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UNIT-I 

PART A   

1. Form a partial differential equation by eliminating the 
arbitrary constants from 2222 cot)()( zbyax  . 
Solution: 
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2. Form a partial differential equation by eliminating the 

arbitrary constants from ))(( 22 byaxz   
Solution: 
Given that  ))(( 22 byaxz        

. 
 

 
 
 
 
 
 
 
 

 
 
  
3.  Form a partial differential equation by eliminating the 

arbitrary constants from 22 byaxz   
Solution:. 

Given 𝑧 = 𝑎𝑥ଶ + 𝑏𝑦ଶ …(1) 

Differentiate (1) partially with respect to x, we get 

𝜕𝑧

𝜕𝑥
= 𝑎(2𝑥)                                                                        

𝑝

2𝑥
= 𝑎                                                                           

Differentiate (1) partially with respect to y, we get 

𝜕𝑧

𝜕𝑦
= 𝑏(2𝑦)                                                                         

𝑞

2𝑦
= 𝑏                                                                           

Substituting a  & b in equation (1) we get 

              𝑧 =
௣

ଶ௫
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௤

ଶ௬
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𝑧 =
𝑝𝑥 + 𝑞𝑦
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2𝑧 = 𝑝𝑥 + 𝑞𝑦                                     
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4. Form the partial differential equation by eliminating the 

arbitrary function f  from 






x

y
fz . 

Solution: 

Given 𝑧 = 𝒇 ቀ
𝒚

𝒙
ቁ  …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑓 ′ ቀ

𝒚

𝒙
ቁ ቀ

−𝑦

𝑥ଶ ቁ                                                   

𝑝 = 𝑓 ′ ቀ
𝒚

𝒙
ቁ ቀ

−𝑦

𝑥ଶ ቁ              … (2)                                   

Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑓 ′ ቀ

𝒚

𝒙
ቁ ൬

1

𝑥
൰                                                   

𝑞 = 𝑓 ′ ቀ
𝒚

𝒙
ቁ ൬

1

𝑥
൰              … (3)                                  

(2)

(3)
⇒                   

𝑝

𝑞
=

𝑓 ′ ቀ
𝒚
𝒙ቁ ቀ

1
𝑥ቁ

𝑓 ′ ቀ
𝒚
𝒙ቁ ቀ

−𝑦
𝑥ଶ ቁ

                                                          

𝑝

𝑞
=

−𝑦

𝑥
      𝑝𝑥 + 𝑞𝑦 = 0                                                  

5. Find the particular integral of yxezDDDD  )2( 2''2  

Solution: 

Given (𝐷ଶ + 2𝐷𝐷′ + 𝐷′ଶ)𝑧 = 𝒆𝒙ି𝒚 

𝑃. 𝐼 =
1

𝐷ଶ + 2𝐷𝐷′ + 𝐷′ଶ  𝑒௫ି௬                                              

                                            𝑃. 𝐼 =
ଵ

ଵାଶ(ଵ)(ିଵ)ାଵ
 𝑒௫ି௬                 

Replace 𝐷 = 1, 𝐷′ = −1 

𝑃. 𝐼 =
1

0
 𝑒௫ି௬                                                            

                     =
𝑥

2𝐷 + 2𝐷′ + 0
 𝑒௫ି௬ 

                             =
𝑥

2 − 2
 𝑒௫ି௬            Replace 𝐷 = 1, 𝐷′ = −1                                        

          =
𝑥

0
 𝑒௫ି௬                                                  

         =
𝑥ଶ

2 + 0
 𝑒௫ି௬                                          

𝑃. 𝐼 =
𝑥ଶ

2
 𝑒௫ି௬                                                      

 
6. Form the partial differential equation by eliminating the 

arbitrary function f  from 






z

x
fxyz )( 2 .  

Solution: 

Given 𝜑 ቀ𝑧ଶ − 𝑥𝑦,
௫

௭
ቁ = 0            

Let 𝑢 = 𝑧ଶ − 𝑥𝑦, 𝑣 =
𝑥

𝑧
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𝜕𝑢

𝜕𝑥
= 2𝑧

𝜕𝑧

𝜕𝑥
− 𝑦 = 2𝑧𝑝 − 𝑦                                                   

𝜕𝑢

𝜕𝑦
= 2𝑧

𝜕𝑧

𝜕𝑦
− 𝑥 = 2𝑧𝑞 − 𝑥                                                   

𝜕𝑣

𝜕𝑥
=

𝑧(1) − 𝑥
𝜕𝑧
𝜕𝑥

𝑧ଶ
=

𝑧 − 𝑝𝑥

𝑧ଶ
                                                   

𝜕𝑣

𝜕𝑦
= −

𝑥

𝑧ଶ

𝜕𝑧

𝜕𝑥
=

−𝑥𝑞

𝑧ଶ
                                                                

ተተ

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥
𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

ተተ = 0                                                                            

ተ
2𝑧𝑝 − 𝑦

𝑧 − 𝑝𝑥

𝑧ଶ

2𝑧𝑞 − 𝑥
−𝑥𝑞

𝑧ଶ

ተ = 0                                                          

(2𝑧𝑝 − 𝑦) ቀ
−𝑥𝑞

𝑧ଶ ቁ − (2𝑧𝑞 − 𝑥) ቀ
𝑧 − 𝑝𝑥

𝑧ଶ ቁ = 0                    

−
2𝑥𝑝𝑞

𝑧
+

𝑥𝑦𝑞

𝑧ଶ
− (2𝑧𝑞 − 𝑥) ቀ

𝑧 − 𝑝𝑥

𝑧ଶ ቁ = 0                           

𝑥ଶ𝑝 − (𝑥𝑦 − 2𝑧ଶ)𝑞 = 𝑥𝑧                                    . 
 

7. Find the partial differential equation of the family of 
spheres having their centres on the z-axis. 
Solution: 
Let the centre of the sphere be(0,0. 𝑐) a point on the 𝑧 − 𝑎𝑥𝑖𝑠 and  

𝑟 radius. 

   It’s equation is (𝑥 − 0)ଶ + (𝑦 − 0)ଶ + (𝑧 − 𝑐)ଶ = 𝑟ଶ 

                                                𝑥ଶ + 𝑦ଶ + (𝑧 − 𝑐)ଶ = 𝑟ଶ……………(1) 

Here 𝑐 𝑎𝑛𝑑 𝑟 are constants. 

Diff (1) p.w.r.to 𝑥 we get 

2𝑥 + 2(𝑧 − 𝑐)
𝜕𝑧

𝜕𝑥
= 0 

     𝑥 + (𝑧 − 𝑐)𝑝 = 0 

(𝑧 − 𝑐)𝑝 = −𝑥 

(𝑧 − 𝑐) = −
௫

௣
…………….(2) 

Diff (1) p.w.r.to 𝑦 we get 

2𝑦 + 2(𝑧 − 𝑐)
డ௭

డ௬
= 0      

   𝑦 + (𝑧 − 𝑐)𝑞 = 0 

(𝑧 − 𝑐)𝑞 = −𝑦  

(𝑧 − 𝑐) = −
௬

௤
…………….(3) 

Equating (2) & (3), we get 

                                   ∴
ି௫

௣
=

ି௬

௤
 

                                       𝑞𝑥 = 𝑝𝑦 

8. What Solve 0)67( 2''2  zDDDD  
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Solution: 
Let 𝐷 = 𝑚, 𝐷′ = 1 

𝑚ଶ − 7𝑚 + 6 = 0 

(𝑚 − 1)(𝑚 − 6) = 0 

𝑚 = 1,6 

Complementary function 𝑧 = 𝑓ଵ(𝑦 + 1𝑥) + 𝑓ଶ(𝑦 + 6𝑥) 

9. Solve 0)1)(1( '  zDDD . 
Solution: 

  Given  (𝐷 − 1)൫𝐷 − 𝐷′ + 1൯𝑧 = 0  

  ൫𝐷 − (0)𝐷′ − 1൯ ቀ𝐷 − (1)𝐷′ − (−1)ቁ 𝑧 = 0    

 Here 

 
1,1

1,0

21

21




cc

mm
 

  )()0( 21 xyfexyfez xx    

 
 

