve Fage
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UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

Solution: ldx+mdy+ndz
Given (mz —ny)p+ (nx —lz)q = ly — mx {mz = ny) +m(nx = lz) +lZJ(cl%i]-7nZI;)-l- ndz
The equation is of the form Pp + Qq =R " Imz — lny + mnx — Imz + Iny — mnx
Where P =mz—ny,Q =nx—1lz, R =ly —mx =ldx+mc(l)y+ndz
Lagrange’s subsidiary equations are d?x = %y = % Sldx+mdy+ndz=0
dx _ dy _ dz Integrating we get
mz—ny nx-—Ilz ly—mx
Use Lagrange multipliers x, y, z we get f Ldx+ f mdy + f ndz=0
xdx+ydy+zdz _ xdx+ydy+zdz Ix+my+nz=c,
x(mz —ny) + y(nx — lz) + z(ly — mx)  mxz — nxy + nxy — lyz + lyz — mxz Hence the general solution is ¢(¢;,¢;) = 0
_xdx+ydy+zdz f(x?2+y?+2z% lx+my+nz)=0
0

26. Solve (D’ —2D’D)z =2¢™ +3x’y
S>xdx+ydy+zdz=0 Solution:

. Given (D’ -2D’D ')z = 2¢** +3x’y
Integrating we get

The auxiliary equation ism3 —2m? = 0
fxdx+fydy+fzdz=0
m?(m—-2)=0

ﬁ+y_2+z_2=2 = m=0,0,2

2 2 2 2 w
X2yt 4z2=c ~ o CER=16@) +xbL(y) + 3 +2%)

. 1
Use Lagrange multipliers 1, m, n we get P.lL= m(ZeZX + 3x%y)

”]5&mes€cr Ve Fage
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UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

1
D3 —2D2D' ¢

2x

P.I, =2

replaceD= 2 & D'=0

1
P.I; = —e2X
1 49

1

=—  3x?
D3 — 202D X Y

P.1,

_ Xy x°
T 20 ' 60
~z=CF+P.L
5 6
z = f,(y) + xf,(y) + f5(y + 2x) +%62x +% +&
27. Solve the equation (D’ — D" )z =" sin(x+2y)
Solution:
Given (D2 — D'?)z = e*~Y sin(x + 2)

12 o . .
4D"" (x%y) The auxiliary equation is m? -1 =0

D D

D3

2 4
<X2y+6x2+5(0)+---) D'(x%y) = x*

3 2x?
=— <x2y + —) D'%(x%y)

2
3 2D /2D’ 3 2D’ (x?
—< < ) +-~>x2y=—[x2y+ ( Y)+

D2
> m=+1

~CF=fiy+x) +£(y—x)

1

Wex'y sin(x + Zy)

P.I=

replace D= (D+1) & D' = (D'-1)

1

DT DI=(D =1 sin(x + 2y)

P.I =¢e*Y

”]5&mes€cr Ve Fage
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UNIT-1 PARTIAL DIFFERENTIAL EQUATIONS

1 2D +2D" -3
=e* Y sin(x + 2 =¥V —— i +2
D21 20D 11— (07 —2p + 1 E TR ¢ 5 S+ y)
— pX—Y 1 i e . [ i
=€ "Dz_prziap+ ZD,sm(x +2y) T [2D sin(x + 2y) + 2D’ sin(x + 2y) — 3 sin(x + 2y)]

replace D> = —(1)2 = -1 & D'? = —(2)> = —4
eX™

[2 cos(x + 2y) + 4 cos(x + 2y) — 3 sin(x + 2y)]

=e*Y ! sin(x + 2y) ~ a5
—-1+4+2D+2D’
1 ex—y
—eX YV — gj — _ :
Iz T 2) —5 [6cos(x +2y) — 3sin(x + 2y)]
1
=e*Y ————sin(x + 2y) 0¥y
2DHDY+3 i [2 cos(x + 2y) — sin(x + 2y)]
=e™ : 2D +D,)_3sin(x+2 )
- Y Hence the solution is z=C.F.+P.I

20+D)+3 2(D+D")—3

e 2(D+D")-3 . 42 X~y .
e [2(D + D)2 — 32 sin(x + 2y) z=fily+x) +fLy—x)— 15 [2 cos(x + 2y) — sin(x + 2y)]
_ 2D+2D"-3 _ N
=XV sin(x + 2y) 28. Solve the equation (D’ + D’D—4DD*—4D’)z =cosQx+y)

4[D%2 4+ 2DD'+ D'?]—9
Solution:

replace D> by —1 ,D'> by —4 & DD’ by — 2 '
Given (D’ + D’D'-4DD"-4D")z = cos(2x + y)

2D +2D" -3 The auxiliary equation is
= XY i 2
e A—1—4-4]=9 sin(x + 2y)

mi+m?—4m—4=0
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UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

m?(m+1)—4(m+1)=0
(m?-4)(m+1)=0
m=1,-22
“C.F=f—-x)+f—2x)+ f3(y + 2x)

1
I =
(D3 +D2D' — 4DD'* — 4D"®)

cos(2x +y).

replace D? = —(2)2 = —4,DD’ = -2 & D'? = —1

1
" (—4D — 4D’ + 4D + 4D")

cos(2x + y).

= % cos(2x +
).

1
~*(3D% +2DD' — 4D'2)

cos(2x +y).

replace D? = —(2)2 = —4,DD' = -2 & D'? = —1

1
= Xm COS(ZX + y)

1
=X cos(2x + y).

Hence the solutionis z =C.F.+P.I

2= iy =0+ 0= 20 + 5 +2x) = —5 cos@x + )

P.l.=

29. Solve the equation (D’ +2DD'+D"”-2D—2D")z =sin(x +2)

Solution:
Given (D’ +2DD'+D"*-2D—2D")z =sin(x + 2y)
[(D + D% —2(D + D")] = sin (x + 2y)
ie.(D+D")Y(D+ D' —2)z =sin(x + 2y)
To find the complementary function:
(D+D")YD+D'-2)z=0
if (D—myD" —c)(D—myD" —c,)
then z = eV f,(y + myx) + e?* f,(y + myx)
here m; = —-1,¢, =0
my, =—1,¢, =2
2 C.F=e"fi(y+ (—Dx) +e?f,(y + (-1)x)
CF=fi-x)+e?fy—x)

To find the particular integral:

1
(D2+2DD’+D’2—2D—2D’)

sin(x + 2y)

1

“O+DYD+D -2

”]5&mes€cr Ve Fage

sin(x + 2y)

_ 1 i(x+2y)
=1LP (D+D")(D+D'-2) €




UNIT-I PARTIAL DIFFERENTIAL EQUATIONS

1

—Ip (ix+2i )
D+DYD+D —2)°

(replace D by iand D' by 2i )
=[P !
O (20 +2i—2)
=ILP !
T BD@BEI-2)
— 1P

— 31 Bi—°¢
11 3i+2

=1LP— - — -
3ii 3i—2)(3i+2)

(ix+2iy)

plix+2 )

(ix+2i )

(ix+2i )

i 3i+2

=].P— (ix+2i )
-3 (-9-4)
—3+20 . ..
=].p —— (ix+2i )
39 °
—3+2i o
=[P [cos(x + 2y) + isin(x + 2y)]

39
Pl = =2 sin(x +2y) + — +2
1==3 sin(x + 2y) 39cos(x y)

Hence the solutionis z=C.F.+P.I

-3
z=fi(y—x)+e*fo(y —x) - 39 Sin(x +2y)

2
+ Ecos(x + 2y)

30. Solve the equation(D* —2DD +D? -3D+3D +2)z=e>"

Solution:
Given (D?—2DD'+D'?—-3D+3D'+2)z=e%*Y
This equation can be written as
(D—-D'—1)(D—D' —2)z = 2e?*7Y
herem; =1,¢c;=1&m, =1,c, =2
~C.F.=e*fi(y+x) +e?f(y +x)

1

— e2X=y
T D-D'-1(D-D"-2)

P.1

replace D by 2 & D' by—1

— 1 e2xX=y
C+1-D2+1-2)
1
P.l.==e2x
26
wz=C.F.4+P.I.

z=e*fi(y +x) +ePfy(y +x) + eV

”]5&mes€cr Ve Fage
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UNIT-II
PART A

State Dirichlet’s condition for the convergence of the
Fourier series of /(x) .

Solution:
If a function f(x) is defined in (0.2m), it can be expressed as a

Fourier series of the form
Ao © © :
-t Yin=10pn cosnx + X7_1 b, sinnx

Where ay, a,, b, are constants, provided the following

conditions are satisfied

i) f(x) is defined and single valued except possibly at a
finite number of points in (0,27).
ii)  f(x) is periodic in (0,2m).
iii) f(x) and f (x) are piece wise continuous in(0,2m).
iv)  f(x) has a finite number of maxima or minima in (0,27)
2. Obtain the first term of the Fourier series for the function
f(x)=x*, —r<x<rx
Solution:
Given f(x) =x?%in (—m,m)

f=x) = (=% =x? = f(x)
f(=x) = f(x)

!

UNIT-II FOURIER SERIES

Therefore f(x) is an even function

2 (" 2 ("
a0=—f f(x)dx =—f x2dx
TJo TJo

2[x3]n

T 30
2 3 0_2712
|3 3

212
="

2 0 n
3. If x2=%+4 D" ooy s,deduce that 1, 1.1

+—+.....&=
- nZ 12 22 32
Solution:
2 _a\n
Given «x?= %+4Zﬁ=1%cos (S ¢ )
3 2 —cosx cos2x cos3x
E} [ 7 T Tzt ]
_ 2 4 cosx cos2x + cos 3x
3 12 22 32 ]

The given Fourier series is f(x) =
x? is an even function in the intervel, —m < x < 7.

~sputx=mn in (1)

Here x = w in a point of discontinuity.

2 3 1z Tz T3

f(m)+f(-m) _ 7r_2 cosm cos2m  cos3m ]

]” Scmcstcr / Fagc




UNIT-II FOURIER SERIES

n?+n?  n? A -1 1 -1 1 +sin2x"

PR et PR A ke =zl =,
2n2_n2+4 1+1+1+ 1 +sin27r 0 sin 0

2 3 [12 22" 32 '"'] "7r[”' 2 2
m? =1 1

—_— —_— = 1

7'[2—?4'42? Qo T[(”)
n=1

- 1 7'[2 Ag = 1
) =TT
=1 n 5. Find the root mean square value of f(x)=¢“, a>0
Z 1 1 [37T2 - ﬂz] Solution:
] n* 4 3 The root mean square Value is [y]? = — f [f(x)]? dx

NI S S i )
T2 T3 e DF=7fU@H%&
4. Interpret the constant term in the expansion forcos’ x as a l —2ax1L —oal 0
. e s . _ 1 B 1 ax 1[e™=¢ e
Fourier series in the interval (-7, 7). )%=~ f (e7)? dx == = = -
Solution: : 2 [l —2a], l|—2a -2a
Given f(x) = cos?x = 1+CZS 1
2 —2al
D1 =51 —e2e]

Hence f(x) is an even function.

Constant term i =2 (" f(x)d
onstant term is - ap = J, f(x)dx 6. Give the expression for the Fourier series coefficient), for

w T the function f(x)defined in(-2, 2).
2f 1+c052x _2f1+ 23Vd
dx =5 ( cos 2x)dx
0

VA
0

Solution:
b, =0

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

7. Without finding the values ofq,, a, & b,, the Fourier Let f(x) be a function defined in an interval (a, b) then
coefficients of Fourier series for the function f(x) = x’ in _ \] f: [f(x)]?dx
the interval (0, 7).Find the valuei+ ianz b, ) b-a
i TV12 1 2
7Y = 5= [1FCaP dx
Solution: —a
T 0 a
1 5 a? 1 5 )
;f[f(x)] dx =——+ EZ(“” + bp°) e (1) 9. Find the co efficient b, of the Fourier series for the
0 n=1 function f(x) = xsinx in the interval(-2,2).
T
2 Solution:
M nbf[f(x)] x Given f(x) = xsinx is an even function +~ b, =0
2 o0
= a% + Z(anz + bnz), N ¢ ) 10. Find the value ofg in the Fourier series expansion of
n=1

f(x)=¢€" in the interval (0, 27).
given f(x) = x?

Solution:
0 s 1 q2m
a2 2 We know that ag == [ f(x)dx
a2 4 z:(an2 + b,%) = —f[xz]2 dx 2m o
2 n=1 T[o 1 xd 1 [ x]Zn
= '.aoz—fe x =-=[e*]§
T 517 5 4 "3 "
2f 4y 2 [x 2|m 0 21
=—|x*dx ==|=| ==|=—-0 =—
710 w|5 0 T|5 5 zl[eZTc_eO]
I
8. Define the root mean square value of /(x) over the interval 22T _ 1
(a’ b) * "= T
Solution: 11. Expand f(x)=las a half range sine series in the interval
0, 7).

]” Scmcstcr / Fagc
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Solution:
Given f(x) =1 in (0,7)

The half range Fourier Sine series is given by

f(x) = le SITL MY wrermermrnnnnns (1)
Where b, = % fon f(x) sinnx dx

2
=— | (1)si d
n_[( )sinnx dx
0

2 [ cos nx]"
T n 0

-2
= —|[cosnm — cos 0]
n

__2 nHr-1
= ——[-D" ~ 1]

= —[1- (-1

bn:
{O if mnis even
4 e
— ifnis odd
4 4w 1
=1 = —_— = —
f)= ), meinme=g ) o

n=odd

UNIT-II FOURIER SERIES

2 w (D" 1 11 m
12. lIf x* ==+ 435 1~ cosnx.Deduce that 5+ + 5+ =~
Solution:
2 _a\n
Given «x?= % +4¥9_, ( nlz) COS NX wuvcv v een. (1)
w2 —cosx cos2x cos3x
=—+4[ Tt +]
_ 2 CoS X CoS2x 4 cos 3x
3 [ 12 22 32 ]

The given Fourier series is f(x) =
x? is an even function in the intervel,—m < x < T.

sputx =m in (1)

Here x = w in a point of discontinuity.

f(ﬂ)+f(—7r)_7r2 [cosn c052n+cos37t ]
2 3 12 22 32 '
7T2+T[2_T[2 4—1 1+—1
— =7 [12 o ]
2712_712+4 1+1+1+
2 3 [12 22 ' 32 ]
5 w2 =1
T =—+4 —2
n
. n=1
1 w2
) =ty

”] Semester / Fagc
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UNIT-II FOURIER SERIES

b, = %fonf(x) sinnx dx

7.[2

1 N 1 4 1 4 B

A 12 22 32 LTI T N 6

13. Find the root mean square value of the function f(x) = x
in the interval (0,1) 2
= —f(k)sinnx dx
T
0

_ 2k cosnxqy®
N T n ]0

Solution:
The root mean square value is [y]? = ﬁ f‘f[f(x)]2 dx
—2k
——[cosnmt — cos 0]
n

1
_ 1
b1 = 7 [ Ireon ax
0
2k
- -]

l
oL, (P oLE
] _lfx Sl Kl R
0
_ -
? ==
2 2k N
] =_—[1-(D"
YTV o by =
14. Define Harmonic analysis. 0 if nis even
Solution: { 4k o dd
The process of finding the Fourier series for a function given nm ifnis o
by numerical values known as harmonic analysis. o o
4k 4k 1 .
15. Find half range sine series for f(x)=k ,0<x<rx. = fx) = Z g X = Z  Sumnx
Solution: n=odd n=odd
Given f(x) =1 in (0,m)
PART B
The half range Fourier Sine series is given by -

]” Scmcstcr / Fagc
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16. Find the Fourier series expansion for f(x)=x" in [0,27]

and periodic with period 27 . Hence deduce that i% _r

n=11

Solution:
Given f(x) = x? in (0,2m)

The Fourier series is

[o0]

a
f(x)=?+ ancosnx+2bnsinnx

n=1 n=1

Wh 1 d
ere —;bf f(x)dx

zlf2n 2d

zn 1[8;;]

a0: 3

W.K.Ta, = ifoznf(x) cosnx dx

2m
a, =— | x?cosnxdx
T
0

using Bernouille s formula [uvdx =uv; —u'v, +u'' vz —

sinnx

) o

6

2

)|

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

—10+4T[ 0 0
_T[[ n? ()]
14w\ 4 4

_E(ﬁ)_ﬁ =~ Tz

W.K.T b, = %foznf(x) sinnx dx
1
e ;f (m — x)?sinnx dx

using Bernouille's formula [uv dx = uv,
() (o e

1 —cos 2nn cos2mn cos0
=—[4n2<—>+0+2( . )_o+o_z( 3)]
n n n

s
1 472 2 2
=—|-—+0+=+0+0-—|=0
T n n3 n3
4
bn=_7

Substltutmg ay, ap and b, values in equation (1) we get

f(x)=7+ a, cosnx+2b sinnx

n=1 n=1

4m? S 1 1
f(x)=T+4Zﬁcosnx—4nzgsmnx
n=

n=1

—u'v, +u' vz —




UNIT-II FOURIER SERIES

o0

2 o0
(x)2=4i+4 icosnx—47r E lsinnx
3 n2 n
n=1 n=1

Here x = 0 in a point of continuity.

fO) +f@m)  4n?

> 3 + 4 —ZCOSO
n=1
0 + 4m? 3 472 A 1
2 3 n2
n=1
o2 4772 1
= 3 n2
n=1

NgE
:I\JlH
Il

o J,

n=1
17. Evaluate the Fourier series expansion of

<x<
flx)= o Osx<z . Deduce that l+i+i+
2r—x, m<x<21w 1 22

Solution:

. X, 0<x<rx
Given f(x) - {Zﬂ—x, T<x<L2rw

The Fourier series is

_17r2_|_7r2 1 212
|2 2 Tl 2

]” Scmcstcr / Fagc
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a
f(x) = 70 + Z a, cosnx + Z by sinnx ... ..o v e (1)
n=1 n=1

2m
1
ag = ;f f(x)dx
0

T 2
1 1
ao =Eff(x)dx + ;f f)dx
0 T

21

1( 1
=—fxdx + —f(Zn—x)dx
T s

T

0
1[x2]" 1 x21*"
= —|— _2 -
n[2]0+n[nx 2

T

1 2 04 a2 4772 22+T[2
2 T T Ty

1 [r2 2
==|—+4n?—2n2 —2n% + —
n[Z TTen ATy

oo ao =T




UNIT-II FOURIER SERIES

v v
u=x, = cosnx u=x, = sinnx
u=2m—x u=2m—x
L v
sinnx —COS NX
u =1, = u' =1, =
u=-1 n u' =-1 n
% U2
—cosnx —sinnx
u' =0 T n2 u’" =0 Tz
1 21
W.K.Ta, = ;fo f(x) cosnxdx

2T

Vs
1 1
=;fxcosnxdx + ;f (2m — x) cosnx dx

A

using Bernouille's formula [uvdx =uv; —uv, +u'"vz —

1 [ (sin nx) L (— cos nx)]”
“2\Tn n2 0

b [cam = (S22) — oy (22|

=G+ CD,

v

_ 1 — Ccos N —cos0 COS2nm  —COSNT
T ( n? ) Y + ( nz  n2 )
1

- 1 1
E[T_F_F
—1)"
n? ]

[+ sinnm = 0,cosnmt = (—1)",sin2nm = 0,cos 2nt = 1,cos0
= 1&sin 0 = 0]

rerd (GUOLEBY

0,
oy = {‘_4

nm

when n is even

, Whennisodd

1 2m
=;f f(x) sinnx dx
0

1 T 1 21
=—fxsinnxdx + —f (2m — x) sinnx dx
T T
T

using Bernouille's formula [uvdx =uv; —u'v, +u" vy —

-2 (222 1 (28] e (22)-

( 1)( smnx)]i”

L

far- o2

A

”] Semester / Fagc
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UNIT-II FOURIER SERIES

1 —cosnm —cosnm T 4 1
-2 EEE) -0+ (0 (5| =R X
n=odd
[+ sinnm = 0,cosnm = (—1)",sin 2nw = 0,cos 2nmwt = 1,cos0 72 1 1
= 1&sin0 = 0] gzﬁ-{-?.{_
1 =" 1 . . . i i
=_|- > 8. Find the Fourier series for f(x)=2x—x" in0<x<2.
(-1)" n Solution:
+1— ] Given f(x) =2x—x?%in (0,2)
b, =0 We know that the Fourier series in the interval (o, 21)
oby =
L . X
substituting a,, a, &b, values in (1)we get Fx) = + Z a, cos— + bn sinT (D)
T had 4 n=1 =1
f(x)=5+ Z mcosnx+2(0)smnx Here2l=2,1 =1
n=odd
o < —4 ) 1 2!
f(x)—5+ mcosnx................( ) aoz—f Fx)dx
n=odd l 0
Deduction: 2
= f f(x)dx
Letx=0 0
Here x = 0 in a point of continuity _ fz(Zx — x?)dx
0
f(O)——+ Z ——cosO
n=odd
T 4 1
20w n?
n=odd

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

2x? x3)° 72 2
B [T 3 - [_ n2m? W]
0 VU = COSNTTX [+ cos2nm = 1;sin2nmw = 0;cos0 = 1 &sin 0 = 0]
8 8 8 u=(2x—x?)
= =4 ——
2 3 3
4 sinnmwx 4 u= (2x —x?) v = sinnmx
ag = § v = an = — 73 = =
w=@-20 " " CoS nmx
1,21 nmx 21 l _
== —_— 1 nmx =1+2 =
a, zfo f(x) cos =~dx b, = _f @) sin dn u' = ( x) | m —
—COS N7X Lo L
2 v, = — "o —sinnmx
a, =f f(x) cosnmx dx U’ = (=2) n?m , fzf( s . u’ =12 V2=
0 n = x) sinnmx dx
2 0 " — o _cosnmx
a, :f f(x) cosnmx dx —sinnx ue = Vs = n3m3-
0 u" =0 Vs =353
n3m3

2
a, = f (2x — x?) cosnmx dx
0

using Bernouille's formula [uvdx =uv; —u'vy +u" vy —e

2
b, =f (2x — x?) sinnmx dx
0

using Bernouille’s formula [uvdx =uv; —u'vy +u' vy —eee

i = [(2x - x?) (—_COS n”x) _ (2 — o) (S X
[ () (51 N WS
+(=2) (%)]2 n3m3
n-m 0 _ [(Zx _ xz) (—COS TlT[X) n (_2) (COS Tl7TX)]2
= [@2-20 (= "”x)]z nm PR
BE “n2m2 /],

cos 2nm cos 0
- [<_2 n2m? ) B (2 n2m? )]

10

cos 2nm
- [(0_2 n3m3 >_<0

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

2 3
=3 res
b, =0 2 (3 2nmx
. . = —f (2x 2 v = cos
Substituting ay, a, and by, values in equation (1) we get 0 u=(2x—x°) 3
—x*)dx
Qo _ u' = (2—-2x) sin 2n3nx
fx) =7+Zan cosnnx+2bnsmnnx 18 27 v, =
= = _ —_— 2nm
3
fx) = + Z ( ) cosnmx + Z (0) sinnmx E [9-9]=0 u" =(-2) —cos 2”37”‘
3 V3= iz
2 4t “ap =0 9
flx) = 372 ),z eosnmx ’ 2" =0 ~_2nux
=i nmx sin—
- an=—f f(x) cos—dx V3= ———a—
. . T 2 . Lo l 8n°m?
19. Find the Fourier series of periodicity 3 for f(x) =2x—x" in 27
3 2nmx
0<x<3, =—f f(x) cos dx
Solution: 3J 3
Given f(x)=2x—x? in (0,3)

We know that the Fourier series is

[o0]

:E 3 2 2nmx
3 (2x — x*) cos dx

0 3
> nix using Bernouille’s formula [uvdx =uvy; —u'vy +u'" vz —=
fx) = Z an cos— + b, sin— . onmx 2nmx . 2nmx\ 13
l 2 in 0s: —sin—
n=1 n=1 [(Zx—x )( T >—(2—2x)<W>+( 2)(w)]
3 1 2 I 9 27 0
Here2l=3 =l=>- = -==
2 13
1 21
ag = Tfo f(x)dx

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

2nmx\ 1° 5 —cos 2nmx —sin 2nmx
_2 —(2 - 2x) TSI u = (2x — x2) 2nmx =—|(2x —x?) 3 —(2-2x) — 3
=3 AnZr2 v =sin 3 2nm 4n?m?
9 . 3 3 9
; 2nmx
2 cos2nm cos0 u' = (2-2x) —cos 2X 3
_2|_, 5 cos —3 +(=2)
3 4n?m? 4n2m? = 81313
9 9 3 27 0
= E [_ L — L] u = (-2) .o 2nmx [ —cos 2nmx cos 2nmx\ 1P
3 n2n2 2n2n2 _ st 3 — E (2x _ xZ) 3 + (_2) 3
_ T 4n2p? 2nm 8n3m3
[ cos2nm = 1;sin 2nm 9 i 3 —27 /],
=0;cos0=1&sin0 = 0]
u"' =0 2nmx [
2r—18—9 _ 053 2 —cos2nm +(-2) cos2nm cos0
=3z “ o | Tal\ 7\ T B B
27 L 3 27 27
21 —27 -9
"3 2n2n2]  n?n? 2|09 LN D O
-9 “3|2nr |\ 8n3n3 8nim3

[+ cos2nm = 1;sin2nm = 0;cos 0 = 1 &sin 0 = 0]

) _1[21 ) si nx _2f3 ) si Znnxd
n—lofxsml x,n—30fxsm3 x 22[9
3l2nm
2 (3 . 2nmx
bn=—f (2x — x*) sin dx 3
3 3 by =—
nm
using Bernouille’s formula fuv dx =uv; —u'vy +u"vs —~ Substituting ag,a, and b, values in equation (1) we get
ag - 2 o . 2nmx
f(x)=7+2ancos 3 +ansm 3

n=1 n=1

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

> -9 2nmx = 3 _ 2nmx 2 4 2 x21"
f(x)=0+zn2”2005 3 +ZESln 3 Now a0=EI(1+x)dx=; x+7
n=1 n=1 0 0
9 1 2nnx+3°°1  2nmx 2™ s o] 2 2T
f(x)—nzancos 3 T 1nsm 3 x|\ ( ) R 2
n= n=
20. Obtain the Fourier series for the function f(x)given by = il [2 + n]
2
l-x,—7<x<0 1 1 72 n
f(x):{1+x,0<x<7r .Hence deduce that - +?+57+ ,,,,,,, =5 nag=2+m u=(1+x D — cosnx
Solution: sinnx
Given f(x) = { S mmex<O a, = Eff(x)cosnx dx u'=1 V1=
1+x, O0<x<m T
0 "= o =cosnx
- 0 u' = vy, =
let f(x)= {d’l(")' g: x: m 2 n?
b2(x), r=m = f(l + x)cosnx dx

where ¢1(x) =1+x¢,(x)=1—x
$1(=x) =1 —x = ¢p,(x)

using Bernouille’s formula [uv dx =uv; —u'v, + u'" v

~ f(x) is an even function

_2 [(1 4 )(sinnx) (—cosnx)]”
= X - — .
henceb, =0
_ cosnx
Then the Fourier series is = [( )]
Qo c _ 2 [,cosnt cos0
fO)=—+ Z @y COSTX e vee evevve e (1) =— [( — ) - (?)]
n=1
m 2 D" 1 ]
2 — | a2 52
where ag = ;ff(x) dx Tl n n
0

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

C2[-Dn 1
Tl n? nz]

2 n
an = == [(~D)" 1]

—4 , ‘s odd
'.anz{_ ifn is o

n2m
0 if niseven
now (1) =
oo
() = 2+m 4 —4
flx) = > 3 cosnx
n=1
m+2 4 ¢ 1 ,
fx) = > - Z 7 cosnx RN ¢))

n=odd
which is the required Fourier series

putx = 0 is a point of discontinuity in the middle point.
fO+)+f(0-) (1-0)+(1+0) 2

2 2 2
=1 since f(0) =1
T+2 4 = 1
L@= fO=——= Y
n=odd
T+2 4 1
52]l=——— —
2 iy 2
n=odd

n=odd
4~ 1 m+2-2
= — _— =
T Z n2 2
n=odd
4521
= — —_— ==
T n? 2
n=odd
- 1 mnm
= —_— = =k —
Z nz 2 4
n=odd
1 n?
= —_— =
Z n? 8
n=odd
R 1 4 1 4 1 _nz
12 32 52 e owne s T 8
21.0Obtain the Fourier series to represent the function
. 0 1 72_2
flx)=[x| in —7<x<7 and deducey - _ " .
()= Z@mmz 8
Solution:
Given f(x) = x| —m<x<Tm.
f(=x) = |=x| = |x|
f(=x) = f(x)

~ f(x)is an even function.

henceb, =0
]”5cmcstcr / Fagc

14




Then the required fourier series is

(21 =
f(x)=7+2ancosnx
n=1
T
a =+ [ feax
0
T T T
_2f| ¥ _2f p 2 x? 2 2 —0 _27T2
ao_n xx—n xx_nZO_n 2 )
0 0

. a0=T[

T
2
ap = ;ff(x) cosnx dx
0

rn

using Bernouille's formula [uv dx = uv; —u'v, + u' vy —

T T
2 2
an =;f|x|cosnxdx =;fxcosnxdx
0 0
2 sinnx —cosnxy1"
=— -1
n[x( n ) ( n2 )]0
_2 cosnx\1™
=21,

2 1
=25 -

UNIT-II FOURIER SERIES

2 1
=G5 5]

u=x, v = cosnx
sinnx
u' =1, v =
n
" _g —cosnx
u = v, =
2 le

)3

v sinnm = 0&cosnm = (—1)"

2
=—I[-1)"-1
——[-D" - 1]
0, when n is even
a, =4 —4 .
, whennis odd

nimw

substituting a,, a, &b, values in (1)we get

) = T 4 —4
flx)= > - Cosnx
n=odd
T o4~ 1
flx) = > = — COSTX ... .... 2
n=odd
Deduction:

Here x = 0 is a point of continuity .

f() = Ix| f(0)=0

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

putx = 0in (2) we get

2m?
0=
T 4w 1 _2 (", 2 u=x? v = cosnx
F0)==—— — cos0 w.k.t a, = nfo x? cosnx dx
2 moe using Bernouille’s formula o= 2x sin nx
= vl —
o 2 sinnx —cosnx n
SRR Y 2 [en () g (5
T2 n2 4 n Lot v,
n=odd 4+ (—sm nx>] u'=2 _“—cos nx
4 Z 1 Z 1 m? 0
p 205 2= g 2 COSNX\1T Vg
T 2 noaa " 8 =1 [Zx( n2 )]0 uh =0 _ —sin nx
(oY) - n3
= Z;zn_z _2 2T COSNmT
n:1(2n—1)2 8 _n[ n? ]
1 1 2 = F(—l)” [cosnm = (—1)"]
, =t gt = —
BT 8

The required Fourier series be
22. Find the Fourier series expansion for f(x)=x"in (-7,7)