10. Find the complete integral of pqqp  . 
Solution: 
Let the complete solution be 

 

 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐………..(1) 

Given 𝑝 + 𝑞 = 𝑝𝑞 

Let 𝑝 = 𝑎 & 𝑞 = 𝑏 

𝑎 + 𝑏 = 𝑎𝑏 

𝑏 − 𝑎𝑏 = −𝑎 

𝑏(1 − 𝑎) = −𝑎 

𝑏 =
−𝑎

1 − 𝑎
 

⇒ 𝑏 =
𝑎

(𝑎 − 1)
 

Substituting 𝑏 =
௔

(௔ିଵ)
 in equation (1) we get 

𝑧 = 𝑎𝑥 +
𝑎

(𝑎 − 1)
𝑦 + 𝑐 

11. Solve 0
2

2

2














x

z

yx

z

x

z  

Solution: 
Given Equation can be written as ൫𝐷ଶ − 𝐷𝐷′ + 𝐷൯𝑍 = 0 

𝐷൫𝐷 − 𝐷′ + 1൯ = 0 

൫𝐷 − 0𝐷′ − 0൯൫𝐷 − (1)𝐷′ + 1൯ = 0 

Here 𝑚ଵ = 0, 𝑐ଵ = 0 & 𝑚ଶ = 1, 𝑐ଶ = −1 
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∴ 𝑧 = 𝑒௖భ௫𝑓ଵ(𝑦 + 𝑚ଵ𝑥) + 𝑒௖మ௫𝑓ଶ(𝑦 + 𝑚ଶ𝑥) 

= 𝑒଴௫𝑓ଵ(𝑦 + 0𝑥) + 𝑒ିଵ௫𝑓ଶ(𝑦 + 1𝑥) 

𝑧 = 𝑓ଵ(𝑦) + 𝑒ି௫𝑓ଶ(𝑦 + 𝑥) 

12. Solve 0)( 3'  zDD . 
Solution: 

  The auxiliary equation is (𝑚 − 1)ଷ = 0. 

                                               𝑚 = 1,1,1 

∴ 𝑧 = 𝜑ଵ(𝑦 + 𝑥) + 𝑥𝜑ଶ(𝑦 + 𝑥) + 𝑥ଶ𝜑ଷ(𝑦 + 𝑥)     

13. Find the complete solution of 1qp  
Solution: 

 Let the complete solution be 

          𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐………..(1) 

     Given 𝑝 + 𝑞 =1 

      Let 𝑝 = 𝑎 & 𝑞 = 𝑏 

       𝑎 + 𝑏 = 1 

        𝑏 = 1 − 𝑎 

     Substituting 𝑏 = 1 − 𝑎 in equation (1) we get 

      𝑧 = 𝑎𝑥 + (1 − 𝑎 )𝑦 + 𝑐               
14. Solve 0)2( '23  zDDD  

Solution: 

Given 0)'2( 23  zDDD  

   The auxiliary equation is 02 23  mm  

 

.2,0,0

0)2(

02

321

2

23






mmm

mm

mm

 

 )2()()( 321 xyyxyz    

 

15. Solve 4 '4( ) 0D D z  . 
 Solution: 

   Let 𝐷 = 𝑚, 𝐷′ = 1 

   𝑚ସ − 1 = 0 

    (𝑚ଶ − 1)(𝑚ଶ + 1) = 0 

     𝑚ଶ − 1 = 0 & 𝑚ଶ + 1 = 0  

     𝑚 = ±1 , 𝑚 = ±𝑖 

    Complementary function 𝑧 = 𝑓ଵ(𝑦 + 𝑥) + 𝑓ଶ(𝑦 − 𝑥) + 𝑓ଷ(𝑦 + 𝑖𝑥) +

    𝑓ସ(𝑦 − 𝑖𝑥) 

 
  

PART B 

16. Form a partial differential equation by eliminating the 

arbitrary function   from 0),( 222  czbyaxzyx . 
Solution: 
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  Given 𝜑(𝑥ଶ + 𝑦ଶ + 𝑧ଶ, 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧) = 0 

  Let 𝑢 = 𝑥2 + 𝑦2 + 𝑧2, 𝑣 = 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 

ተተ

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥
𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

ተተ = 0 

ฬ
2𝑥 + 2𝑧𝑝 𝑎 + 𝑐𝑝
2𝑦 + 2𝑧𝑞 𝑏 + 𝑐𝑞

ฬ = 0 

(2𝑥 + 2𝑧𝑝)(𝑏 + 𝑐𝑞) − (2𝑦 + 2𝑧𝑞)(𝑎 + 𝑐𝑝) = 0 

(2𝑥𝑏 + 2𝑥𝑐𝑞 + 2𝑧𝑏𝑝 + 2𝑧𝑐𝑝𝑞) − (2𝑎𝑦 + 2𝑎𝑧𝑞 + 2𝑐𝑦𝑝 + 2𝑐𝑧𝑝𝑞) = 0 

2𝑥𝑏 + 2𝑥𝑐𝑞 + 2𝑧𝑏𝑝 + 2𝑧𝑐𝑝𝑞 − 2𝑎𝑦 − 2𝑎𝑧𝑞 − 2𝑐𝑦𝑝 − 2𝑐𝑧𝑝𝑞 = 0 

 ÷ 2   ⇒ 𝑥𝑏 + 𝑥𝑐𝑞 + 𝑧𝑏𝑝 − 𝑎𝑦 − 𝑎𝑧𝑞 − 𝑐𝑦𝑝 = 0 

 𝑝(𝑧𝑏 − 𝑐𝑦) + 𝑞(𝑥𝑐 − 𝑎𝑧) = 𝑎𝑦 − 𝑏𝑥 

17. Form a partial differential equation by eliminating the 

arbitrary function gf &  from )()( 22 xgyyfxz  . 
      Solution: 

  Given  𝑧 = 𝑥ଶ𝑓(𝑦) + 𝑦ଶ𝑔(𝑥)                                        … . (1) 

 

𝑝 =
𝜕𝑧

𝜕𝑥
= 2𝑥𝑓(𝑦) + 𝑦ଶ𝑔ᇱ(𝑥)                                           … (2)            

  𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑥ଶ𝑓ᇱ(𝑦) + 2𝑦 𝑔(𝑥)                                            … (3)            

𝑟 =
𝜕ଶ𝑧

𝜕𝑥ଶ
= 2 𝑓(𝑦) + 𝑦ଶ𝑔ᇱᇱ(𝑥)                                          … (4)           

𝑠 =
𝜕ଶ𝑧

𝜕𝑥𝜕𝑦
= 2𝑥𝑓ᇱ(𝑦) + 2𝑦𝑔ᇱ(𝑥)                                     … (5)           

𝑡 =
𝜕ଶ𝑧

𝜕𝑦ଶ
= 𝑥ଶ𝑓ᇱᇱ(𝑦) + 2 𝑔(𝑥)                                           … (6)           

(2)𝑥 + (3)𝑦                                                                                                   

𝑝𝑥 + 𝑞𝑦 = 2𝑥ଶ𝑓(𝑦) + 𝑥𝑦ଶ𝑔ᇱ(𝑥) + 𝑦𝑥ଶ𝑓ᇱ(𝑦) + 2𝑦ଶ 𝑔(𝑥)                             

    𝑝𝑥 + 𝑞𝑦 = 2[𝑥ଶ𝑓(𝑦) + 𝑦ଶ 𝑔(𝑥)] + 𝑥𝑦[𝑦𝑔ᇱ(𝑥) + 𝑥𝑓ᇱ(𝑦)]                               