11 7z4 _3 4
and hence deducethat — + . -~ . fx)=——+ ) —(—1)" cosnx
AP A 90 2 Lun
Solution:
Given f(x) = x? is an even function _ 7T_2 442 cosx 4 cos2x cos3x ]
~ Fourier series expansion is f(x) = % + Y, a, cosnx 3 12 22 32
9 (T mw? cosx €os2x cos3x
ao=—f F0)dx :?_4[12 - o ]
T Jo
2 V3
= —f x? dx
TJo

a? - 2 (™
By Parseval’s identity %+ Z a,? = ;f (f (x)%dx
317 3 — 0
_2 [x ] _2 [” 0] n=1
El A
0
”] Semester / Fagc
14




1
2
herel=1 = a, =If(1—x2)dx
2 n=1 0
<] oo 1
2rt  NTA 2 L2t 2t _2rt9-5) st :2[ _x_3]
9 Zn4 m|5| Zn4_5 9 45 45 31,
n="1 0 n="1 4
1 1 1 4
L T TR-T) =2[( —1)—0]=2<E)
3 3 u=1-—x vV = cos nmx
23. Find the Fourier series expansion of f(x)=1-x" in (-1,1). 4 sinnmx
. Qg == u' =-2x vy =
Solution: 3 1 ni
l —cos nmx
Given f(x) =1—x? in (-1,1 2 "=-2 =—
f ( ) a, = 7_{ f(x) cosnmx dx u v n?m?
fx)=1-(-x)*=1-x*= f(x) 0 —sinnnx
nr — 0 Vo =
~ f(x)is an even function in (—1,1) 2 3 n3m3
= —f(l —x?) cos nmx dx
Then the fourier series is given by ! ]
Flx) = i a, cos@ using Bernouille's formula [ uv dx = uv; —u'v, + u" vy —e
n=1 sinnmx
i =2 [(1 —x?) (
a
herel=1 -~ f(x)= 70 + Z A, COSNTTX .. v v .. (1)
n=1

where

l
2

ay=—| f(x)dx
l

UNIT-II FOURIER SERIES

= 2[-2x (%)]z
_ e

=2 [ 2 cosnm 0] —

sub the values ofao & a, in (1)we get

”] Semester / Fagc
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UNIT-II FOURIER SERIES

f(x) =— _4_(_1)n cos nmx
3 % n2m? l
n=1
o0 2 4 e (=D
X)=5—— E >— COS NTX
3 & n

24. Obtain the half range cosine series for f(x)=x in (0,7).

Solution:
Given f(x) = x in (0, )

The Half Range Fourier cosine series is given by

flx) = ?0 + Z Ay COSNX .. e e e e (1)

n=1

2 T
ao =;f0 fx)dx

2 T
ag = ;-fo f(x)dx

27120
|2

2 Y
n =—f f(x) cosnxdx
TJo

u=x v = cosnx
l p u' sinnx
a, =— | xcosnxdx _ v =
n T[J;) - 1: L n
using Bernouille’s formula u"
’ 17 —Ccosnx
fuvdx =uv; —u'v, +u' vy — =0 = -
n
2 [ (sin nx)
=—|x
T n
(—cos nx)]”
le 0
_ [(cos nx)] _ 2 [cos nrt 1
B Tl n? n?
——[(=D" —1]
T
. — 2 n
- Ay —m[(—l) —1]
0 ;. whennis even
a, = 4
n {— ——; whennis odd
nm

Substituting a, & a, values in equation (1) we get
oo
Qo
flx)= > + Z a, cosnx
n=1

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

nmx
- © 4 21 213 . u=(lx —x?) v= sinT
= - =—|l=—=0-(-1
fx) = > + nzncosnnx I [n37r3( GY) )] __
n=135... —Cos——
4l I3 u' = (-2x) v1=—L
Flo) =T d[eosn y cosax cosia = 7[—n3n3 (1- (—1)”)] n
0,if nis even — TR
=812 .. . dd —sin——
25. Obtain the half range sine series of f(x)=/x—x’ in (0,]). g ifniso u''=-2 V2 =22
Solution: © o 12
. . . . . . nmx
The Fourier sine series in (0, l)is given by fx) = Z s sinT L
) =0dd . L
_ nmx 2 [ . nmx " u" =0 Vs == 22
flo) = Z by sin——where b, =7 fo f ) sin—— dx 26. Obtain the half range I
n=1 cosine series for the
_2 fl (bx — x2) sin ™ dx function f(x)=x(r—x) in O0<x<7.Hence deduce that
Lo : 1,1 1
using Bernouille’s formula [uv dx =uv, —u'v, + u" vy — 1 24 3t 7 90
i , 5 . Solution:
2 l —cosnmx l —sinnm I°  cosnmx Given f(x)=x(r—x) in (0,m)
=—|(lx —x¥)——— - (-2 -2 ’
|5 U=200m —T " 2us
) 0 The Half — range Fourier cosine series is given by
- 3 l
:E _(lx_xz)icosnnx — {*_ cosnmx fX) =24 3% a, cosnx ............(1)
Ll nw 1 ndmd | 2

2 T
20 0 203 nmul 0 213 0 ao =;f f()dx
= — —_——_— p—— R — 0
l n31r3 COoS l n37r3 COoS
) 2

3
2[ 28 213] =;f x(m—x) dx
0

ST O e

n3m
2 Vs

=—f (xm —x?) dx
TJo

]” Scmcstcr / Fagc
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2 3 s _27‘[3 3—
“m|2 3 _n[

ap =" u = xm — x? v = cosnx
3
5 m o = 2 v_smnx
nz—f f(x) cosnxdx . n
Ty
v _ o — —C0s nx
2 (T u = UZ—T
=—f x(m — x) cosnx dx
TJo —sin nx
n
u”=0 vy = 3
n

2 Vs
=—| (xmr—x?)cosnxdx
TJo
using Bernouille’s formula [uvdx = uv; —u'v, + u'' v; —
1 2 3

= %[(xn _x?) Sil;nx (-2 (—COS ) -2) ( smnx)]:
== [(ﬂ —2x) (Cosnx)]0
-

_2 [_ ( nlz)n nz] [+ sin0

s
=0sinnr =0,cos0=1&cosnmt = (—1)"]

20

UNIT-II FOURIER SERIES

= T[ D'+ 1
an_T[(_) +1] =

| [
N

[( D" +1]

—4

0 if nisodd
\q =
n {F if niseven

Substituting a, & a, values in equation (1) we get

(21 =
flx) = > + Z a, cosnx
n=1

flx) = Z — cosnx
m? 1
flx) = i n;‘}ﬁ cosnx

To find the sum of the series, w. k.t the

Parseval’s identity for Fourier cosine series is

2

2y i an? == fo "

n='1
&) <
3 16 2 (™
St Z Fz;f x%(m—x)? dx
n=z,4 0

”] Semester / Fagc




UNIT-II FOURIER SERIES

2
n=2,4
7T4+ = 16 2 m2x3 2nx4+x5n
18 Z n* mw| 3 4 5
n=2,4 0
n4+§:16_2 > 7r5+1r5
18 n* w3 2 5
n=2,4

oo

t 216_2715 10—15+6]

- 16 2 (™
+Z—4=—f (x?m — 2mx® + x*) dx
nt m),

27.

IChl o 30
n=2,4
mt N = 16 3 i
18 Z n* 15
n=2,4
mt N >\ 16 3 w4
18 n* 15
n=2,4
= 16 7wt t
ZF 15~ 18 u=x | v=-cosnnx/4
n=2,4
© , sinnmx/4
23218714—15714 u =1 VIZW
n* 270
n=2,4
oo " U,
= 16 1 3m* E 0 _ —cosnnx/4
~ (2n)* 270 T n2n?/16

]” Scmcstcr / Fagc

21

Obtain the Fourier cosine series expansion of f (x)=x

in 0<x<4. Hence deduce the value of L4+L4+L4+...+oo
1 3 5

Solution:
Given f(x) = x

The half range fourier cosine series is
[o9]

agy nxm
fx) =7+ Gn COS—— e (D)
n=1
1 4
2 2
where ag = T_ff(x)dx = fodx
0 0




UNIT-II FOURIER SERIES

using Bernouille’s formula [uvdx =uv; —u'v, + u” vy —=
n* 96
n="odd

28. Obtain Compute the first two harmonics of the Fourier
series of f(x)given in the following table:

o[ (FmY) o (ot

]” Scmcstcr / Fagc
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32 R
= 0o+(-1"H—-(0+1
n2m? [0+ (=1 = ] Solution:
_ 32 [(=1)" — 1] First and last value are same. Hence we omit the last value
n2m2 When x varies from 0 to T
64 0 varies from 0 to 2m
— i s odd . . . ay .
a, = { n2m? 'l_f n l_s 0 We know that the Fourier series is y = - taicosb + by sinf ...(1)
0 , ifniseven X 2nx |y ycos 6 ysin 6
Substituting ay,& a,, value in equation (1) we get =
64 nxm 0 0 1.98 1.98 0
FO) =24 ) capeosr
n=0dd
. . ao? C 2 (! 2
By Parseval’s identity -+ Z a,? = 7_[ (f(x)) dx X 0 T T T 2T 5T T
= 0 — - - — —
n=1 6 3 2 3 6
4
4 256 1 2 24
2 ZWT - Zf xex f(x) |1.98 |1.30 |1.05|1.30 |-0.88 |-0.25 | 1.98
n= 0
oo T
, 256 11 3 T/6 3 1.30 0.65 1.1258
4 Z n* 2|3
n=odd T/3 2m | 1.05 -0.525 0.9093
= (64— 0) 3




T/2 n | 1.30 -1.3 0]
2T/3 4m | -0.88 0.44 0.762
3
ST/6 St | -0.25 -0.125 0.2165
3
Sum 4.5 1.12 3.013
N D254 BN E 2
a0 = [T =25 =1s
_ |Xycos] 11127 B ysin6]|  13.013
al—Z[ - _2[ - ]—0.37,b1—2 - —Z[T]
= 1.004

Substituting the above value in equation (1) we get

1.5
y = - + 0.37 cos 8 + 1.004 sin @

y =0.75+4+0.37cos 8 + 1.004sin 0

29. Obtain Compute the first two harmonics of the Fourier
series of f(x)given in the following table:

23
-

UNIT-II FOURIER SERIES

We know that the Fourier series is

y=%+a1cosx+a2c052x+blsinx+bzsin2x ..... (1)
x y X 2mx X . X 2mx . 2mx
Y = ycos—- | ysin— | ycos —3 | ysin——
o (9 0 0 9 0 9 0
1 18 T 2 9 15.7 -9 15.6
3 -
2 (24 2_7T 4_7T -12 20.9 -24 0
3 3
3 |28 s 2 -28 0 28 0
4 |26 an 8n -13 -22.6 -13 22.6
3 3
5 |20 10 | 10w 10 -17.4 -10 -17.4
3 3
) 125 25 34 =19 20.8
I o 91 18,273 84 26520
vl 9 18 24 | 28 26 20
/ Spo | ¢ 18 |24 |28 |26 |20

]” Scmcstcr / Fagc




UNIT-II FOURIER SERIES

125
ag =2 [&] =2 [T = 41.66 X y ycosx |ysinx |ycos2x |ysin 2x
n
Zycos%- 25 0 1 1 0 1 0
a =2|———=|=2 rE =-8.33
n - m 1.4 |1 0.7 1.2124 | -0.7 1.2124
27X 3
Y ycos—3= —19
a; =2 - =2|—| =633 2m 1.9 [-0.95 | 1.6454 |-0.95 -1.6454
i . - 3
. TTX
RN D '—3-4] _ 113 7 1.7 [-17 |0 1.7 0
! n | 6 '
L 21 4m 1.5 | -0.75 -1.299 | -0.75 1.299
Y ysin=—s= 20 3
b = 2|=—3-| = 2|7 = 69
n 6 51 1.2 [0.6 -1.039 [ -0.6 -1.0392
Substituting these values in equation (1) we get 3
4133 623 T . X 15 nx+69 | 2mx ) 8.7 | -1.1 0.5196 | -0.3 -0.1732
y=— 33cos — 33cos — A3sin— Isin— _ -
ap =2 2]zz ;]=29
30. Obtain Compute the first two harmonics of the Fourier 0 | n [ 6 '
series of f(x)given in the following table: ) .
Y ycosx -1.1
b4 (4] n 2t | ¢ 4t |5t |27 a; =2 n :2[ 6 = =037
3 3 3 13 _
Y.y cos2x -0.3
y 1.0 (1419 (1.7 [1.5/1.2 | 1.0 Ay =2|=———| =2 [T] =-0.1
Solution: [y ysinx 0.5196
by =2 = [ ] =0.17
We know that the Fourier series is | N 6
y=%+a1cosx+a2c052x+blsinx+b25in2x ..... (1)

]” Scmcstcr / Fagc
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UNIT-II FOURIER SERIES

= —0.06

b, =2 [Zysin Zx] _, [—0.1732]
n 6

Substituting these values in equation (1) we get
y = %+ a; cosx + a, cos 2x + by sinx + b, sin 2x
a
y= 70 + (a4 cosx + by sinx) + (a, cos 2x + +b, sin 2x)

y =145+ (—=0.37cosx + 0.17sinx) + (—0.1 cos 2x — 0.06 sin 2x)

]” Scmcstcr / Fagc
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

UNIT-III

3. Classify the pde
PART A 1-x* m—2xyzxy+(l—y2 y TXZ, +3x2yzy -2z=0
Solution:
1. Write down the possible solution of one dimensional heat
equation. Given (1 — x2)zyy — 2xYZyy + (1 — ¥z, + X2, + 3x%yz, — 22 =0
Solution:

The one dimensional heat equation u, = a?u,, Here A=1- x2,B=—2xy, C =1— y?

u(x,t) = (AcosAx + B sin Ax)Ce® 4t ~B?—4AC = 4(x* +y* — 1)

) The given PDE is elliptic, parabolic and hyperbolic respectively
2. Classify the pde a—L; = E;_u inside, on and outside the circle x? + y? = 1.
x t
Solution: . . . .
G 9%u  ou 4. A tightly stretched string with fixed end pointsx=0 and
iven -— = —
ot ot x=1[ is initially in a position given by y(x,0) =V, sin’ ™ 1t is
Uex = U =0 released from rest in this position. Write the boundary
Second order p.d.e in the function U’ of the form condl?lons.
Solution:
92u 92u 9%u du ou The displacement function y(x, t) is the solution of the wave
A ) S0 B ) C ) a9 YU S, 7)) = 0 i .
(x,y) 92 + B(x,y) 9xdy +C(x,y) 3y? +f (x A 6y) equation

%y o 3%y
Here A=1,B=0,C=0 otz — " ax?
~ B2—4AC=0-4(1)(0)=0 The boundary conditions are
~ The given equation is parabolic equation. i) y(0,t) =0 forallt 20

ii) y(,t) =0 forallt =0
i) 2(x,0)=0, 0<x<I
iv) y(x,0)=f(x) =y, sin"Tx, 0<x<l.

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

5. Write all three possible solutions of steady state two
dimensional heat equations.
Solution:

on i 2 = 2 [T 4

The equation is - = a [6x2 + ayz]'

Thus the various possible solution of the heat equation are
i) y(x,1) = (45 cos Ay + A sin ﬂy)(A7eb‘ + Age’i’c)

ii) y(x,1) = (4, cos Ax + 4, sin Ax)(A3ely + A4e%y)

i) u(xt) = (dx+4y) (4,5 +4,))

6. Write the three possible solutions of one dimensional heat
equation.

Solution:
The one dimensional heat equation u; = a?u,,

Thus the various possible solutions are

i) u(x, t) = (Ae™ + Ble"lx)(Cle'“z’lzt)
ii) u(x,t) = (Ay cos Ax + B, sin Ax)Cpe~ @4t
iii) u(x,t) = (Azx + B3)C3
7. A rod 40cm long with insulated sides has its ends A and B
kept at 20°C and 60°C respectively. Find the steady state
temperature at a location 15cm from A.

Solution:
W.K.T u(x)=ax+b,0<x<40

If x=0=u(0)=b=20=band if x =40= u(40) = 40a + 20 = 60 = 40a + 20

2

La=1 = u(x) =x+20

Atx =15 => u(x) =15+ 20 = 35.

8. Write down the three possible solutions of Laplace equation
in two dimensions.
Solution:

9%u | 0%u

The Laplace equation is 2T 2

=0

Thus the various possible solution of the heat equation are

iv) y(x,2) = (45 cos Ay + 4 sin ﬂ,y)(A7eb‘ + Age’i’c)
V) (0.) = (4 008 Ax + Ay sin Ax) e + dge ™)
vi) u(x, t) = (dox+ 4y) (4, + 4,,))

9. A plate is bounded by the linesx=0,y=0,x=/& y =/. It faces
are insulated. The edge coinciding with x axis is kept at
100°.The edge coinciding with y axis is kept at 50°. The

other two edges are kept at O°C. Write the boundary

condition needed for solving the two dimensional heat flow.
Solution:

(i) u(x,0) = 100°c, for o <x <l
(ii) u(0,y) =50c,foro<x <1
(iii) u(x, )= 0c,for0<x<1
(iv) u(l,by)=0%c,for0<y<lI
10. An insulated rod of length 60cm has its ends A and B

maintained at 20°C and 80°C respectively. Find the steady
state solution of the rod.

Solution:

1l Semester / Fage




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

The steady state equation of one dimensional heat flow is

d?u
z=0 (1
The general solution of (1) isu(x) =ax+b .....(2)

The boundary conditions are u(0) = 20, and u(60) = 80
Put x =0in equ(2), u(0) =0+ b =20
b =20
Put x = 60 in equ(2), u(60) = 60a + 20 =80
60a + 20 =80
60a =80 — 20 = 60

a= @ =1

60

a=1

Sub a & b value in eqn (2), we get
u(x) =x+20

11. In the one dimensional heat equation u, = czum what isc’?
Solution:

T Tension

m  mass per unit length of the string

12. What is the basic difference between the solution of one
dimensional wave equation and one dimensional heat
equation with respect to time?

2

Solution:

One dimensional wave

2y o 9%y

equation 32 = Mz

One dimensional heat

equation 2 = a2 Pu
q a ax?

It is classified as hyperbolic
pde

It is classified as
parabolic pde

Suitable solution of one
dimensional wave equation is
y(x,t) = (A, cos Ax +

B, sin Ax)(C, cos Aat + D, sin Aat)

Suitable solution of one
dimensional heat
equation is

u(x,t) = (A, cosAx +

. 292
B, sin Ax)C,e® At

13. Write down the one-dimensional heat equation both in
transient and steady states.
Solution:
The two dimensional heat equation in transient state is

ou 62u+62u
ot~ ¢ \axz T 5y2

The two dimensional heat equation in transient state is

0%u  9%u

2Tz~ 0

14. Define steady state condition on heat flow.
Solution:

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

Steady state condition in heat flow means that the temperature
at any point in the body does not vary with time.

ie., it is independent of t, the time

2
In steady state one dimensional heat equation is % =0

15. State the assumptions in deriving the one dimensions heat

flow equation.

Solution:
i) Heat flows from higher to lower temp.

ii) The rate at which heat flows across any area is proportional
to the area and to the temp. Gradient normal to the curve. This
constant of proportionality is known as the thermal conductivity
(k) of the material. It is known as Fourier law of heat conduction.

PART-B

string with fixed

16. A tightly stretched end points
position

x=0and x=[ is initially in a given by
Y(x,0)=k(lx—x*),0<x <[ .It is released from rest from this
position. Determine the expression for the displacement at

any time t.
Solution:
. . . . 9%y 2 0%y
We know that the one dimensional wave equation is 2 =0 53

The boundary conditions are,

() y(0,t) = Ofor allt = 0

4

1l Semester / Fage

(ii) y(l,t) = 0for allt =0

(iii) %(x, 0)=0 ( Since the initial velocity is
Zero)

(iv)  y(x,0) = k(lx —x?)

The suitable solution which satisfies our boundary

conditions is

y(x,t) = (Acos Ax + Bsin Ax) (C cos Aat + D sinlat).......... (1)

Apply condition (i) in (1) we get
y(0,t) =0

(Acos0 + Bsin0) (C cosAat + D sindat) = 0
(A + 0)(CcosAat + D sindat) =0
=2A=0 [+ (C cos Aat + D sindat) # 0]
Substitute A = 0 in (1) we get
y(x,t) = (BsinAx)(C cos Aat + D sinAdat)........... 2)
Apply condition (ii) in (2) we gety(,t) =0
(B sin Al)(C cos Aat + D sindat) = 0

BsinAl =0 [ (ccosdat + D sindat) # 0]
If B=0 we get a trivial solution.

~B #0 and sinAl=0




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

sinAl = sinnm

Al =nm
A_nrt
1

Substitute 1= % in (2) we get

y(x,t) = (B sinnl—nx)(C cosnl—nat +D sinnl—nat) .......... (3)

To Apply condition (iii) differentiate (3) partially w.r.t “t’ we get

?’i—{ (8 = (B Sinnl_nx) (_C (@) Sinnl—nat +D (?) cosnl—nat)

Now Apply condition (iii) we get
ay
—(x,00=0
3¢ % 0)

(B sinnl—nx) (D (nlﬂ) cos?at) =0
Since B #0 ~ D=0

Substitute D =01in (3) we get
nm nm
y(x,t) = (B sinTx)(c cosTat)

.. nm nm
= BC smecosTat

1l Semester / Fage
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y(x,t) = By sin%x cos%at where B, = BC

The most general solution is
Ym=1Bn sin?x cos%at ...................... 4)

yx,t) =

Applying the boundary conditions (iv) in (4) we get
= nm
y(x,0) = Z B, sinTx = k(lx — x?)
n=1

To find B, expand k(lx — x?)
sine series in the interval (0,1)

in half range Fourier

nmx

u=(lx —x?) v = sinT

u'=(1-2x)

u'=(-2) V=

P




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

2 (! . nm
Bn=—ff(x)sm—x dx
L), l

nmx
— dx

2 l
=—f k(lx — x?) sin
A !

Using Bernoulli formula [uvdx = uv; —uv, + u'vs — ...

nmnx .. Nmx
2k ) COST Sll’lT
=T(lx—x) T —({=-2x) - 73
l I2
l
nmx
COST
+ (—2) 33
3 0

2k l . nmx o 2 nmx
=7 (Ix x)nncos 7 ( x)nznzsm i

) I3 nnx]l

~ 2 5 cos

nsmw l 0
2k 203 nrl 203

=T O+0_7137T3COST_0_0+7’13T[3COSO
2k[ 23 2P

ST | T Y
2k [ 213 .

=T |53 a-nh

4k 13 .
= T[W(l -(-D )]

0,if nis even
B, =1 8kl?

——,if nisodd
n3w3’ f

Substitute the value of B’s in (4) we get

8kl> nmx  nmat
y(x,t) = Zm smT cos 7

odd

17. A tightly stretched string with fixed end points
x=0 and x=1 is initially at rest in equilibrium position. If it
is set vibrating giving each point a velocity Ax(/-x),
determine the displacement of any point on the string at a
distance x from one end at any time t.

Solution:

. . L
We know that the one dimensional wave equation is a—tf =

29%
dx2

The boundary conditions are,
(i) vy(0,t) = Ofor allt=0
(i) y(l,t) = Ofor allt = 0,

(i) y(x,0) =0for0<x <l

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

0
(iv)a—)t](x, 0)=Ax(l—x),for0<x <1

The suitable solution which satisfies our boundary
conditions is

y(x,t) = (A cos Ax + Bsin Ax) (C cos Aat + D sinlat).......... (1)

Apply condition (i) in (1) we get
y(©0,t) =0

(Acos0 + Bsin0) (C cos Aat + D sindat) =0
(A + 0)(Ccosdat + D sindat) =0
=2A=0 [ (C cos Aat + D sinAat) # 0]
Substitute A = 0in (1) we get
y(x,t) = (BsinAx)(C cos Aat + D sindat)........... (2)
Apply condition (ii) in (2) we gety(,t) =0

(B sinAl)(C cos Aat + D sindat) =0
BsinAl =0 [ (ccosAat + D sinldat) # 0]

If B=0 we get a trivial solution.
+B #0 and sinAl=0
sinAl = sinnm

Al =nm

-

Substitute 1= nl—n in (2) we get
y(x,t) = (B sin%x)(C cosnl—”at +D sin%at) .......... (3)
Apply condition (iii) in (3) we get y(x,0) =0
(B sin%x)(C cos0 + D sin0) = B sin# c=0
Here sin%x *0, cC=0
Substitute € =0in (3) we get
nm nm
y(x,t) = (B sinTx)(D sinTat)
=BD sinnl—nx sinnl—nat

y(x,t) = By, sinnl—nx sinnl—nat where B,, = BD

The most general solution is

To Apply condition (iv) differentiate (4) partially w.r.t t’ we get

nmwa . nmw

Z—Jt](x, t) = Z;’{’lenT sin— xcosnl—nat S )

Apply condition (iv) in (5) we get

1l Semester / Fage
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dy O_OOBnna . nm —
at(x, )—Z n g Sinx = x(l—x)
n=1
To find B, expand in half range Fourier sine series in the
interval (0,/)

nm

n
B, — ; lf/lx(l—x)sme dx

21 (! oy . NI
=—f (Ix — x*)sin—x dx
L J l

Using Bernoulli formula [uvdx = uv; —u'v, + u""v; — ...
os—nx
w— + (1 — 2) > -2—

nznz n3n3
L 12 13

2/1[ 2 mTx cos™Ex !
==|-(lx—x*%) ]
l

0

21 203 203
= 0+0-— — 3 cosnm + 0-0 +
31 33

1

4012
e

[ cosnm + 1]

4 o
51— (D"

0,if niseven
= 8412

o —— if nisodd

L

]” 5cmcstcr yd Fage

0,if niseven RS

B =1 g3 u=(lx —x?) v = sin——

" 2 4,Lf nis odd
an

nmwx
cos——
: u' = (l—2x) v = —— b

Now substitute the value of 1 nn

Bn in (5) we get niwx
u’ = (-2) vy = —

> 8AR nm nm
y(x, t) = Z a—sn xsmTat

n*mt l
n=o
[ee]
.0 83 1 nm nm .
x,t) = — —sin—uxsin—a
y ar? nt l l
n=odd

18. A tightly stretched string of length 1 has its ends fastened
at x=0and x=/. The midpoint of the string is taken to a

height b and released from rest in that position. Determine
the displacement of a point of the string at time t from the
instant release.

Solution:

. . . . 0?2

We know that the one dimensional wave equation is a—tf =
2 9%
dx?




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

The boundary conditions are,
(i) vy(,t) = Ofor allt=0

(i) y(27,t) = Ofor allt = 0,
Lo Oy
(iii) E(x,O)zO,OSxSZl

The equation of OA'is 0(0,0) & A(L, b)

Y—=V1 _X—X

YVa—Y1 X2—X1

y—0 x-0
b—0 [I-

y X _ bx
b 17T

The equation of BAis B(2[,0) & A(l,b)

Y—V1 _X—Xq

Ya—Y1 X2— X1

y—0 x—-21
b—0 [-21I

y x-—21 -b
Z = = y=—1(x-2]), [ <x <2l
b -1 l

Zosxs<l

() y(x,0) =1_,
Px-2D), 1<x <2l

The suitable solution which satisfies our boundary conditions is
y(x,t) = (Acos Ax + B sin Ax) (C cos Aat + D siniat).......... (1)

Apply condition (i) in (1) we get
y(0,t) =0

(Acos0+ Bsin0) (C cos Aat + D sindat) = 0
(A + 0)(Ccos Aat + D sindat) =0
=2A=0 [ (C cosdat + D sinAat) # 0]
Substitute A4 = 0in (1) we get
y(x,t) = (Bsin Ax)(C cos Aat + D sindat)........... (2)
Apply condition (ii) in (2) we get y(2L,t) =0

(BsinA20)(C cos Aat + D sindat) =0
Bsin2Al =0 [ (c cosdat + D sindat) # 0]

If B=0 we get a trivial solution.

~B #0 and sin2Al =0

sin2Al = sinnm

2Al = nm
}L_nn:
21

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

Substitute 1= T;—’; in (2) we get

y(x,t) = (B sin%x)(C cos%at +D sinTZL—?at)

To Apply condition (iii) differentiate (3) partially w.k.t ¢’ we get

ay _ . Nnm nmwa nma nm
5 (b)) = (B smzx) (—C( i )sm—at +D ( )cos;at)
Now Apply condition (iii) we get E 2 (x,0) =0

nm

(B smﬁx) (D (n;Tla) cos %at) =0

Since B #0 ~D=0

Substitute D =01in (3) we get

nm nm
y(x,t) = (B sm—x)(c cosiat)

= BC sin—x cos—at
21 21
y(x,t) = By, sm xcos—at where B, = BC
The most general solution is

y(x,t) =Y,_1 B, sin lxcos—at

Applying the boundary conditions (iv) in (4) we get

1 Semester / Fagc
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..(5)

To find B, expand in half range Fourier sine series in the
interval (0,])

B, 21_[ f(x)sm—x dx

u=x-—21 v = sin—-—

412

5 'bx  nm p 2lp onsin™ . 4
n =7 . lsm2lx x lfl l(x )51n21x x

b (! nm 2 o0 sin™ 5 4
=7 xstIx X f (x ) sin lx X




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

l

cos X sin 22X
_ 21 21
l_z ) - % _(1) - )
2z /|,
b cos X sin 2
21 21
-l -2n - ™ M| -—3
412
_b[-2xl nmx 4% nrx]
B R TIEZchr TH
b[-21(x—20) nmx 42  nx]”
2 nT OS2 ¥ gy .
_ b[=2r? nm 412 LN
=7 cos ==+ -7 5 sin—

N 004 22 nm N 412 nm
—|-0- —cos— 4+ ——sin—
12 nw 2  n?m? ! 2

b[-21? nm 41> nm 21> nm 412 nm
S| O et T S Tty

b[8%2 nm 8 nm
= | T | T sy

8b nmw

B =
n sin7,ifnis odd

{ 0,if nis even

n2m?

Using Bernoulli formula [uvdx = uv; —u'v, + u""v; — ...

Now substitute the value of B, in (5) we get

o]
8 nm  nm nm
y(x, t) = Z n—sm—sm—xcos—at

2772 2 21 21
n=odd
21 _8b°°1_nn_nn nnt
_7'[2 nZSIIl 2 Sin 2GCOS 2l a
n=odd

! 8 1 @n-Dn__@n-Dn__ @2n-Dn ,
= 7'[221(271— 1)2 Sin 2 Sin 2l X COS 2l a
n=

8hv (- (@2n-Dr  (2n-Drm
y(x,t) =— X cos at

o 1(2n—1)25m 21 20
n=

19. A tightly stretched string of length / is initially at rest in
its equilibrium position and each of its points is given the

. 3 X
velocity /), sm37. Determine the transverse displacement

y(-x7 t) M
Solution:

. . .. 92 a2
We know that the one dimensional wave equation is 6_;/ = q? #

The boundary conditions are,
(i) y(0,t) = Ofor allt=0

(i) y(Il,t) = Ofor allt = 0,
(iii) y(x,0) =0for0 <x <1
mﬁcmcstcr yd Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

(iv)i;—)t'(x, 0) = vosin3($) ,for0<x<l

The suitable solution which satisfies our boundary
conditions is

Apply condition (i) in (1) we get y(0,t) =0
(Acos0 + Bsin0) (C cosAat + D sindat) = 0
(A + 0)(C cosdat + D sindat)

>A=0 [+ (Ccosdat + D sinlat) # 0]

Substitute A = 0in (1) we get

y(x,t) = (BsinAx)(C cos Aat + D sindat)........... (2)

Apply condition (ii) in (2) we gety(,t) =0

(B sinAl)(C cos Aat + D sindat) =0

BsinAl = 0 [+ (ccosldat + D sindat) # 0]
If B=0 we get a trivial solution.