   𝑝𝑥 + 𝑞𝑦 = 2𝑧 + 𝑥𝑦 ቀ
௦

ଶ
ቁ        

   2𝑝𝑥 + 2𝑞𝑦 = 4𝑧 + 𝑥𝑦𝑠                                                            

     4𝑧 = 2𝑝𝑥 + 2𝑞𝑦 − 𝑥𝑦𝑠              

18. Find the partial differential equation of all planes which 
are at a constant distance k from the origin. 

      Solution: 
   The equation of the plane which is at a constant distance k  

    from the origin is 

 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝑘   

Where 𝑙ଶ + 𝑚ଶ + 𝑛ଶ = 1 

Let 𝑙 = 𝑐𝑜𝑠𝛼 = 𝑎, 𝑚 = 𝑐𝑜𝑠𝛽 = 𝑏, 𝑛 = 𝑐𝑜𝑠𝛾 = 𝑐 
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We get      𝑎𝑥 + 𝑏𝑦 + √1 − 𝑎ଶ − 𝑏ଶ   𝑧 = 𝑘  

 𝑖𝑒. , 𝑎𝑥 + 𝑏𝑦 + √1 − 𝑎ଶ − 𝑏ଶ  𝑧 = 𝑘 ………………….(1) 

Diff (1) w.r.t xwe get  

𝑎 + ඥ1 − 𝑎ଶ − 𝑏ଶ    
𝜕𝑧

𝜕𝑥
= 0                                

  √1 − 𝑎ଶ − 𝑏ଶ  𝑝 = −𝑎                               

     𝑝 =
−𝑎

√1 − 𝑎ଶ − 𝑏ଶ
 

Diff (1) w.r.t y we get  

𝑏 + ඥ1 − 𝑎ଶ − 𝑏ଶ   
𝜕𝑧

𝜕𝑦
= 0                               

ඥ1 − 𝑎ଶ − 𝑏ଶ  𝑞 = −𝑎                               

    𝑞 =
−𝑏

√1 − 𝑎ଶ − 𝑏ଶ
 

𝑎

𝑝
=

𝑏

𝑞
= ඥ1 − 𝑎ଶ − 𝑏ଶ = 𝜆(𝑠𝑎𝑦) 

𝑎 = 𝑝𝜆, 𝑏 = 𝑞𝜆, ඥ1 − 𝑎ଶ − 𝑏ଶ = 𝜆 

ඥ1 − 𝑝ଶ𝜆ଶ − 𝑞ଶ𝜆ଶ = 𝜆 

1 − 𝑝ଶ𝜆ଶ − 𝑞ଶ𝜆ଶ = 𝜆ଶ 

1 − 𝑝ଶ𝜆ଶ − 𝑞ଶ𝜆ଶ − 𝜆ଶ = 0 

1 = 𝜆ଶ(𝑝ଶ + 𝑞ଶ + 1) 

𝜆ଶ =
1

(𝑝ଶ + 𝑞ଶ + 1)
 

𝜆 = ±
1

ඥ(𝑝ଶ + 𝑞ଶ + 1)
 

ඥ𝑝ଶ + 𝑞ଶ + 1 = −
1

𝜆
                     (here 𝜆 𝑖𝑠 − 𝑣𝑒) 

(1)   ⇒    𝑝𝜆𝑥 + 𝑞𝜆𝑦 − 𝜆𝑧 = 𝑘 

(𝑝𝑥 + 𝑞𝑦 − 𝑧)𝜆 = 𝑘 

(𝑝𝑥 + 𝑞𝑦 − 𝑧) =
𝑘

𝜆
 

𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑘ඥ𝑝ଶ + 𝑞ଶ + 1 

19. Find the singular integral of .22 pqqpqypxz                     
Solution: 

Given  𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝ଶ + pq + 𝑞ଶ                                                 

This of the form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞)                                 

Hence the complete integral is     𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎ଶ + ab + 𝑏ଶ 

Where aand b constants 

Now         z = ax + by + aଶ + ab + bଶ … … … … … … (1) 

Diff (1) w.r.t awe get  

 0 = 𝑥 + 2𝑎 + 𝑏                     … … … … … . (2) 
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Diff (1) w.r.t bwe get  

0 = 𝑦 + 2𝑏 + 𝑎 … … … … … … . (3) 

Now   (3) × 2 ⇒    2𝑎 + 4𝑏 + 2𝑦 = 0      … … … (4)                              

Solving (2)& (4) we get 

(2) − (4) ⇒      −3𝑏 + 𝑥 − 2𝑦 = 0                                                                              

3𝑏 = 𝑥 − 2𝑦                 

𝑏 =
𝑥 − 2𝑦

3
                 

    (3)  ⇒   0 = 𝑦 + 2 ቀ
௫ିଶ௬

ଷ
 ቁ + 𝑎      

   0 =
ଷ௬ାଶ௫ିସ௬

ଷ
+ 𝑎     

𝑎 = − ൬
2𝑥 − 𝑦

3
൰                 

𝑎 =
𝑦 − 2𝑥

3
                 

Substituting in equation (1) we get 

𝑧 = ൬
𝑦 − 2𝑥

3
൰ 𝑥 + ൬

𝑥 − 2𝑦

3
൰ 𝑦 + ൬

𝑦 − 2𝑥

3
൰

ଶ

+ ൬
𝑦 − 2𝑥

3
൰ ൬

𝑥 − 2𝑦

3
൰

+ ൬
𝑥 − 2𝑦

3
൰

ଶ

 

𝑧 =
𝑥𝑦 − 2𝑥ଶ

3
+

𝑥𝑦 − 2𝑦ଶ

3
+

𝑦ଶ + 4𝑥ଶ − 4𝑥𝑦

3
+

𝑥𝑦 − 2𝑦ଶ − 2𝑥ଶ + 4𝑥𝑦

9

+
𝑥ଶ + 4𝑦ଶ − 4𝑥𝑦

9
                                        

=
ଵ

ଽ
[3𝑥𝑦 − 6𝑥ଶ + 3𝑥𝑦 − 6𝑦ଶ + 𝑦ଶ + 4𝑥ଶ − 4𝑥𝑦 + 𝑥𝑦 − 2𝑦ଶ − 2𝑥ଶ + 4𝑥𝑦 +

𝑥ଶ + 4𝑦ଶ − 4𝑥𝑦] 

=
1

9
[−3𝑥ଶ − 3𝑦ଶ + 3𝑥𝑦]                                                                                             

𝑧 =
3

9
[−𝑥ଶ − 𝑦ଶ + 𝑥𝑦]                                                                                             

 𝑧 =
ଵ

ଷ
[−𝑥ଶ − 𝑦ଶ + 𝑥𝑦]                                                                                             

3𝑧 = −𝑥ଶ − 𝑦ଶ + 𝑥𝑦                                                                                                        

3𝑧 + 𝑥ଶ + 𝑦ଶ − 𝑥𝑦 = 0           

To find general integral: 

     Put 𝑏 = 𝜑(𝑎)in equation (1) we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + 𝑎ଶ + 𝑎𝜑(𝑎) + [𝜑(𝑎)]ଶ               … (5)                              
Differentiating w.r.t awe get  

0 = 𝑥 + 𝜑ᇱ(𝑎)𝑦 + 2𝑎 + 𝑎𝜑ᇱ(𝑎) + 𝜑(𝑎) + 2𝜑(𝑎)𝜑ᇱ(𝑎)          … (6)    

Eliminating  a  between(5)  and (6)  we get general solution 

20. Find the singular solution to the equation

.1 22 qpqypxz   

Solution: 
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Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + ඥ1 + 𝑝ଶ + 𝑞ଶ 
This of the form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞)                                 

Hence the complete integral is      𝑧 = 𝑎𝑥 + 𝑏𝑦 + √1 + 𝑎ଶ + 𝑏ଶ 

Where aand b constants 

Now         𝑧 = 𝑎𝑥 + 𝑏𝑦 + √1 + 𝑎ଶ + 𝑏ଶ … (1) 

Diff (1) w.r.t awe get  

   

0 = 𝑥 + 0 +
1

2

0 + 2𝑎 + 0

√1 + 𝑎ଶ + 𝑏ଶ
                                  

0 = 𝑥 +
𝑎

√1 + 𝑎ଶ + 𝑏ଶ
                                            

𝑥 = −
𝑎

√1 + 𝑎ଶ + 𝑏ଶ
                         … (2)            

 Diff (1) w.r.t bwe get  

    

0 = 0 + 𝑦 +
1

2

0 + 2𝑏 + 0

√1 + 𝑎ଶ + 𝑏ଶ
                                  

0 = 𝑦 +
𝑏

√1 + 𝑎ଶ + 𝑏ଶ
                                            

𝑦 = −
𝑏

√1 + 𝑎ଶ + 𝑏ଶ
                         … (3)            

𝑥ଶ + 𝑦ଶ =
𝑎ଶ + 𝑏ଶ

1 + 𝑎ଶ + 𝑏ଶ
                                                

1 − (𝑥ଶ + 𝑦ଶ) = 1 −
𝑎ଶ + 𝑏ଶ

1 + 𝑎ଶ + 𝑏ଶ
                             

1 − 𝑥ଶ − 𝑦ଶ =
1 + 𝑎ଶ + 𝑏ଶ−𝑎ଶ − 𝑏ଶ

1 + 𝑎ଶ + 𝑏ଶ
                      

1 − 𝑥ଶ − 𝑦ଶ =
1

1 + 𝑎ଶ + 𝑏ଶ
                                      

ඥ1 − 𝑥ଶ − 𝑦ଶ =
1

√1 + 𝑎ଶ + 𝑏ଶ
                                     

ඥ1 + 𝑎ଶ + 𝑏ଶ =
1

ඥ1 − 𝑥ଶ − 𝑦ଶ
                                     

Substituting in equation (2) we get 

𝑥 = −𝑎ඥ1 − 𝑥ଶ − 𝑦ଶ                                       

𝑎 = −
𝑥

ඥ1 − 𝑥ଶ − 𝑦ଶ
                                         

Substituting in equation (3) we get 

 

𝑦 = −𝑏ඥ1 − 𝑥ଶ − 𝑦ଶ                                       

𝑏 = −
𝑦

ඥ1 − 𝑥ଶ − 𝑦ଶ
                                         

Substituting in equation (1) we get 
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𝑧 = −
𝑥ଶ

ඥ1 − 𝑥ଶ − 𝑦ଶ
−

𝑦ଶ

ඥ1 − 𝑥ଶ − 𝑦ଶ
+

1

ඥ1 − 𝑥ଶ − 𝑦ଶ
    

𝑧 =
1 − 𝑥ଶ − 𝑦ଶ

ඥ1 − 𝑥ଶ − 𝑦ଶ
                                                                      

𝑧 = ඥ1 − 𝑥ଶ − 𝑦ଶ                                                                       

𝑧ଶ = 1 − 𝑥ଶ − 𝑦ଶ                                                                       

𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 1                                                                    

To find general integral: 

     Put 𝑏 = 𝜑(𝑎)in equation (1) we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + ඥ1 + 𝑎ଶ + [𝜑(𝑎)]ଶ               … (4)                

Differentiating w.r.t awe get  

0 = 𝑥 + 𝜑ᇱ(𝑎)𝑦 +
1

2

2𝑎 + 2𝜑(𝑎)𝜑ᇱ(𝑎)

ඥ1 + 𝑎ଶ + [𝜑(𝑎)]ଶ
         … (5)    

Eliminating  a  between (5)  and (6)  we get general solution. 

21. Find the singular solution to the equation 22qpqypxz    
    Solution: 

Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝ଶ𝑞ଶ 

    This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

 Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎ଶ𝑏ଶ 

   Where a and b are arbitrary constants 

To find Singular solution 

  𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎ଶ𝑏ଶ  …(1) 

   Differentiating with respect to ‘a’, we get   

 0 = 𝑥 + 2𝑎𝑏ଶ 

       𝑥 = −2𝑎𝑏ଶ       … (2)                                                                    

𝑥

𝑏
= −2𝑎𝑏                                                                                       

   Differentiating with respect to ‘b’, we get  

           0 = 𝑦 + 2𝑎ଶ𝑏  

𝑦 = −2𝑎ଶ𝑏                                                                                      

𝑦

𝑎
= −2𝑎𝑏        … (3)                                                                    

𝑥

𝑏
=

𝑦

𝑎
= −2𝑎𝑏 =

1

𝑘
(𝑠𝑎𝑦)                                                            

𝑎 = 𝑘𝑦;      𝑏 = 𝑘𝑥                                                                         

        Put in equation (2) we get 

𝑥 = −2𝑘ଷ𝑦𝑥ଶ                                                                       

𝑘ଷ = −
1

2𝑥𝑦
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   Put aand b values in (1) we get 

𝑧 = 𝑘𝑥𝑦 + 𝑘𝑥𝑦 + 𝑘ସ𝑥ଶ𝑦ଶ                                                    

𝑧 = 2𝑘𝑥𝑦 + 𝑘𝑥ଶ𝑦ଶ ൬−
1

2𝑥𝑦
൰                                                   

𝑧 = 2𝑘𝑥𝑦 −
𝑘

2
𝑥𝑦 =

3

2
𝑘𝑥𝑦                                                    

𝑧ଷ =
27

8
𝑘ଷ𝑥ଷ𝑦ଷ =

27

8
൬−

1

2𝑥𝑦
൰ 𝑥ଷ𝑦ଷ                                

𝑧ଷ = −
27

16
𝑥ଶ𝑦ଶ                                                                   

16𝑧ଷ + 27𝑥ଶ𝑦ଶ = 0                                                         

    This is the singular solution. 

   To get the general integral 

    Put 𝑏 = 𝜑(𝑎) in equation (1), we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + 𝑎ଶ(𝜑(𝑎))ଶ           … (4)               

    Differentiating w.r.to a we get 

0 = 𝑥 + 𝜑ᇱ(𝑎)𝑦 + 𝑎ଶ2𝜑(𝑎)𝜑ᇱ(𝑎) + 𝑐  … (5) 

    Eliminate a between (4) & (5) we get the general solution. 

22. Solve the partial differential equation
)()()( yxzqxzypzyx       

Solution: 
             Given 𝑥(𝑦 − 𝑧)𝑝 + 𝑦(𝑧 − 𝑥)𝑞 = 𝑧(𝑥 − 𝑦)             

 The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

 Where 𝑃 = 𝑥(𝑦 − 𝑧), 𝑄 = 𝑦(𝑧 − 𝑥), 𝑅 = 𝑧(𝑥 − 𝑦) 

 Lagrange’s subsidiary equations are 
ௗ௫

௉
=

ௗ௬

ொ
=

ௗ௭

ோ
 

𝑑𝑥

𝑥(𝑦 − 𝑧)
=

𝑑𝑦

𝑦(𝑧 − 𝑥)
=

𝑑𝑧

𝑧(𝑥 − 𝑦)
                      

Use Lagrange multipliers 1,1 ,1  we get  

 𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧

𝑥𝑦 − 𝑥𝑧 + 𝑦𝑧 − 𝑥𝑦 + 𝑧𝑥 − 𝑦𝑧
=

 𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧

0
 

⇒  𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧 = 0                                             

Integrating we get 

       ∫  𝑑𝑥 + ∫  𝑑𝑦 + ∫  𝑑𝑧 = 0        

𝑥 + 𝑦 + 𝑧 = 𝑐ଵ 

Use Lagrange multipliers 
ଵ

௫
,

ଵ

௬
,

ଵ

௭
 we get  

1
𝑥

 𝑑𝑥 +
1
𝑦

 𝑑𝑦 +
1
𝑧

 𝑑𝑧

𝑦 − 𝑧 + 𝑧 − 𝑥 + 𝑥 − 𝑦
=

1
𝑥

 𝑑𝑥 +
1
𝑦

 𝑑𝑦 +
1
𝑧

 𝑑𝑧

0
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1

𝑥
 𝑑𝑥 +

1

𝑦
 𝑑𝑦 +

1

𝑧
 𝑑𝑧 = 0                                                             

Integrating we get 

න
1

𝑥
 𝑑𝑥 + න

1

𝑦
𝑑𝑦 + න

1

𝑧
𝑑𝑧 = 0                                         

log 𝑥 + log 𝑦 + log 𝑧 = log 𝑐ଶ                                            

log(xyz) = log 𝑐ଶ 

                 xyz = 𝑐ଶ                                                                                       

 Hence the general solution is 𝑓(𝑐ଵ, 𝑐ଶ) = 0 

   𝜑(𝑥 + 𝑦 + 𝑧, 𝑥𝑦𝑧) = 0                             

23. Solve the partial differential equation Solve the partial 
differential equation )()()( 222 yxzqxzypzyx       

     Solution: 