+B #0 and sinAl=0

sinAl = sinnm

Al =nm

y(x,t) = (Acos Ax + B sin Ax) (C cos Aat + D sinlat)........

1l Semester / Fage
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Substitute 1 = nl—n in (2) we get
y(x,t) = (B sin%x) (c cos%at +D sinnl—nat) .......... (3)
Apply condition (iii) in (3) we get

y(x,0)=0

nm
(B sinTx)(C cos0+ D sin0) =0

Bsin(nT”x) C=0

Here sinnl—nx * 0, c=0
Substitute € =0in (3) we get
. nm . nm
y(x,t) = (B sme)(D smTat)
=BD sinnl—nx sin%at
y(x,t) = B, sin%x sinnl—nat where B, = BD
The most general solution is
y(x,t) = Y1 By sin "T" x sin "T" at........ccooooeenn. (4)

To Apply condition (iv) differentiate (4) partially w.r.t t’ we get




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

a_y(x't)z 20y, 0<y<5
ot temperatureu = Construct the steady
Y1 Bn @ sinnTnx cosnl—nat SR ) 20(10-y), 5<sy<I10.
state temperature distribution in the plate.
Apply condition (iv) in (5) we get Solution:
nx The two dimensional heat equation is ou + u _
(x 0) =Y ,B, = z sin’=x = vysin ( ) q 922 T %2
B . B 2na . B . 3nx =3 .
1 Tsm— + B, —sm X4 3 —sm— + .= —s nT - The boundary Conditions are
Vo 3nx
2SI ) u(x,0) = 0 forallx
[Slnce sindx = M}
(ii)) u(x,10) = 0 forallx
Now Equating the like terms we get
(iid)u(oo,y) =0,0<y <10
—3n 2 p _3p, - fmap _ =
_31 3 _()1133_ 4,IB4—O,BS—O,... ) 0 _{ 20y, 0<y <5
. @) u0.3) = 120010~ ),5 < y < 10
31—3 Bz—O B3— %,B4=O,Bs=0
Now the suitable solution which satisfies our boundary
Substitute the value of B.C’s in (5) we get conditions is
y(x, t) = Ty Bysin ™= sin o . N L
L L u(x,y) = (Acos iy + BsinAy)(C e + De™) ........... (1)
. mx | mat . 2mx | 2mat . 3mx | 3mat .. - .
= BlsstmT + ststm ; + B3smT51n i + - Apply condition (i) in (1) we get
,0) = (Acos0+ Bsin0)(Ce? + De ™) =0
y(x, t) = 3— smT smnTat— lzg’rlasing%sinﬁat u(x,0) (4 cos sin )( € ¢ )
Lo . A(Ce™ +De™™) =0
20. An infinitely long rectangular plate with insulated surfaces
is 10cm wide. The two long edges and one short edge are Ce®™ 4 De=* 2+ 0 “A=0
kept at O°C,while the other short edge x=0 is kept at ’
Substitute A = 0 in (1) we get
mﬁcmcstcr yd Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

u(x,y) = (BsinAy)(C e*™ + De ™) .o s e cee ves e (2) it
u(x,y) = Z B, sm—y e e ()
Apply condition (ii) in (2) we get
u (x,10) = (Bsin AlO)(C e 4 De—/’lx) -0 Apply condition (iv) in (5) we get

Ce™ +De ** %0, < sinA10 = 0 _Z . _{ 20y, 0<y<5
u(0,y) = 13” SMT0Y T 120010 —y),5<y <10
n=

sinA10 = sinnm

ni To find B, expand in a half range Fourier sine series in [0,10]
AMM0=nmr=> 1= ﬁ
2 5 nmw 10
=L in2 gy + | 20010 = y) sin = ¢
Substituteld = ?—Z in (2) we get By = 10|/, 20y sin 10 & ; y 0 ¥
(po T nm _nm,

u(x,y) = (B sin—o y) (C e10” + De 10 ) S ) wy

sm— d +f (10 —-y) sm— d ]
Apply condition (iii) in (3) we get U Y Y Y Y

nm
u(oo,y) = (B sinﬁy) (Ce®*+De ™) =0
Using Bernoulli formula [uvdx = uv; — u'v, + u""v; —
Bsin%yiO,DiO ~C=0

Substitute € = 0 in (3) we get  u(x,y) = (B sin%y) (De“ﬁx)

= BDsiney e 10*
=BDsinoy e

The most general solution is

]” Scmcstcr v Fagc
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

U=y | yu=10- y v= sin%y Now substitute the value of B, in (4) we get
nmy — 800 nm  nm  _nm
, COS—3- = —sin — sin—7vy e 10%
, u =-1 Vlz—Tw u(x,y) Z:lnznzsm 5 sinTgye
u' =1 10 n=
Ty 21. A square plate is bounded by the lines x=0,x=a,y=0&y=»b.
"—0 " _ 0 v = SINTo- Its surfaces are insulated. The temperature along y=5 is
u = u = - ° . °
2 n?n? kept at 100°C while the other three edges are kept at O°C.
10° Determine the steady state temperature distribution in the
3 plate.
cos % sin % Solution:
=4{10| - ni - (M= 72 ) i i i i
10 nm- The two dimensional heat equation is
100 1,
10 2%u | 9%u
cos—nfoy sin _nlnoy w2 Tz 0
+|a0-»| - —m = |- DE—2D N
10 100 . The boundary Conditions are
D u(0,y) =0, 0<y<bh
nmy . nmay]® y . nmy]°
COSW SIHW Cos 10 SII’IW .. - 0 0<v<bh
=43y =+ —an | T|mA0-Y) o @@ u(a,y) =0, sy=s
10 Too 1, 10 T00 g (ii)u (x,0) = 0,0 <x <a,
=50 nm 100 nm 50 nm i = <x<
=4[—cos—+—sin—+0—0—0—0+—cos— W)ux,b)= 100, 0<x<a
nmw 2 n?m? 2 nmw 2 ) ) .
s 100 nm By the method of separation of variables, best solution is
—2—2 5 _]
nem 2 u(x,y) = (AcosAx + Bsinix)(Ce” + De™) ............(D)
800 = nm | NP
B, = —2-asin— Apply condition (i) in (1) we get

u(0,y) = (AcosO + Bsin0)(C e +De"13’) =0
mﬁcmcstcr yd Fage
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A(Ce? +De ) =0 u(x,y) = (B sinﬂ;—nx)(C ea? — Ce_%ny)

~A=0 nm nm
=BC sin%x [eTy - e_Ty]
Substitute A = 0 in (1)

u(x,y) = (B sinAx)(C e + De™* ) e e (2) nm,  _nm,
= 2BC sinEx e e [multiply & divide by 2)
Apply condition (ii) in (2) we get N a 2 Py Y

u(a,y) = (B sinda)(C e 4+ De—ly) -0

nmw nm
T — ) = <j aY—e"a?
B#0, -sinda=0=sinnm 2BC sin = x [sinhﬂy] [since sinhZy =£ -
a a a 2
Aa =nm o
The most general solution is
1= nm
a ulx,y) = Yo anin%x [sinhﬂ;—ny] N C)) [+ B, = 2B(C]

. nm .,
Substitute 1 = — in (2) Apply condition (iv) in (4) we get

. nm My _ﬂy ) b
u(x,y) = (Bsm?x)(Ce a¥+Dea ) e (3) " (x,0) = Z B Sinn_nx[sinhni] — 100
’ " a a
Apply condition (iii) in (3) we get et

nm nm _nn . nm i nmb _
u(x0) = (Bsinjx)(C ea® 4t pe a(o)):() ZBH sm7x[smh7] =100
n=1
¢C+D=0 [~ B # 0] To find B, expand in half range Fourier sine series in the

interval (0,a
C =—D= D=-C ©.2) nmh 2 (® nm
. . B,sinh— = —f 100sin—x dx
Substitute D = —C in (3) a al, a

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

2 (¢ . nm
=—f 100sin—x dx
o a

a
nmr 1%

200| cos—-x

T q |7 mm
a 0
200

- 209 01 =221 — 1y
= n cosnm CoS = -

400 . .
—,if nisodd
nm

. nmb
B,sinh— = {
a 0,if nis even

400 s odd
_ . nnb’lf niso
B, = {nmsin hT
0,if niseven
Substitute B, in (4)
_ - 400 . nm ) hnny
u(x,y) = Z — b 51n7x [sm T]
n=odd N sinh e
22.A square plate is bounded by the lines

x=0,y=0,x=20&y=20 Its faces are insulated. The

temperature along the upper horizontal edge is given by
u(x,0)=x(20—-x),0 < x <20 while the other two edges are kept
at 0°C. Determine the steady state temperature distribution
in the plate.

Solution:

Let u(x,y) be the temperature at any point (x, y).

1l Semester / Fage

2 2
Then u(x,y) satisfies the Laplace equation % + % =0

The boundary Conditions are

(i) u(0,20) = 0 for0<x<20

(i) u@,y) = 0 for 0<y <20
(iidu (20,y) =0 ,0<y<20

(iv) u(x,20) =x(20—x) ,0 <y <20

Now the suitable solution which satisfies our boundary
conditions is given by

u(x,y) = (Acos Ax + BsinAx)(c e + De™) .............(1)
Apply condition (i) in (1) we get
u(x,0) =(AcosAx + BsinAx)(C+ D) =0
(AcosAx + BsinAx) # 0
~C+D=0
> D=-C
SubstituteD = —C in (1) we get
u(x,y) = (AcosAx + BsinAx)(c e® — Ce™ ) oo vcs e e (2)
Apply condition (ii) in (2) we get
u (0,y) =AC(e’1y —e* ) =0

17
=7




UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

> A=0
Substitute A =0 in (2) we get
ux,y) = (BsinAx)C(e?” —e™) oo vce e e 3)
Apply condition (iii) in (3) we get
u (20,Y) = (BsinA20)C(e? —e ) =0
sinA20=0

sinA20 = sinnmw

:A—nn
20

Substitute 4 = %in (3) we get

nm nr nm
J— > —y _ ——y
u(x,y) = BC Sm_ZOx (ezo e 20 )

_BD nm 2 sinh nmy
= sin 0% sin 20
- B nn h nwy
u(x,y) = B, 51n20x51n 20
The most general solution is
- .nm nmy
ux,y) = Z B, sin—ox sinh g . (4)

Apply condition (iv) in (4) we get

< . nm ) nn20
u(x, 20) = Z B, smﬁx sinh ST x(20 — x)

To find B, expand in half range Fourier sine series in the interval

(0,20)
B, = 2 [ %20 - vy sin ™ d
"_20 x( x)smzox x
20
sin ok x cos%x
20
@Qo—xn X+ @0- 2)— T~ 23
20 202 203 0
1600 n
3= (D7

0,if niseven
B B {

3200
3 if nisodd

Now substitute the value of B, in (4) we get

3200 nm
u(x,y) = Z 33 Sinoox sinh nxw
n=odd

23. Arod 30 cm long has its ends A and B kept at 20’ and
80° respectively until steady state conditions prevail the

temperature at each end is then suddenly reduced to 0° and

kept so. Find the resulting temperature function u (x,t) taking
x = 0 at A.

1l Semester / Fage
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UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

Solution: w(0,t) = Ae~Ac’t

The temperature function u (x, t) is the solution of the one

dimensional heat equation % = a? 32_12‘ Here e~¢"t 0 (= It is defined for all t) ~ A=0
X

o . Bu Substitute A = 0 in (1) we get
the steady state conditions prevails 5 -0

, u(x,t) = BsinAx e At . (2)
And hence we get ZTZ =0 Apply condition (ii) in (2) we get

On integration u(x) = ax + b w(30,t) = Bsin301 e~ At —

Whenx =0 we get u© =>b Here e #¢°t %0 (v Itis defined for all t)

When x = 30 we get u(30) = 30a +20b Also B #0,(~ we have A = 0,if B = a then we get trivial solution)

80 = 30a + 20b
at . sin304 =0
60 = 30a ) .
sin301 = sinnm =0
=2
4 301 =nn
Thusu (x,0) = f(x) = 2x + 20 A_nn
The boundary conditions are 30
. nm .
0 w(0,6) = 0foral t>0 Substitute 1= 30 10 (2) we get
(ii) u(30,t) = Oforall t>0 i n?n?
(iii) u(x,0) = f(x) = 2x +20 u(x, t) = Bsin%x e” 900" L (3)

Now the suitable solution which satisfies our boundary

”» . The most general solution is
conditions is

n?m?
500 S e ()

u(x,t) = (Acos Ax + Bsin/lx)e_’lzczt TR & )| u(x,t) = Z B, sin;l—gx e~
n=1

Apply condition (i) in (1) we get
mﬁcmcstcr yd Fage
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Apply condition (iii) in (4) we get

nm
u(x,0) = Z B, sin%x e® =2x+20
n=1

To find B,expand 2x + 20 in a half range
Fourier sine series in the interval (0, 30)

B—2 302+20 .nnd
n—30f0(x )sm30xx

- 1fBO(z +20) sin—xd
—15 . X Sln30x X

Using Bernoulli formula [uvdx = uv; —u'v, + u""v; —

1 oS oE x Sin s x *
= = |-(x +20) 307 4= 30

30

n?m?
900 1y

1 1—2400 600
=—[ cosnn+0+——0]
nmw

L T
= o 4D+ 1]

—401 4(-1)"
By = —[1—4(-1)"]

UNIT-III APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS

u=(20x — x?)

_ nmx
v =sin—-
20

u' = (20 — 2x)

Cosnnx
by = — 2220

20

u"’ = (-2)

sin W

20

1l Semester / Fage

Substitute the value of B, in (4) we get

[o0]

40 nm _nzﬂ'zczt
u(x, t) = Z E[l —4(-1D"] sin%x e 900

n=1

40 1 ot
u(x,t) = ZE[I —4(-1) ]sm%x e 900




UNIT-IV FOURIER TRANSFORMS

UNIT-IV
PART A

1. State Fourier integral theorem.

Solution:
If f(x) is piece-wise continuously differentiable and absolutely

integrable in(—w,©), then

1

f(x)=g f f f() eS*= dt ds

(OR)
fG) == [ [, f(t) cos A(t — x) dt dA

This is known as Fourier integral theorem or Fourier integral
formula.

2. State Parseval’s identity on Fourier Transform.

Solution:
If F(s) is the Fourier transform of f(x) then

[irwrac= [iFePras

B. Prove that the FCT of{/(x)cosax} is given by%[Fc(s+a)+Fc(s—a)]

where F,(s) is the Fourier cosine transform of f(x).
Solution:

1

1 Semcstcr / Fagc

We know thai

2 o0
E[f()] = \];ff(x) cos sx dx
0

F.[f(x)cosax] = j%f f(x) cos ax cos sx dx
0

|

F.[f(x)cosax] = j%f f(x) % [ cos(s + a)x + cos(s —a)x] dx
0

Bl ; 2 .
=3 ;bff(x)cos(s+a)x x + ;bff(x)cos(s—a)x] x

1
F.[f(x)cosax] = > [E.(s + @) + F.(s — a)]
4. Iff(s) is the Fourier transform off(x)), show that
Flf(x-a)=¢“Fs).
Solution:
We know thatF[f(x)] = 7= [, f(x)e*dx

0

f f(x)cossxcosax dx
0

SR

1 .
F[f(x—a)]=ﬁ ff(x—a)elsxdx

Let x—a=t




UNIT-IV FOURIER TRANSFORMS

dx =dt
X—> -0 =St —ow

X — © =t —> o

[f(x — a) f f(t)els(Ha)dt

1
- f(t)elstelsadt
7

1
— elsa - f(t)elstdt
7

FIf(x — a)] = e"*F(s)

5. Find the Fourier cosine transform ofec

Solution:
Given f(x) = e %

We know th_at

2(@
avwn=ﬁ#¥anmmw
0

2 o0
F.[f ()] =\[;f e~ cos sx dx
0

“ a>0.

Jo €7 cossx dx =——

Fc[f(x)] =

Using the formula

Ll

6. IfF.(s)= f(x), prove that E,{f(ax)} ilec(i).
a ‘\a

Solution:
We know that Fourier cosine transform formula is

1 o0
F[f(x)] = Nor ff(x)cossxdx

F[f(ax)] = NoT f f(ax)cossxdx

1 .
F[f(ax)] =R.P E_-O[ f(ax)e"*dx

Letax =t =adx =dt

X = —® =>t—> —w, X = © = t—->w®

F[f(ax)]RP—l—f(t)elfzﬁ
"

—0o0

FWM]RP——fmw%

”]5&mes€cr Ve Fage

2




UNIT-IV FOURIER TRANSFORMS

1 S g .
FIf(a0)] = ~F (= - L e
a (a) F[f(ax)] m f(t)e a a
7. State Fourier Transform pair. -
Solution:

The Fourier Transform of f(x) is given by

1L et
n FIf@)] == f Fo)e @ ar
1 1 —0
F@) = FIf @) = —= [ f@edx

11 [y
=—— ff(x)el(a)xdx
The inverse Fourier transform of F(s) is given by a2m -
o) = — fw F(s)e"s%d Fif @] =—F (3) )
X)) = — sS)e S
VZr . "G
Similarly ifa < 0
8. S 1 s
tate and prove the change of scale property on Fourier Fif(a0)] = —_F (E) e (2)
Transform.
Solution: From (1) & (2)

We know that 1 s
FIf(ax)] = —F (=)

L jal” \a

_ isx
Flr@l = 21 f fx)e™dx 9. State Convolution Theorem on Fourier Transform.
® Solution:

1 © The Fourier transform of the convolution of f(x) and g(x) is the
PIf@)] = 7= | flaerds

product of their Fourier transforms.

Letax=t =  adx FIf(x) * g(x)] = F(s)G(s) = F[f ()]F[g(x)]
10. State and prove modulation Theorem on Fourier Transform.
X = —00 =>t—>— :
Solution:
X—>0 = tooo Statement:

Il Semester / Fagc
z
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UNIT-IV FOURIER TRANSFORMS

If F(s) is the Fourier transform of f(x), then F[f(x)cos ax] =
[F(s+a) + F(s — )]
Proof:

We know that
% I f(xel*dx

Flf (0] =

F[f(x) cos ax] =\/% ff(x) cos ax e™*dx

1 * eiax + e—iax )
=— T | pisx
\/2_71_.0[ fx) [ > ] eXdx

F[f(x)cosax] = f f(x)[ei(5+a)x + ei(S—a)x]dx

11

221

=1[L ff(x)ei(s*'a)xdx +L ff(x)ei(s'“)xdx
2 \/Z_T[—oo \/Z_T[—oo

F[f (x) cos ax] =%[F(s+a)+F(s—a)]

l11. Define self reciprocal with respect to Fourier Transforms.
Solution:
If F{f(x)} is

transform.

f(s) , then f(x) is self reciprocal under Fourier

|2. Define Fourier sine transform and its inversion formula.
Solution:

4

13.

1
14. Find the Fourier sine transform of /(x)=—.
X

Solution:

1 Semcstcr / Fagc

The infinite Fourier sine transforms of f(x) is defined by

2 [ee]
RIf ()] = j; f () sinsx dx
0

The inverse Fourier sine transform is defined by

; I
fx) = \/Ef F[f(x)] sinsx ds

0
0, x<a

Find the Fourier transform /(x) defined by /()={l ,a<x<b
0,x>b

Solution:

We know that F[f(x)] = J% [° fx)ei*dx

1.e¥%dyx

1 b
-/

(eisb _ eim )

is\ 27
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We know that

2 [ ax if _ o
Es[f(x)]=\/;ff(X)Sinsxdx f(x)={e Jif <x<0
0

e if0<x <

_ _ 1 » isx
\[2 o W.KT F[f(x)]= mf_oof(x)e dx
= —f— sinsx dx 1w .
71'0 X F[f(x)] — Ef_we—tﬂﬂetsxdx
Let sx =6 o
sdx =do

1
—— | e~ *l(cossx + isinsx)dx
\2m f ( )

—0o0

x—0 60-0

X — o0 =50 ->w»

o0
f X cossxdx
0

Solution:

1 Semcstcr / Fagc

5

P

1 2 oos . de _V2V2[ a ]
Fg [;:l = ;fgsmﬁ T - V2T Laz+s2
0
.o o0 - — a —
- 2 Jy e cossx dx =——  herea=a
E 11 |2 (sinf 40 _
s [x] B nf 0 a
0 F[f(x)] = [m]
1 2w [ , wsinﬁde_n PART B
Fs[;] = ;[E] =2 since f > =3 . . . 1, if |x|
0 16. Determine the Fourier transform of f(x) if f(x)= 0.if |
i |x
|5. Find the Fourier transform ofe " o >0 ;
Solution: Hence deduce that j [ sin j dt =—
Given f(x) = e~

<1

>1




UNIT-IV FOURIER TRANSFORMS

We know that

1 7 .
F@) = FIF 0] = 7= f £ dx

1
1
Flf(x =—f1 cos sx + sinsx) dx
[f ()] V2w ) ( )
sinsx is an odd function —f sinsxdx =0

1
F[f(x)] = —2 cos sx dx
VZnO

sin sx]
0

VZn[
2 /sins

F(s) = E(T) e (D)

This is the required Fourier transforms.

i) By inverse Fourier transform formula
o0

fx)= F(s)e ™% ds

)

Sll’l S

(cossx — isinsx) ds

\/_f\/Z_TE

1 = 2 (sins> o d
=5 S (cossx —isinsx) ds

—0o0

Equating real part on both sides

1 Semcstcr / Fagc
V4

1 ‘ sins
1=— f(—)cossx ds
T S

2 sins
=—f( cossxds+0
T
0

o0

sm s T
cos sx ds = 5

0

Putting x = 0, we get

fo (Sms) cos0 ds = E

0
sm s )
sincecos0 =1
0
o0

f smt

0

ii) By Parseval’s identity




UNIT-IV FOURIER TRANSFORMS

*( sint—tcost
f |F(s)|?ds = f |f (x)|? dx Hence deduce that I(t—3jdt =% .Using Parseval’s
—o0 —o0 0
) . 2
t—t t
From (1) identity, show that [[ 21| .
© . 2 1 0 3
) 2 sins is= [ 14 Solution:
- \/Z_ﬂ( s §= X The given function can be written as
—0 -1
o _(a?=x%if —a<x<a
4 sin s\? 1 fe) = { 0 otherwise
—f(—) ds = [x]%; = 2 :
21 s
Zo We know that
o 1 :
2 sins 2 = - isx
2 [ (55 g - P = FIfe] = = [ FGoe s
T S —00
o0 1 a
) . 2
sins LT Flf(x)]=— f(az — x2)(cos sx + sinsx) dx
f(s)ds_zxf_n Vo J
o )
[ (sinty? Flf(x)] = if(az — x?)(cos sx) dx
Zf(—t ) dt =7 1/27-1-0
0
o Using Bernoulli formula [uv dx =uv, —uv, + u'"vy — -
sint T
f ( t ) dt = 2 Here
0
. a-x, if |<a u=a?—x? v = coS Sx
7. Construct the Fourier transform of /(x)= .
, if M>a>0 , sin sx
u =-—2x vy =
s
IHSGmcstcr / Fagc
-,




UNIT-IV FOURIER TRANSFORMS

FIF()] = [(a x2) (S‘“ =) - 20 () + 2

sin sx]a
53 0

FIf(0] =

[ 2acos as 4 2 sin as]
o $3
4

Fls] =\/2_ﬂ(

i)By inverse Fourier transform formula
o0

sin as — as cos aS)

e

g3

flx) = F(s)e % ds

)

o0

) ) 1 f 4 (Sinas—ascosas

— X —
\/27r_ V2m

a

—isx
e ds
s3 )

0
4 (sin as — as cosas

2 _ &
21

- X

3 ) (cossx —isinsx) ds

—00

Equating real part on both sides

Sin as—as cosas
—x?= —f_oo (—) cos sx ds

0

f sm as — as cos aS)

SHIES

0

1 Semcstcr / Fagc

L

o0

2 (sin as — ascosas
T s3

)cossx ds = a? — x?
—00

2 2

cossxds =a

- X

Let a=1&x =0, we get

0

sms —Scoss T
f )cos(O) ds = 7 1-0)

0
sins — scoss T
f( )ds=—
4
0

Lets=t =>ds=dt

o0

f (sint —tcos t) gt = T
t3 4

0

ii) By Parseval’s identity

f F(s)[2ds = f FOOI? dx

From (1)




UNIT-IV FOURIER TRANSFORMS

2

([ (2 a 18. Find the Fouri form of R g
f 2\/_<smas ascosaS) s — f(az—xz)zdx 8. Find the Fourier transform of /(x) = 0. i |x|>1 an

g3

hence find the value of I(Slntj dt.
t

2
0 4 i - 1
f_oo< i (sm as :33 cosa )) ds = f_l(l _ xz)zdx

Put a =1 we get

Solution:

The given function can be written as

0 1
16 sins — s cos 5\ 1—|x|,if —1<x<1
2 | 22 ds=2 | (1 - 252 + xM)d ={ x|, if x
21 f( s3 ) s f( *7+ x)dx f () 0, otherwise
© We know that
16f(sins—scos.9)2d 2[ + ] 1 o
JE— _ S = x__ .
T s3 F(s) =F[f(x =—f x)e'* dx
) (s) =F[f(x)] Vo f(x)
16f(sins — S cos 5)2 d 2 [<1 2 N 1) 0-0+ 0)] 1
—_— _— S = [ —_) — —_
m ) s3 3 5 F[f(x)] = —f 1— |x|)e"* dx
e
15—-10+3 16
:2[ 15 ]:E 1
=— f(l — |x])(cos sx + isinsx) dx
o0 2 \/27'[
sms—scoss d _16 T\ T -1
f ) 5_15(16)_15 1

o

f — |x]) cossx dx + — f(l — |x]) sinsx dx
Lets=t = ds=dt

0

smt— t cost\? s 1
15 \/211_1

(1 —|x])cossxdx+0
0

1 Semcstcr / Fagc

Q
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UNIT-IV FOURIER TRANSFORMS

Since (1 — |x]) sinsx is odd function

—x)cossxdx

=\/%Of(1

Using Bernoulli formula [uv dx = uv; —u'v, + u'' vz —

Here
u=1-—x vV = COS SX

sin sx

u=-1 v =
s

—COSSX

vV, =
2 52

[(1 _ x) (51n sx> (_1) (— C;)ZS SX)]:

sin sx cos sx1*t
- =0 () -5
S 0

Nz
- 05~ (0-3)]

CcOoS S 1]

_+_
s2 s2

F[s] = [1 — cos s]

VZn

since 1—coss = 2sin? (%)

sin?
This is the required Fourier Transforms

i) By inverse Fourier transform formula ,
o0

0 == [ Fiea
fx_\/z_ﬂ_w s)e s

Equating real part on both sides

cossx ds

1—-x= E f sinzz(%)
Vs S

—00

NCY)

1 Semcstcr / Fagc
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UNIT-IV FOURIER TRANSFORMS

ii) By Parseval’s identity

f F(s)2ds = f FGOP da

0 .2 (S
2 sin“ (5
1—x=—x2f (2) cossx ds
T s
0

Letx =0 ( ) )
0 4 sin? (2 1
o) [e9) F 1 —_— 2 ds = 1-—
e, 7 () o) () e
1= ;f 2 coss(0) ds = 1= Ef 2 ds Ix)2dx
0 0 ,
o/ . 5(S 1
16 sin? (7) ,
. EXZI 2 ds=2f(1—x)dx
Let ==t 0 0
i ~(1-x)?]
s =2t ZZ[T] =—§[(1—x)3](1)
0
ds = 2dt
4 [ (sint © W (S
1= —f 5 2dt 16 [ Sin (7) 2 2
m) \ 4t —f ds=—-=[0—-1] ==
0 T s* 3 3
8  [sin’t
=_ dt © 4SS
nf(4t2> fsm (2)ds=E o
0 st 3 716
0

1 Semcsf:cr / Fagc

11




Show thate ™ ? is self reciprocal with respect to

Fourier transform.
Solution:
We know that

F(s) = F[f(x)] =

ﬁ!

f f(x)es*dx

o0
f —a?x? isxdx
—00

Il Semester / Fagc

12

UNIT-IV FOURIER TRANSFORMS

0

1 .
_ —(a?x%-is )d
= — e X
1 ‘ 2 .
— e~ l(ax)?=isx] g,
Vam

—0o0

We know that
(a — b)? = a? — 2ab + b?

a? —2ab = (a — b))% —

Herea = ax, 2ab = isx
2(ax)b = isx
2ab =
b = is/2a
2 2
(ax)? —isx = (ax — E) - (E)
2a 2a
3 ( is )2 N s?
-\ 2a 4q2
is\2 s
e—[(ax)z—isx] — e—[(ax—ﬂ) t2az

I O

Substituting in equation (1) we get

(1




UNIT-IV FOURIER TRANSFORMS

F(s) =\/% f [ax _ ] [4a2]dx

e 4sa2] ‘ —[(ax—zi—s>2] _i
F(s) = e Yldx  (2) Fle=x*/?] = 1 e H2) = o522
- 7z
Putax——=u ) )
a F[e—x /2] = e~S°/2
adx =du 20. State and prove Convolution Theorem on Fourier Transform.
Solution:
X2—=®0 =UD>—=0 Statement:
X200 =U®D The Fourier transform of the convolution of f(x) and g(x) is the

product of their Fourier transforms.

P =S [t au FIf(x) = g0)] = F(8)G(s) = FIf (0)]Flg®)]
- Proof:
e % - ) We know that
F) = | e .3) 1 .
J, F(S)=F[f(x)]=E_[o f (e dx
[4a2] 1 [Ss)
A FIF () * g ()] =Ei [F () * g(0)]e dx
F(s) el 1 [1 ¢
S)= X
a\/f Flf(x)*g(x)] = E_—[O [E _—[O fglx— t)dtl e Xdx

Il Semester / Fagc

13
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UNIT-IV FOURIER TRANSFORMS

FIF() * g(0)] = f f F()g(x — el dt dx
:(\/;_n) f ff(t)g(x t)elS*dx dt

—Lw tiw(—t)i”‘d dt
_\/Z_ﬂ_.!.:f()\/z_ﬂ'_.!;gx e X

—Lw t) F[g(x — t)]dt
—ﬁ_[of()[gx ]

== ff(t)ema(s)dt

[ FIf (x — @)] = e "*F(s)]

=G(s) L F()estdt
V2 J

FIf(x) * g()] = G(s)F(s) = F(s)G(s)

>1. State and prove Parseval’s identity on transforms.

Solution:

Statement:

If F(s) is the Fourier transform of f(x) then f_oooo| fO)|?dx =

J7|F(s)|2ds
Proof:

22.