           Given 𝑥ଶ(𝑦 − 𝑧)𝑝 + 𝑦ଶ(𝑧 − 𝑥)𝑞 = 𝑧ଶ(𝑥 − 𝑦) 

           The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

 Where 𝑃 = 𝑥ଶ(𝑦 − 𝑧), 𝑄 = 𝑦ଶ(𝑧 − 𝑥), 𝑅 = 𝑧ଶ(𝑥 − 𝑦) 

 Lagrange’s subsidiary equations are 
ௗ௫

௉
=

ௗ௬

ொ
=

ௗ௭

ோ
 

          
𝑑𝑥

𝑥ଶ(𝑦 − 𝑧)
=

𝑑𝑦

𝑦ଶ(𝑧 − 𝑥)
=

𝑑𝑧

𝑧ଶ(𝑥 − 𝑦)
                      

 

          Use Lagrange multipliers 
ଵ

௫మ ,
ଵ

௬మ  ,
ଵ

௭మ  we get  

1
𝑥ଶ  𝑑𝑥 +

1
𝑦ଶ  𝑑𝑦 +

1
𝑧ଶ  𝑑𝑧

(𝑦 − 𝑧) + (𝑧 − 𝑥) + (𝑥 − 𝑦)
=

1
𝑥ଶ  𝑑𝑥 +

1
𝑦ଶ  𝑑𝑦 +

1
𝑧ଶ  𝑑𝑧

0
 

1

𝑥ଶ
 𝑑𝑥 +

1

𝑦ଶ
 𝑑𝑦 +

1

𝑧ଶ
 𝑑𝑧 = 0                                             

      Integrating we get ∫
ଵ

௫మ  𝑑𝑥 + ∫
ଵ

௬మ 𝑑𝑦 + ∫
ଵ

௭మ 𝑑𝑧 = 0        

න 𝑥ିଶ 𝑑𝑥 + න 𝑦ିଶ 𝑑𝑦 + න 𝑧ିଶ 𝑑𝑧 = 0        

𝑥ିଶାଵ

−2 + 1
+

𝑦ିଶାଵ

−2 + 1
+

𝑧ିଶାଵ

−2 + 1
= 0 

−
1

𝑥
−

1

𝑦
−

1

𝑧
= −𝑐ଵ                                                  

     
1

𝑥
+

1

𝑦
+

1

𝑧
= 𝑐ଵ                                     

Use Lagrange multipliers 
ଵ

௫
,

ଵ

௬
,

ଵ

௭
 we get  

1
𝑥  𝑑𝑥 +

1
𝑦  𝑑𝑦 +

1
𝑧  𝑑𝑧

𝑥𝑦 − 𝑥𝑧 + 𝑦𝑧 − 𝑦𝑥 + 𝑧𝑥 − 𝑧𝑦
=

1
𝑥  𝑑𝑥 +

1
𝑦  𝑑𝑦 +

1
𝑧  𝑑𝑧

0
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1

𝑥
 𝑑𝑥 +

1

𝑦
 𝑑𝑦 +

1

𝑧
 𝑑𝑧 = 0                                                                 

Integrating we get 

න
1

𝑥
 𝑑𝑥 + න

1

𝑦
𝑑𝑦 + න

1

𝑧
𝑑𝑧 = 0                                         

log 𝑥 + log 𝑦 + log 𝑧 = log 𝑐ଶ                                            

log(xyz) = log 𝑐ଶ                                                                            

xyz = 𝑐ଶ                                                                                       

 Hence the general solution is 𝑓(𝑐ଵ, 𝑐ଶ) = 0 

 𝜑 ቀ
ଵ

௫
+

ଵ

௬
+

ଵ

௭
, 𝑥𝑦𝑧ቁ = 0                            

 
24. Solve the partial differential equation Solve the partial 

differential equation )()2()2( xyqyzpzx       
     Solution: 

     Given (𝑥 − 2𝑧)𝑝 + (2𝑧 − 𝑦)𝑞 = 𝑦 − 𝑥                                                   

     The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

     Where 𝑃 = 𝑥 − 2𝑧, 𝑄 = 2𝑧 − 𝑦, 𝑅 = 𝑦 − 𝑥 

      Lagrange’s subsidiary equations are 
ௗ௫

௉
=

ௗ௬

ொ
=

ௗ௭

ோ
 

 

𝑑𝑥

𝑥 − 2𝑧
=

𝑑𝑦

2𝑧 − 𝑦
=

𝑑𝑧

𝑦 − 𝑥
  … … … … . . (1)                     

Use Lagrange multipliers 1,1,1we get  

 𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧

𝑥 − 2𝑧 + 2𝑧 − 𝑦 + 𝑦 − 𝑥
=

𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧

0
  

⇒ 𝑑𝑥 +  𝑑𝑦 +  𝑑𝑧 = 0                                             

Integrating we get 

න  𝑑𝑥 + න 𝑑𝑦 + න 𝑑𝑧 = 0          

⇒                                𝑥 + 𝑦 + 𝑧 = 𝑐ଵ                      

Use Lagrange multipliers 𝑦, 𝑥, 2𝑧we get  

 𝑦𝑑𝑥 +  𝑥𝑑𝑦 + 2𝑧𝑑𝑧

𝑦(𝑥 − 2𝑧) + 𝑥(2𝑧 − 𝑦) + 2𝑧(𝑦 − 𝑥)
  =

 𝑦𝑑𝑥 +  𝑥𝑑𝑦 + 2𝑧𝑑𝑧

0
                    

𝑦𝑑𝑥 +  𝑥𝑑𝑦 + 2𝑧𝑑𝑧 = 0                      

න  𝑦𝑑𝑥 + න 𝑥𝑑𝑦 + න 2𝑧𝑑𝑧 = 0       

⇒                               𝑥𝑦 + 𝑥𝑦 + 2
𝑧ଶ

2
= 𝑐ଶ                                       

2𝑥𝑦 + 𝑧ଶ = 𝑐ଶ 

                    Hence the general solution is 𝜑(𝑐ଵ, 𝑐ଶ) = 0 

𝜑(𝑥 + 𝑦 + 𝑧, 2𝑥𝑦 + 𝑧ଶ) = 0 

25. Solve the partial differential equation Solve the partial 
differential equation mxlyqlznxpnymz  )()(      
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Solution: 

Given (𝑚𝑧 − 𝑛𝑦)𝑝 + (𝑛𝑥 − 𝑙𝑧)𝑞 = 𝑙𝑦 − 𝑚𝑥         

The equation is of the form 𝑃𝑝 + 𝑄𝑞 = 𝑅 

Where 𝑃 = 𝑚𝑧 − 𝑛𝑦, 𝑄 = 𝑛𝑥 − 𝑙𝑧, 𝑅 = 𝑙𝑦 − 𝑚𝑥 

Lagrange’s subsidiary equations are 
ௗ௫

௉
=

ௗ௬

ொ
=

ௗ௭

ோ
 

𝑑𝑥

𝑚𝑧 − 𝑛𝑦
=

𝑑𝑦

𝑛𝑥 − 𝑙𝑧
=

𝑑𝑧

𝑙𝑦 − 𝑚𝑥
                                           

Use Lagrange multipliers x, y, z we get  

𝑥 𝑑𝑥 + 𝑦 𝑑𝑦 + 𝑧 𝑑𝑧

𝑥(𝑚𝑧 − 𝑛𝑦) + 𝑦(𝑛𝑥 − 𝑙𝑧) + 𝑧(𝑙𝑦 − 𝑚𝑥)
=

𝑥 𝑑𝑥 + 𝑦 𝑑𝑦 + 𝑧 𝑑𝑧

𝑚𝑥𝑧 − 𝑛𝑥𝑦 + 𝑛𝑥𝑦 − 𝑙𝑦𝑧 + 𝑙𝑦𝑧 − 𝑚𝑥𝑧
  

                      =
𝑥 𝑑𝑥 + 𝑦 𝑑𝑦 + 𝑧 𝑑𝑧

0
 

⇒ 𝑥 𝑑𝑥 + 𝑦 𝑑𝑦 + 𝑧 𝑑𝑧 = 0                                             

Integrating we get 

න 𝑥 𝑑𝑥 + න 𝑦 𝑑𝑦 + න 𝑧 𝑑𝑧 = 0                                         

𝑥ଶ

2
+

𝑦ଶ

2
+

𝑧ଶ

2
=

𝑎

2
                                                  

         𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑐ଵ  

Use Lagrange multipliers l, m, n  we get  

𝑙 𝑑𝑥 + 𝑚 𝑑𝑦 + 𝑛 𝑑𝑧

𝑙(𝑚𝑧 − 𝑛𝑦) + 𝑚(𝑛𝑥 − 𝑙𝑧) + 𝑛(𝑙𝑦 − 𝑚𝑥)

=
𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛 𝑑𝑧

𝑙𝑚𝑧 − 𝑙𝑛𝑦 + 𝑚𝑛𝑥 − 𝑙𝑚𝑧 + 𝑙𝑛𝑦 − 𝑚𝑛𝑥
  

                    =
𝑙𝑑𝑥 + 𝑚𝑑𝑦 + 𝑛 𝑑𝑧

0
 

⇒ 𝑙 𝑑𝑥 + 𝑚 𝑑𝑦 + 𝑛 𝑑𝑧 = 0                                             

                Integrating we get 

න 𝑙 𝑑𝑥 + න 𝑚 𝑑𝑦 + න 𝑛 𝑑𝑧 = 0                                         

 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧 = 𝑐ଶ                                                  
      Hence the general solution is 𝜑(𝑐ଵ, 𝑐ଶ) = 0 

   𝑓(𝑥ଶ + 𝑦ଶ + 𝑧ଶ, 𝑙𝑥 + 𝑚𝑦 + 𝑛𝑧) = 0     

26. Solve yxezDDD x 22'23 32)2(    
     Solution: 

Given yxezDDD x 22'23 32)2(   

The auxiliary equation is mଷ − 2mଶ = 0 

                                                                      mଶ(m − 2) = 0 

                               ⇒     m = 0,0,2 

∴        C. F. = fଵ(y) + xfଶ(y) + fଷ(y + 2x) 

P. I. =
1

(Dଷ − 2DଶD′)
(2eଶ୶ + 3xଶy) 
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P. Iଵ = 2
1

Dଷ − 2DଶD′
eଶ୶ 

  replace D =   2   &    Dᇱ =  0                                            

        = 2
ଵ

଼ି଴
eଶ୶                

      P. Iଵ =
1

4
eଶ୶                

P. Iଶ =
1

Dଷ − 2DଶD′
3xଶy                                  

     =
1

Dଷ ൬1 −
2D′
D ൰

3xଶy                                  

    =
3

Dଷ ቆ1 −
2D′

D
ቇ

ିଵ

xଶy                                  

    =
3

Dଷ ൭1 +
2D′

D
+ ቆ

2D′

D
ቇ

ଶ

+ ⋯ ൱ xଶy =
3

Dଷ
[xଶy +

2Dᇱ(xଶy)

D
+

4Dᇱଶ
(xଶy)

Dଶ
  

   =
3

Dଷ ൬xଶy +
2

D
xଶ +

4

D
(0) + ⋯ ൰                   Dᇱ(xଶy) = xଶ                     

=
3

Dଷ ቆxଶy +
2xଶ

3
ቇ                          Dᇱଶ

(xଶy)

= 0                                     

=
3

Dଶ ቆ
xଷy

3
+

2xସ

12
ቇ                                       

=
3

D
ቆ

xସy

12
+

2xହ

60
ቇ                                        

= 3 ቆ
xହy

60
+

2x଺

360
ቇ                                        

=
xହy

20
+

x଺

60
                                                        

                           ∴ z = C. F. +P. I.                                                                             

                               z = fଵ(y) + xfଶ(y) + fଷ(y + 2x) +
ଵ

ସ
eଶ୶ +

୶ఱ୷

ଶ଴
+

୶ల

଺଴
 

27. Solve the equation )2sin()'( 22 yxezDD yx    

Solution: 

Given            (𝐷ଶ − 𝐷ᇱଶ)𝑧 = 𝑒௫ି௬ sin(𝑥 + 2𝑦)                                 

         The auxiliary equation is  𝑚ଶ − 1 = 0                                

              ⇒             𝑚 = ±1 

∴ 𝐶. 𝐹. = 𝑓ଵ(𝑦 + 𝑥) + 𝑓ଶ(𝑦 − 𝑥) 

𝑃. 𝐼 =
1

𝐷ଶ − 𝐷ᇱଶ
𝑒௫ି௬ sin(𝑥 + 2𝑦) 

𝑟𝑒𝑝𝑙𝑎𝑐𝑒  𝐷 =  (𝐷 + 1)   &       𝐷ᇱ  =      (𝐷ᇱ − 1) 

𝑃. 𝐼 = 𝑒௫ି௬
1

(𝐷 + 1)ଶ − (𝐷ᇱ − 1)ଶ
sin(𝑥 + 2𝑦) 
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                                = 𝑒௫ି௬
1

𝐷ଶ + 2𝐷𝐷ᇱ + 1 − (𝐷ᇱଶ − 2𝐷𝐷ᇱ + 1)
sin(𝑥 + 2𝑦) 

 = 𝑒௫ି௬
1

𝐷ଶ − 𝐷ᇱଶ + 2𝐷 + 2𝐷′
sin(𝑥 + 2𝑦) 

𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷ଶ = −(1)ଶ = −1  &  𝐷′ଶ = −(2)ଶ = −4                           

= 𝑒௫ି௬
1

−1 + 4 + 2𝐷 + 2𝐷′
sin(𝑥 + 2𝑦) 

= 𝑒௫ି௬
1

3 + 2𝐷 + 2𝐷′
sin(𝑥 + 2𝑦)                

= 𝑒௫ି௬
1

2(𝐷 + 𝐷ᇱ) + 3
sin(𝑥 + 2𝑦)                

= 𝑒௫ି௬
1

2(𝐷 + 𝐷ᇱ) + 3
  

2(𝐷 + 𝐷ᇱ) − 3

2(𝐷 + 𝐷ᇱ) − 3
sin(𝑥 + 2𝑦)                

= 𝑒௫ି௬
2(𝐷 + 𝐷ᇱ) − 3

[2(𝐷 + 𝐷ᇱ)]ଶ − 3ଶ
  sin(𝑥 + 2𝑦)                                    

        = 𝑒௫ି௬
2𝐷 + 2𝐷′ − 3

4[𝐷ଶ + 2𝐷𝐷ᇱ + 𝐷′ଶ] − 9
  sin(𝑥 + 2𝑦)                                    

𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷ଶ 𝑏𝑦 − 1  , 𝐷′ଶ 𝑏𝑦 − 4   & 𝐷𝐷ᇱ 𝑏𝑦 − 2                         

 = 𝑒௫ି௬
2𝐷 + 2𝐷′ − 3

4[−1 − 4 − 4] − 9
  sin(𝑥 + 2𝑦)                                    

= 𝑒௫ି௬
2𝐷 + 2𝐷′ − 3

−45
  sin(𝑥 + 2𝑦)                                                  

  =
𝑒௫ି௬

−45
[2𝐷 sin(𝑥 + 2𝑦) + 2𝐷′ sin(𝑥 + 2𝑦) − 3 sin(𝑥 + 2𝑦)] 

  =
𝑒௫ି௬

−45
[2 cos(𝑥 + 2𝑦) + 4 cos(𝑥 + 2𝑦) − 3 sin(𝑥 + 2𝑦)]        