Il Semester / Fagc

By the Convolution theorem
FIf(x) * g(x)] = F(s).G(s)
f(x) * g(x) = FTHF(s).G(s)]

1 [ ,
o [ r@ g6 = F(s) G(s) e ds

1
Put x = 0 and g(—t) = f(t) there it follows that G(s) = F(s)

o0

f FOF@de= [ FOFG s

0

f F@Pd= [IFo)NRds

—0o0

Putt=x =dt=dx

f IF(O)2dx = f \F(s)[2ds

—a*x?

Find the Fourier cosine transform of ¢ for any a>0
hence prove thate ™'’ is self reciprocal under Fourier co
transform.

Solution:

We know that

and

sine

14




F.[f(x)] = \/ ff(x) cossx dx

_OO
2.2 a?x?
Fc[e “x]=\/—f *" cossx dx
s
0

~
I
Q
X
|
B
=
!
| |
g~——g 8
®
I
Q
X
&
=
U
=

=—1 R.P fe'(azxz'isx)dx

We know that

(a —b)? = a®? — 2ab + b?

UNIT-IV FOURIER TRANSFORMS

a? —2ab = (a—b)? —

Herea = ax, 2ab = isx
2(ax)b = isx
2ab =
b = is/2a
. _( iS)2 (lS)
(ax)* —isx = (ax >a >a
3 is\2 N s?
—(ax Za) 4q?

Substituting in equation (1) we get

o0

o] -rr [l A
(D) e - e\/[;_:RP fe_[(ax_;_;)z]dx

is
Putax——=u
2a

”]5&mes€cr Ve Fage

- (2)

15




adx =du
X > —0 > U —> —0 X — o0 > U 0
_[i] @
_a2g2] € 4 f _uzl
Fc[e ]_ = RP | e~ du
_[i] w
4q2
F. [e-azxz] 8 Rp [ e du ~(3)
avan
[zl-a2
avam '
SZ
.
Fc[e a’x ] = G
1 _s
E, [e_“zxz] = a_\/ie 4a?
Puta = \/_ we get
Fle/2] = ¢ 42) = =512
(55)v2
V2
Fc[e—xz/z] — e—sz/z

UNIT-IV FOURIER TRANSFORMS

Hence f(x) = e™*/2 is self reciprocal with respect to

Fourier Cosine transform.

23.

1 Semcstcr / Fagc
14

Find the Fourier cosine and sine transform of f(x)=¢ “

and hence deduce the inversion formula.
Solution:
We know that

F.[f(x)] = \/ ff(x) cossx dx

2 o0
F.le™® ] \/;f e~ cos sx dx
0

Fle™]= j%[T]

Applying the inverse formula, we have

2 o0
flx) = \[Ef F.[e"**] cossx ds

0

- B Bl

cos sx ds

,a>(
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_ 2af COS SXx
fe) = w ) a? +s?
0
COS SX T
faz + 52 =£f(x)

o0
COS SX T o
——ds = e ,a>0

a2 + s2 2a
0

Puts = xandx=m

o0

cos mx T 0
———dx=—c¢ a>
a? + x? 2a ’

0

We know that

2 o0
Elf(0)] = J; f () sin sx dx
0

Fle™® ]

:ngNW

o0
f e ™ sinsx dx
0

e

Applying the inverse formula, we have

T
0

o0

s sinsx T
| Ssds =31

a? + s?
0

o0

S sin sx T
f—ds=§e_“x,a>0

a? + s2
0

Puts = x =>ds=dxandx = m

0

Xsinmxd
a? + x2

0

o0
2 (s sinsx
a? + s2

24. EvaluateJ‘()C2 . )(x E )
0

ax

e ™ and e

Solution:
Let f(x) =e™%*

1 Semcstcr / Fagc

ﬂ —
x=§e am qa >0

using Fourier cosine transform of

17
-7




UNIT-IV FOURIER TRANSFORMS

W.KT FE[f(x)]= \/%fooof(x) cos sx dx

F.[e™%] = \E foooe‘“x cos sx dx

- = [

Let g(x) = e 2%

F.[f ()]

We know that

; ©
Flg(x)] = \/Ef g(x) cos sx dx
0

[e~P*] = \/%f;oe‘bx cos sx dx

-rie- Rl

By formula

F.[g(x)]

f FIF (O] FLg)] ds = f F()g()dx =
0

L

o0

2 ds = e~ ax —bxd
sZ2+a? a2 mls? + b2 b2 s x
0

2ab 1 P
T f (s2 + a?)(s? + b2?) s
0

0

— f e—(a+b)xdx

2ab 1 ds =
T f(sz +a)(s2+b2) " T
0

e—(a+b)x]°°
—(a+b) 0

%Of (2 + a2)1(52 Y= [0 - (ﬁ)]

0

2ab 1 oo L
T f(sz+a2)(52+b2) STa+b
0
1 ds = T
f(sz+a2)(52+b2) S_Zab(a+b)
0

puts =x =ds =dx

1
Of a1 )T

25. Evaluate J‘%
o (x"+a”)
Solution:
Let f(x)=e %

We know that

1 Semcstcr / Fagc

4

2ab(a + b)

using Parseval’s identity.

18
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; ©
F[f(0)] = j;ff(x) cos sx dx
0

F.le @ ]= \/%foooe‘ax cos sx dx
F, Y P oy t
f ()] =Flem™] = E[sz-i-—aZ]
By Parseval’s identity

f EF@IPds = f FOOI2 dx
0 0

2

( 2 a d _OO —axzd
;[sz+a2] s = | (™) dx
0 0
—2axdx
[ Grrapts=]
0( a*) 0

2(12 @ 1 e—2ax @

== ds=|—

T f (s% + a?)? s [—Za]
2 0

S

Puts = x =>ds=dx

=0-(5) =3
N —2a " 2a

T
f (x? + a?)? ds = 4a3
0
26. Find the Fourier Integral representation of /(x) defined ag
0 for x<0

fx)= ; for x=0

e’ for x>0

Solution:
We know that the Fourier integral of f(x) is

f@) == [ 7, f(®)cosA(t — x)dxdA.......(1)

for t<0ie.—0<t<O0

0
Here f(t) = % for t=0 ie. t=0
et for t>0ie. 0<t<ow

1 o0 00

flx) == e~tcosA(t — x)dtdA
2l
1 o0 00

flx) == e~ tcos(At — Ax)dtdA
2l

1 o0 00
= ;f f e~ t(cosAt cosAx + sinAt sindx)dtdA
00

1 Semcstcr / Fagc
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=||H

0

1
T

f f [e~tcosAt cosAx + e tsinAt sinAx]dtdA
00

— [f cosle e tcosAt dt + f sinxle et sindt dtl da
0 0
0 0
'-'fe'“tcos bt - & fe'atsin bt =L
a2 + b2 a2 + b2

Asinlx]

_1 J‘ coslx
o 1+/12 1+ 22

0

1 ‘ cosAx + AsinAx
f 1+ A2

1 ‘ cosAx + AsinAx
=) =2 f 1+ 22

0

= dA = nf(x)

fcos/lx + AsinAx
1+ 22
0

X in0<x<l
27. Find the Fourier sine transform of f(x)=<2-x inl<x<2
0 inx>2

Solution:

1 Semcstcr / Fagc
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_ |2 [Zsins—sinz ]
NE s2

UNIT-IV FOURIER TRANSFORMS

We know that the Fourier sine transform off (x) is
RIGl = 2 7o sinsxa

E[f ()] = \/% [y £@)sinsxdx + [ f(x) sinsxdx + [ £(x) sin sxdx]

E[f (x)] f [y 2 sinsxdx + [7 (2 — %) sin sxdx + 0]

\/ [[ —coss \ _ 1( smsx)]:) +[(2_x) (—a;ssx) - 1)( smsx)]j

J [[ xcossx s;nsx] +[ - )(cossx smsx ] ]

_ 3[[ﬂ+—sm e 0+0)] [ 0_sm2s_( L )_(S%)”

T N

2 |[—coss | sins  sin2s coss | sins
- et
T s

s s s s2

f[ZSlnS 2sins cos ]




UNIT-IV FOURIER TRANSFORMS

2 1—cos B B : ;
= [£25si = 2 2
\/; sms[ e ] =\j—x\[; fsinsx ds + fZSinsx ds

s
0 1
L,0<s<l1
28. Solve for /(x) from the equatmnjf(x)mnsxdx- 2,1<5<2 - ( cos Sx [_ cos Sx]Z)
X 41
0,s>2.

Solution:
From given

1, 0<s<1

ff(x)sinsx dx={2, 1<s<2 =
1 0, s=2

21 COSX  2CO0S2X
= Sf) =tV ——
Now multiply \/% on both sides T [x x x ]

2
T
2 cos x cosO COoS2X COSX
—[( T AR G|
T X X
i

T

2 cos2x 2cosx
+=
X X

20 i
\/;ff(x)smsx dx = 5
0 2 |—, 1<s<2

\ 0 s=2

Since by Fourier sine integral & inverse Fourier sine transform

0

E[S] = \/%ff(x)sinsx dx & fx) —\/ fF[S] sinsx ds
0

0
~rq .
2 2 . 2 .
~flx) = —f —sinsx ds + fZ —sinsx ds + 0
T /s T
0 1

1 Semcstcr / Fagc
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

VA
é[(1 - i)_z] [+ (1—x)"2 = 1+2x+3x2+

=il

1l Semester / Fage

1

UNIT-V 2.
PART A
1.Find 7{/(n)| where f(n)=n forn=0,12,..
Solution:
W.K.T, Z- transform formula is
7 {x(n)} = Z x(n)z"
n=0
o0 o0 3-
= Z nz Z =y
n=0 n=0
3
Z[n]=0 +—+Z—2+—3+

State initial and final value theorem in 7 transforms
Solution:
Initial value theorem:
If Z|f,] = F(2),then f(0) = limF(2)
Z—00
Final value theorem:
If Z[f,] = F(z),then limf,, = linlz(z —1DF(2)
n—-oo VARd
a" >0
Find the Z-transform of x(n)=4 for nz
0 otherwise
Solution:
We know thatZ { x(n)} = Ymox(n) z7"
a” w at __.
z 5] = Shotr 2
1 n
z [5] = Sieor [
© E
Z z
n=0
EENC NG
SRR
a1 @ . x  x% x° o
Z F] ez . 1+1'+§+§+“' = e




UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

4.Form a difference equation by eliminating the arbitrary . 1
nal 6. Find the Z-transform of —.
constants from u, = 42"". 7
Solution: Solution:
Given U, =A2™71 ... (1) We know that Z {x(n)} =
Yn=ox(n) z™"
Then Upyq = A27F2 © 4
J— Z n
S Upyr = A2 2 e (2) [ ] TZ)
Eliminating A from (1) & (2) we get [ I b 8 L
= Yn=0y; [;]
u, 1
=) =0 1 2 3
U, 2 - 1t 1t 1M
e _1+1! Z] +2![Z] +3![Z] +
e e B, b
5.Form a difference equation by eliminating the arbitrary =1+ 5+5+
constants from y = 43" . 1 2 .3
= (v e =e

Solution:

Given Y, = A.3™ Lo (1) .
7. Find the Z transform of —.

Then 7y, = A.3™1 n

= e =AFE) WA 2000} = B £) 2
= Yna1 = 343" (2) Z{l} _ i lz‘"
Eliminating A from (1) & (2) we get =
| o 1
J’n+1 3 ; n <_)

=3V, —Yn41 =0

= Yn41 — 3V =0
mﬁcmcstcr yd Fage

2




= —log(1—x)
_ z—1
= ~tog (-
_1 z—1\""
=tog ()

' Z{%} = log (zi ;)

8.Find the Z-transform of a"
Solution:

W.K.T Z- transform formula is

o0

Z {(x}= ) 2wz

n=0

Z[a"] = i atz™n

n=0

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

a -1
Z[an] = [1—;] [.'.(1—.9()_1: 1+x+x2+]
-1
Z—Qa
= 54

Z[a"| = —— |z|> |a|

Z—Qa
9.Solve y,,, —2y,=0 given y, =3.

Solution:
Given yp41— 2y, =0

Z[Yns1 = 2yn] =0
Z[Yn41] = 2Z[yn] = 0
z[Y(2) —yo]l —2Y(2) =0
Also given y, = 3 ~z¥Y(z)—3z-2Y(z)=0
Y(2)(z—2) =3z
3z
(z-2)

2(ym) =55 [~ Y@ =2(y(m)

Y(2) =

=27 [(23—22) =327 [(ziz)

1l Semester / Fage
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

o =321 o=z ] 20 = g
10. State the Convolution theorem on Z transforms.
Solution: x(n) = Z‘l[ Z ] —Z‘l[ z
fZ[fM)]=F(z) & Z[g(n)] =G(z) then Z[f(n)*gn)] = F(2)G(z) z+1 z+2
4 z x(n) = (=D" - (=2)"
11. Obtain Z (z+D)(z+2) 12. If Z(x(n))= X(z)then show that Z(a”x(n))= X(EJ.
a
Solution: , Solution:
Let X(Z) = DD By definition of z-transform
X(2) 1 N -n
= ZtDZ+2) X(z) = z[x(n)] = Z x(n)z
n=0
1 _ A 4 B ©
z+1D)(z+2) z+1 z+2 Z[anx(n)] = Z a"x(n)z™
1=A@z+2)+B(z+1) n=o
ad —-n
Putz = —1weget, 1=A(—1+2)+B(0) - Z x(n) E]
A=1 =
ol
Putz=-2 we get, 1=A4(0)+B(-2+1) =X [5]
B=-1
X(2) 1 1 1 13. Find the 7 -transform of sin% .
z (z+DE+2) z+1 z+2 Solution:
) ind
X(Z) = _|Z_1 _ _|Z_2 We know that z[sinnf] = %
z z
Put 6 = % we get
mﬁcmcstcr yd Fage
=3




UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

nw zsinZ
Z[sin7 = . Zn
z —22c057+1
z (1)
T 22222000+ 1
z
T27+1

14. Find the difference equation generated by y, =an+52"

Solution:
Given y, =b2"4+an ......cocoiiiiiiiiiiiiiiniin, (1)

Then y,.; =b2"1 +a(n+1)
= Vnp1 = b2 (2) +a(n+ 1)
S Vpe1 =2b2"+a(n+1) ... 2)
Then  yn4p, =b2"2 +a(n+2)
= Ynz = b28(22) + a(n + 2)
= Vo2 =4b2" +a(n+2) ol L (3)

Eliminating a and b from (1), (2) & (3) we get

Vnt1i 2 n+1]1=0

[yn 1 n
Yn+2 4 n+2

Vnl2n+2)—4Mm+1)] —yp41[n+2—4n] +yy42[n+1—-2n] =0

Vnl2n+4 —4n—4] —ype1[—30n+ 2] + ype2[-n+ 1] =0

5

Yn[_zn] — Yn+1 [—311 + 2] — Yn+2 [1’1 - 1] =0
= 2ny, + (2-3n)yp4 + (0 — Dypy, =0

15. Define the wunit step sequence. Write its Z transform
Solution:
The unit step sequence u(n) has values

(1 forn>0
“(n)_{o for n<0

W.K.T
Z{x(n)} = Yjp=ox(m) z7"
Zum)} = Zu(n) zn
n=0

Z{u(n)} = Z z™™  bydefn.of u(n)

n=0

— 11
Zumy = ||
z
Zum} =
PART-B

1l Semester / Fage
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

16. Find the Z-transform of !

n(n+1)’n_
Solution:
By partial fraction
1 B A N B .
n(n + 1) - n (n + 1) rn aee mws nee s .( )
1=An+1)+Bn
Let n=0= 1=A0+1)+0
A=1
Let n=-1 = 1= A(0) +B(-1)
B=-1
Sub A=1, B=-1 in equation [1]
1 1 1

nn+l) n (m+1)

Taking z-transform on both sides
1 N 1
z [n(n + 1)] -7 [n] z [(n + 1)]
= long—l— z log zi_1

z
=(1-2)log

z—1

17. Find the Z -transform of sinnéd & cosnf . Hence deduce the

Z -transforms of " sinnf & cos(n+1)0

Solution:
To find: z[cosnB]and z[sinnO]

We know that

VA
2la"] = 2, |2 > [al

Z[(eie)n] —_Z

z—el®

Z

in0] —
Z[e ] ~ z— (cos O + isin 0)

Z

z[cosnB + isinnB] = (Z—cos0) —isin ©

Z

z[cosnBO] + iz[sinnB] = (Z—cos0) —isin®

z[cos 6] + iz[sinnb] = [ z ] [(Z — cos 0) +isin®

(z—cos0) —isin O] | (z — cos B) +isin O

_ z(z—cosB) +izsinO
" 22 — 27¢0s O + cos26 + sin20

_z(z—cos0) +izsin®
72— 2zcosO+1

z(z — cos ) 4 zsin 6
z2 —2zcos 0 + 1 IZZ—ZZCOSG-l-].