=
𝑒௫ି௬

−45
[6 cos(𝑥 + 2𝑦) − 3 sin(𝑥 + 2𝑦)]                                      

   = −
𝑒௫ି௬

15
[2 cos(𝑥 + 2𝑦) − sin(𝑥 + 2𝑦)]                                             

        Hence the solution is  𝑧 = 𝐶. 𝐹. +𝑃. 𝐼                               

𝑧 = 𝑓ଵ(𝑦 + 𝑥) + 𝑓ଶ(𝑦 − 𝑥) −
𝑒௫ି௬

15
[2 cos(𝑥 + 2𝑦) − sin(𝑥 + 2𝑦)] 

28. Solve the equation )2cos()4'4'( 3'223 yxzDDDDDD   

Solution: 

Given     )2cos()4'4'( 3'223 yxzDDDDDD   

The auxiliary equation is   

    𝑚ଷ + 𝑚ଶ − 4𝑚 − 4 = 0                              
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                           𝑚ଶ(𝑚 + 1) − 4(𝑚 + 1) = 0 

                                        (𝑚ଶ − 4)(𝑚 + 1) = 0 

                                           𝑚 = 1, −2,2 

∴ 𝐶. 𝐹 = 𝑓ଵ(𝑦 − 𝑥) + 𝑓ଶ(𝑦 − 2𝑥) + 𝑓ଷ(𝑦 + 2𝑥) 

𝑃. 𝐼 =
1

൫𝐷ଷ + 𝐷ଶ𝐷ᇱ − 4𝐷𝐷ᇱଶ − 4𝐷ᇱଷ൯
 𝑐𝑜𝑠(2𝑥 + 𝑦).                           

𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷ଶ = −(2)ଶ = −4, 𝐷𝐷ᇱ  = −2  &  𝐷′ଶ = −1   

=
1

(−4𝐷 − 4𝐷ᇱ + 4𝐷 + 4𝐷′)
 𝑐𝑜𝑠(2𝑥 + 𝑦).                           

                                                  =
ଵ

଴
 𝑐𝑜𝑠(2𝑥 +

𝑦).                                                                               

= 𝑥
1

(3𝐷ଶ + 2𝐷𝐷ᇱ − 4𝐷′ଶ)
 𝑐𝑜𝑠(2𝑥 + 𝑦).                           

𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷ଶ = −(2)ଶ = −4, 𝐷𝐷ᇱ  = −2  &  𝐷′ଶ = −1      

                      = 𝑥
ଵ

(ିଵଶିସା )
 𝑐𝑜𝑠(2𝑥 + 𝑦).                           

                      = 𝑥
ଵ

(ିଵଶ)
 𝑐𝑜𝑠(2𝑥 + 𝑦).                           

Hence the solution is  𝑧 = 𝐶. 𝐹. +𝑃. 𝐼                               

𝑧 = 𝑓ଵ(𝑦 − 𝑥) + 𝑓ଶ(𝑦 − 2𝑥) + 𝑓ଷ(𝑦 + 2𝑥) −
𝑥

−12
 𝑐𝑜𝑠(2𝑥 + 𝑦) 

29. Solve the equation )2sin()'22''2( 22 yxzDDDDDD   

Solution: 

           Given )2sin()'22''2( 22 yxzDDDDDD   

      [(𝐷 + 𝐷ᇱ)ଶ − 2(𝐷 + 𝐷ᇱ)] = 𝑠𝑖𝑛 (𝑥 + 2𝑦) 

                                        𝑖𝑒. (𝐷 + 𝐷ᇱ)(𝐷 + 𝐷ᇱ − 2)𝑧 = 𝑠𝑖𝑛(𝑥 + 2𝑦)   

              To find the complementary function:        

                                   (𝐷 + 𝐷ᇱ)(𝐷 + 𝐷ᇱ − 2)𝑧 = 0  

𝑖𝑓  (𝐷 − 𝑚ଵ𝐷ᇱ − 𝑐ଵ)(𝐷 − 𝑚ଶ𝐷ᇱ − 𝑐ଶ)   

𝑡ℎ𝑒𝑛 𝑧 = 𝑒௖భ௫𝑓ଵ(𝑦 + 𝑚ଵ𝑥) + 𝑒௖మ௫𝑓ଶ(𝑦 + 𝑚ଶ𝑥) 

ℎ𝑒𝑟𝑒  𝑚ଵ = −1, 𝑐ଵ = 0 

  𝑚ଶ = −1, 𝑐ଶ = 2 

∴ 𝐶. 𝐹 = 𝑒଴௫𝑓ଵ(𝑦 + (−1)𝑥) + 𝑒ଶ௫𝑓ଶ(𝑦 + (−1)𝑥) 

                             𝐶. 𝐹 = 𝑓ଵ(𝑦 − 𝑥) + 𝑒ଶ௫𝑓ଶ(𝑦 − 𝑥)  

           To find the particular integral: 

          𝑃. 𝐼. =
ଵ

ቀ஽మାଶ஽஽ᇲା஽ᇲమ
ିଶ஽ିଶ஽ᇲቁ

sin(𝑥 + 2𝑦)                          

       =
1

(𝐷 + 𝐷ᇱ)(𝐷 + 𝐷ᇱ − 2)
sin(𝑥 + 2𝑦)                                             

                    = 𝐼. 𝑃
ଵ

(஽ା஽ᇲ)(஽ା஽ᇲିଶ)
𝑒௜(௫ାଶ௬) 
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= 𝐼. 𝑃
1

(𝐷 + 𝐷ᇱ)(𝐷 + 𝐷ᇱ − 2)
𝑒(௜௫ାଶ௜ )                                         

(𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷  𝑏𝑦 𝑖 𝑎𝑛𝑑 𝐷ᇱ 𝑏𝑦 2𝑖  )                                                                             

= 𝐼. 𝑃
1

(𝑖 + 2𝑖)(𝑖 + 2𝑖 − 2)
𝑒(௜௫ାଶ௜௬)                                         

  = 𝐼. 𝑃
1

(3𝑖)(3𝑖 − 2)
𝑒(௜௫ାଶ )                                                           

= 𝐼. 𝑃
1

3𝑖
 

1

(3𝑖 − 2)
𝑒(௜௫ାଶ௜ )                                                           

                  = 𝐼. 𝑃
1

3𝑖
 
𝑖

𝑖
 

3𝑖 + 2

(3𝑖 − 2)(3𝑖 + 2)
𝑒(௜௫ାଶ௜ )                                                           

       = 𝐼. 𝑃
𝑖

−3
  

3𝑖 + 2

(−9 − 4)
𝑒(௜௫ାଶ௜ )                                                                

  = 𝐼. 𝑃  
−3 + 2𝑖

39
𝑒(௜௫ାଶ௜ )                                                                  

    = 𝐼. 𝑃  
−3 + 2𝑖

39
[cos(𝑥 + 2𝑦) + 𝑖𝑠𝑖𝑛(𝑥 + 2𝑦)]        

  𝑃. 𝐼 =
−3

39
𝑠𝑖𝑛(𝑥 + 2𝑦) +

2

39
cos(𝑥 + 2𝑦)                                

Hence the solution is  𝑧 = 𝐶. 𝐹. +𝑃. 𝐼                   

 

        𝑧 = 𝑓ଵ(𝑦 − 𝑥) + 𝑒ଶ௫𝑓ଶ(𝑦 − 𝑥) −
−3

39
𝑠𝑖𝑛(𝑥 + 2𝑦)

+
2

39
cos(𝑥 + 2𝑦)                                

30. Solve the equation yxezDDDDDD  2'2''2 )2332(  

Solution: 