= z[cosnBO] + iz[sinnB] =
Equating the real and imaginary parts, we get

1l Semester / Fage
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z(z — cos 0)
zlcosn®] = z2 —2zcosO + 1

) zsin O
z[sinnf] = 72 — 2zcos O + 1

(i) To find z[cos(n + 1)6]
By shifting theorem,

z[cos(n + 1)60] = z[z[cosnO] — cos 0]

B z(z — cos 0) 1
-z z2 —2zcosO +1

72 —7c0s0 —z%+2zcos0—1
z z2 —2zcos O+ 1

B [ zcosO —1
_ZZZ—ZZCOSG+1
3 z%cosO —z
72 —27c0s0+ 1

(i) To find z[a" sinnB]

We know that z[a"f(n)] = F E]

_[ zsin O ]
" 1z2 —2zcos O+ 1 2%

Z

z[a" sinn@] = [z[sinn6]], | z

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

(g) sin©

B -2 (%) cos0+ 1

in©
zsin )

=
z2 — 2azcos 0 + a2
22

azsin©
z2 — 2azcos 0 + a2

18. Find Z(na"sinnf).

Solution:
We know that

d
z[nf(n)] = —z— [z[f(m)]

d

z[na"sinnO] = L [z[a"sinnBO]
_ d az sin® v d Uy vdu — udv
- [ZZ — 2az cosO + az] [* (v) B V2 ]

dz
3 (z? — 2az cosf + a?)(asin ) — (azsin 0)(2z — 2a cos 6)
-7 (2% — 2az cosB + a?)?
0s6 + a3sinf — 2az?sinf + 2a?zsin 6 cos 6)

(2% — 2az cosB + a?)?

[(zza sinf — 2a®zsinf c
=-z

_ —z(-z%asin® +a®sinf)
(2% — 2az cos6 + a?)?

1l Semester / Fage
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

_za([(z* — a?) sin 6]
(22 — 2az cosf + a?)?

Equating the real and imaginary parts, we get

2[cosn6] = z(z — cos 0)
nr z2 —2zcos O+ 1
19. Solve Z(cosnf) and hence deduce Z| cos— |.
2 We know that z[cosnf] =f(2_ﬂ
Solution: z%?-2zcos6+1
Z T
z[a“]—Z_a,|z|>|a| PutH—E we get
2[(€)"] = = n __2Gmcosy)
[( ) ] z—el® Z[COS 2] " z2-2zc0 %+1
in@] — z
z[e ] z — (cos O + isin 0) = Zzzil [~ cos% = 0]
. . _ Z
z[cosnB + isinnb] = (Z—cosB) —isin © 102
. 20. Find the inverse 7 -transform of Pl
iz[si = z"=3z+
zlcosnb] + iz[sinnd] = (z — cos ©) — isin O Solution:
( 0) + isin 6 Given
L y/ Z — cos 0) + isin 10z 10z
0 0] = ] 102 3 _ g 102
zlcosnB] +iz[sin nf] (z—cos 0) —isin B8] | (z — cos B) + isin O Z [22 —3z4 2] Z [(z— 1)(2_2)]
_ z(z — cos0) +izsin O Let X(z) = 110z _
z? — 2zcos 0 + cos?6 + sin?6 (@-1)(z=2)
X(2) 10 A B )
=Z(Z—COSG)+iZSine z _(z—l)(z—Z)_z—1+z—2 (@)

z2 —2zcos 0+ 1

z(z — cos 6)

10=A(z—-2)+B(z—-1)
zsin ©

= z[cosnBO] + iz[sinnb] =

z2 —2zcos 0+ 1 1Z2 —2zcosO+1

Letz=1 10=—4 = A=-10

1l Semester / Fage
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10=0+B

+
z—1 z-2

Taking Z~1 on both sides

771 (X(2)) = —10Z~! [%] +10771 | - ]

1 10z _ n n

71292 1_jocm—1
[zz—3z+2]_ (2" =D

3
21. Find the inverse Z -transform of z 20z

Solution:
z3-20z
Let X(2) = e
X(z)  22-20
z  (z—2)3(z—4)
Xz _  7*-20 _ A n B C D
z  (z=2)3(z—4) z-2

(z-2)'(z-4)

z=2)2 ' (z=2)? + PELLLERPRPPRS

1l Semester / Fage

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

22-20=A(z—2)’(z—4)+B(z—-2)z—-4)+D(z—-2)3+c(z—4)

Put z = 2 we get

4-20=C(-2)
16 = —2C
c=8

Put z = 4 we get

16 — 20 = D(8)
—4=8D
D=-1/2

Equating the coefficients of z3 on both sides, we get
0=A+D
A=-D
A=-1/2
Put z = 0 we get
—20=—-16A+8B —4C —8D
8B =—-20+16A+4C+8D
8B = —-20+16(—1/2) + 4(8) + 8(—1/2)
8B=-20+8+32-4
8B =40 —24




UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

N

8B =16
B=2

Substituting these values in equation (1), we get

X@_ _7-20 _12 2 8 1/2
z  (z—-230z—-4) z-2 (z—-2)?2 (z-2)3 z-4
X _1 z N 2z 4 8z 1 z
(Z)_EZ—Z (z—2)?  (z—-2)3 2z—4
Taking z~! on both sides we get
X)) 5 7 ] + 22 ] 4 82 ] — 2 [ ]
2 z—2 (z — 2)? (z—=2)3 2z—4

1 1
=z X (2)] = 52” +n2"+2"n(n—1) — 54”

=z X(2)] = 2”[1+n+n(n— 1] —14”
2 2

-1 — nl 2 _ _1 n
=z [X(z)]—2[2+n+n n| 24

= 7 X@)] = 2 + 1] 547
2 2

73 — 20z

| A Ry U S P S
(z—2)3(z—4) 2

22. Using convolution theorem find the inverse Z-transform of

8z°
Qz-D4z+1)"
Solution:
Given
2
z71 z =71 z . z
(-2 l-z7-3
27 1Z2 nl =77
T ) I I

1l Semester / Fage
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

o = MO P

n
k=0

=B n+@+ @ +-+@n

pnt
sincel+r+r2+r3+.+rt= == forr<1
_ 1 2n (2)n+1_1
- (E) 2-1 ] by G.P

e R RS S

- @™ 1]
= -0

23. Using convolution theorem, find the inverse 7 - transform

of( z Zj.
(z+a)

Solution:

z? z z
7| = 27!
[(Z+a)2] [Z+a Z+a]

-

zZ+a zZ+a

11

= (-a)" * ()"
= ) (¥
k=0

= (o ) (V)
k=0

=(—)"[1+1+1+-]

-1 Zz n
z [(Ha)z] - @+ (Ca

24. By using convolution theorem, prove that the inverse Z-

ZZ
transform ofm.

Solution:

_ z? a1 Z z
z 1[(z—a)(z—b)] =z 1[z—a z—b]

2
= emaen) = Cleral

a = b"

— akbn—k

k=0

1l Semester / Fage




=
i R CROREON
Pt _q
sincel+r+r2+r3+. 4" = =——1
(%)n+1_1 . an+2;?n+1
%_1 B a—b

b
an+1_pn+i
—hNn b"b
b

72 Q1 — pntt
_1 —
z [(z—a)(z—b)] a—>b

25. Form a difference equation from the relation y =a+53".
Solution:

26. Construct the difference equation fromy, =(A4+ Bn)(-3)"
Solution:
Given y, = (A+ Bn)(—3)"
=A(=3)" + Bn(-3)"
Yn+1 = (A + B(n+ 1))(=3)""

=A(=3)"(=3) =3B(n + 1)(=3)"(-3)

12

1l Semester / Fage

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

—3A(-3)" = 3B(n + 1)(-3)"
Ynsz = (A+ B(n + 2))(=3)"*
= A(=3)"*? + B(n + 2)(=3)"*?
=9A(=3)" + 9B(n + 2)(-3)"

Eliminating A and B we get

Vn 1 n
Yn+1 —3 —3(n+ 1) =0
Ynez 9 9(n+2)

Yu[—27(m+2)+27(n+ 1)] = yp1[9(+ 2) = 9n] + vy 2[-3(n + 1) + 3n]
=0
Yul—27n =544+ 270+ 27] — yp41[In+ 18 —9In] + yp2[-3n—34+3n] =0
Yn(=27) = Y11 (18) + yp42(=3) =0
—27Yn = 18Yp41 = 3Yn42 =0

(= -3) Y+ 6Yns1t Yne2 =0

27. Using Z-transform solve Viw) -3 Vi) —IOy(n) =0,y,=1&y,=0.
Solution:

Given ynz = 3yn+1 —10yn =0,y =1&y; =0

Taking z-transform on both sides, we get

Using the formula  Z[y,] =Y(2)
Z[Yn+1] = 2Y(2) — zy,

Z[Yn+2l = 2°Y(2) — 2%y — zy3




UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

Z[Yn+2] = 32[Yn41] = 10z[yn] = 0,y = 1 &y, = 0 = i E73) a
z-— -5
[2°Y (2) — 2%y, — zy1] — 3[2Y (2) — zy,] — 10Y(2) = 0 (-2 —3) _5 =5
e
[22Y(2) — 22] — 3[2Y (2) — 2] — 10Y(2) = 0 ( )
z%Y(z) —z2 —32zY(2) +3z—-10Y(2) = 0 @ Ry= ;(_z)n

2-32-10]Y(z) —2z*+3z=0
[z z ¥(2) —2z% + 32 By Cauchy' s Residue theorem y(n) = Sum of the residues = R + R,

[z2 —3z—10]Y(2) = z?> — 3z ) c
y(n) = 5"+ - (=2)"

z? -3z z(z —3)
Y(z) = =
[z2-32z—10] (z—5)(z+2) . . .
28. Solve y ., +4y., +3y,, =2" withy,=0&y =1 wusing 2Z-
To apply residue method multiply both sides by z™™1 transform.
Solution:
Y(z)z" ! = Mz"'1 = &Z" Using the formula
z-5Z+2) (z—=5)(z+2)
Z =Y
Here z =5&z = —2 is a pole of order 1 Dl @)
(Z _ 3) Z[yn+1] = ZY(Z) —ZYo
Ry =ResY(2)z" ! = lim(z — 5) —————<2"
I MO S D Zlynsa) = 22Y (2) — 2290 — 23

. (z-3) (5-3)
= lim n o=

e Given yp4o +4ype1 + 3y, = 2"
z-5(z + 2) 5+2)

5n

Z[Yni2] +42[Vns1] + 32[yn] = 2[2"]

2
Ri=35" 2 2 z

7 z2Y(z) — 2%y, — zy, + 4[zY(2) — zy,] + 3Y(2) = —
(z—3) .

_ n-1 _ T ENCT LN
R = Res Y()2" ™t = Jim (2 + ) sy

Given y, =0;y; =1
z
z%Y(z) —z+4zY(2) + 3Y(2) = p—

1l Semester / Fage
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

z
2442 +3]Y(2) = —
[z* + 4z + 3]Y(2) z—2+Z

z+z(z—2)

[z + 4z + 3]Y(2) = —

z+2%2 -2z
-2

72—z
z—2

[z2 + 4z + 3]Y(2) =

(z+1D(z+3)Y(2) =
22—z

YO =iz rae=2

To apply residue method multiply both sides by z"~1

et zZM(z—-1)
Y@z = z+ D(z+3)(z-2)

Y(z)z"" ! has a simple pole at 2,—1 and — 3
z = 2 is a simple pole

z = —1is a simple pole

z = —31is a simple pole

z™(z-1)

. _ n-1 _y; — T —
) Ry = Res Y(@)2™ = iz ~ 2 ermeo

(i)

(i)

zZ"(z—-1)

_ @
@)
p— 2"

R__
17 15

R, = Res Y(2)z" ! = lim (z + 1)
z=-1 z—-1

I I DG+

z™(z-1)

(z4+1)(z+3)(z-2)

z"(z—1)
z--1(z —2)(z+ 3)

= lim

_ (D=

2)

(-3)(2)

Gk

R
2 3

R; = Res Y(2)z" ! = lim (z + 3)
z=-3 z—--3

= lim

z™(z-1)

(z4+1)(z+3)(z-2)

zZ"(z—-1)

z--3(z—=2)(z+1)
(=374

(=5)(=2)
_2(=3)"

(=5)
31’1

R3 = ?2(—1)n+1

By Cauchy' s Residue theorem
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y(n) = Sum of the residues = R; + R, + R3

2" -pHn 3"
2 ey

2 5 qyn+l
15 3 5 2D

= iz" + l(_l)n + Z (_1)n+13n
15 3 5

1 1 2
= 2N 4 _(—1 )" 4+ — (=113
y) = =2+ (D" + 2 (-1)
29. Solve the equationu, , + 6u,, +9u, =2" givenu,=u =0.

Solution:
Using the formula

Zlyn] =Y (2)
Z[yns1] = 2Y(2) — zy,
Z[Yn42l = 22Y(2) — 2%y — zyy
Given ypip + 6Yni1 + 9y, = 27
Z[Yny2] + 6Z[yns1] + 9Z[y,] = Z[27]
22Y(2) — z%yy — zy, + 6[2Y (2) — zy,] + 9Y (2) = zi_z

V(D) +62Y(2) + Y (D) = 55

z

[z2+6z+9]Y(2) = —

zZ—

2 -z
(z+3)°Y(2) = —
z
Y(z) = (z-2)(z+3)2

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

To apply residue method multiply both sides by z"™1

n-1 _ z"
Y(2)z T (z-2)(z+3)?

Z =2 is a simple pole, Z = —3is a pole of order 2
n

z
— n-1 _ i -2
R =Res V@2 = I = D @+ 3)2

= lim - =z
z—2 (z+3)? 25
R, = Res Y(2)z" 1 = lim —-L(z +3)? z”
= z)z = lim ——(z —_
27 23 z>-31ldz (z—-2)(z+3)?
_ d (| z"
- ZLIPB dz\z—-2
i (z—=2nz"1 - 2"
B ZLIP3 (Z - 2)2

_ =) ET =)
- (=5)?

Res ¥ (z)zn1 = C-onCH )
z=-3 25

_ corf]
- 25
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UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS

(=3)"[5n - 3]

n-1 _
Res Y3z 75

By Cauchy' s Residue theo
y(n) = Sum of the residues = R, + R,

2" | (=3)"[5n-3]
25 + 75

1

5
ym) =2 [2” —(=3)"+ §n(_3)n]
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