𝐺𝑖𝑣𝑒𝑛     (𝐷ଶ − 2𝐷𝐷ᇱ + 𝐷′ଶ − 3𝐷 + 3𝐷ᇱ + 2)𝑧 = 𝑒ଶ௫ି௬ 

           This equation can be written as 

(𝐷 − 𝐷ᇱ − 1)(𝐷 − 𝐷ᇱ − 2)𝑧 = 2𝑒ଶ௫ି௬ 

 ℎ𝑒𝑟𝑒 𝑚ଵ = 1, 𝑐ଵ = 1 & 𝑚ଶ = 1, 𝑐ଶ = 2   

∴ 𝐶. 𝐹. = 𝑒௫𝑓ଵ(𝑦 + 𝑥) + 𝑒ଶ௫𝑓ଶ(𝑦 + 𝑥)                           

𝑃. 𝐼. =
1

(𝐷 − 𝐷ᇱ − 1)(𝐷 − 𝐷ᇱ − 2)
𝑒ଶ௫ି௬ 

𝑟𝑒𝑝𝑙𝑎𝑐𝑒 𝐷  𝑏𝑦  2   &    𝐷ᇱ  𝑏𝑦 − 1                                                                                        

      =
1

(2 + 1 − 1)(2 + 1 − 2)
𝑒ଶ௫ି௬                 

𝑃. 𝐼. =
1

2
𝑒ଶ௫ି௬                                                           

∴ 𝑧 = 𝐶. 𝐹. +𝑃. 𝐼.                                                                          

          𝑧 = 𝑒௫𝑓ଵ(𝑦 + 𝑥) + 𝑒ଶ௫𝑓ଶ(𝑦 + 𝑥) +
ଵ

ଶ
𝑒ଶ௫ି௬ 
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UNIT-II 

PART A   

1. State Dirichlet’s condition for the convergence of the 
Fourier series of )(xf . 
Solution: 

       If a function 𝑓(𝑥) is defined in (0.2𝜋), it can be expressed as a 

       Fourier series of the form             
       

  ௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥∞

௡ୀଵ + ∑ 𝑏௡ sin 𝑛𝑥∞
௡ୀଵ                              

           Where 𝑎଴, 𝑎௡, 𝑏௡ are constants, provided the following 

 conditions are satisfied 

i) 𝑓(𝑥) is defined and single valued except possibly at a 
finite number of points in (0,2𝜋). 

ii) 𝑓(𝑥) is periodic in (0,2𝜋). 
iii) 𝑓(𝑥) 𝑎𝑛𝑑  𝑓 ′(𝑥) are piece wise continuous in(0,2𝜋). 
iv) 𝑓(𝑥) has a finite number of maxima or minima in (0,2𝜋) 

2. Obtain the first term of the Fourier series for the function
  xxxf ,)( 2   

Solution: 
Given   𝑓(𝑥) = 𝑥ଶ 𝑖𝑛 (−𝜋, 𝜋)      

  𝑓(−𝑥) = (−𝑥)ଶ = 𝑥ଶ = 𝑓(𝑥) 

 𝑓(−𝑥) = 𝑓(𝑥)                                                                

             Therefore 𝑓(𝑥) is an even function  

                               𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥 

గ

଴

 =
2

𝜋
න 𝑥ଶ𝑑𝑥    

గ

଴

=
2

𝜋
ቈ
𝑥ଷ

3
቉

଴

గ

                                                                                  

  =
2

𝜋
ቈ
𝜋ଷ

3
− 0቉ =

2𝜋ଶ

3
                                       

𝑎଴ =
2𝜋ଶ

3
                        

  

3.  If 







1
2

2
2 cos

)1(
4

3 n

n

nx
n

x
  ,deduce that   .

6
......

3

1

2

1

1

1 2

222


  

Solution: 

Given     𝑥ଶ =
గమ

ଷ
+ 4 ∑

(ିଵ)೙

௡మ
∞
௡ୀଵ 𝑐𝑜𝑠 𝑛𝑥 … … … … . . (1) 

=
𝜋ଶ

3
+ 4 ൤

−𝑐𝑜𝑠 𝑥

1ଶ
+

𝑐𝑜𝑠 2𝑥

2ଶ
−

𝑐𝑜𝑠 3𝑥

3ଶ
+ ⋯ … . ൨                     

=
𝜋ଶ

3
− 4 ൤

𝑐𝑜𝑠 𝑥

1ଶ
−

𝑐𝑜𝑠 2𝑥

2ଶ
+

𝑐𝑜𝑠 3𝑥

3ଶ
− ⋯ … . ൨                     

The given Fourier series is 𝑓(𝑥) =
𝑥ଶ 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑒𝑙, −𝜋 < 𝑥 < 𝜋. 

∴ 𝑝𝑢𝑡 𝑥 = 𝜋   𝑖𝑛  (1)                                                                                               

Here 𝑥 = 𝜋 in a point of discontinuity. 

    𝑓(𝜋) + 𝑓(−𝜋)

2
=

𝜋ଶ

3
− 4 ൤

𝑐𝑜𝑠 𝜋

1ଶ
−

𝑐𝑜𝑠 2𝜋

2ଶ
+

𝑐𝑜𝑠 3𝜋

3ଶ
− ⋯ … . ൨ 



MA 8353-TRANSFORMS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

 

UNIT-II FOURIER SERIES 

 

 

  III Semester   /  Page 

2 
 

  

𝜋ଶ + 𝜋ଶ

2
=

𝜋ଶ

3
− 4 ൤

−1

1ଶ
−

1

2ଶ
+

−1

3ଶ
− ⋯ … . ൨ 

2𝜋ଶ

2
=

𝜋ଶ

3
+ 4 ൤

1

1ଶ
+

1

2ଶ
+

1

3ଶ
+ ⋯ … . ൨ 

𝜋ଶ =
𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

                                 

4 ෍
1

𝑛ଶ

∞

௡ୀଵ

= 𝜋ଶ −
𝜋ଶ

3
                                             

෍
1

𝑛ଶ

∞

௡ୀଵ

=
1

4
ቈ
3𝜋ଶ − 𝜋ଶ

3
቉                                

∴
1

1ଶ
+

1

2ଶ
+

1

3ଶ
+ ⋯

𝜋ଶ

6
                                                                                         

4. Interpret the constant term in the expansion for x2cos  as a 
Fourier series in the interval ),(  . 
Solution: 
Given 𝑓(𝑥) = 𝑐𝑜𝑠ଶ𝑥 =

ଵାୡ୭ୱ

ଶ
  

Hence 𝑓(𝑥) is an even function. 

Constant term is     𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥)𝑑𝑥

గ

଴
                                                                 

         𝑎଴ =
2

𝜋
න ൬

1 + cos 2𝑥

2
൰ 𝑑𝑥

గ

଴

      =
2

2𝜋
න(1 + cos 2𝑥)𝑑𝑥

గ

଴

                                           

                                     

=
1

𝜋
൤𝑥 +

sin 2𝑥

2
൨

଴

గ

                                         

=
1

𝜋
൤𝜋 +

sin 2𝜋

2
− 0 −

sin 0

2
൨                    

         𝑎଴ =
1

𝜋
(𝜋) = 1                                                                

         𝑎଴ = 1                                                                              

5. Find the root mean square value of 0,)(   aexf ax  
Solution: 
The root mean square value is [𝑦ഥ ]ଶ =

ଵ

௕ି௔
∫ [𝑓(𝑥)]ଶ௕

௔
𝑑𝑥 

[𝑦ഥ ]ଶ =
1

𝑙
න[𝑓(𝑥)]ଶ

௟

଴

𝑑𝑥                               

[𝑦ഥ ]ଶ =
1

𝑙
න(𝑒ି௔௫) 2

௟

଴

𝑑𝑥 =
1

𝑙
ቈ
𝑒ିଶ௔௫

−2𝑎
቉

଴

௟

   =     
1

𝑙
ቈ
𝑒ିଶ௔௟

−2𝑎
−

𝑒଴

−2𝑎
቉                              

[𝑦ഥ ]ଶ =
1

2𝑎𝑙
[1 − 𝑒ିଶ௔௟]                                              

  
6. Give the expression for the Fourier series coefficient nb for 

the function )(xf defined in )2,2( . 

Solution: 
𝑏௡ = 0 
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7. Without finding the values of nn baa &,0 , the Fourier 

coefficients of Fourier series for the function 2)( xxf   in 

the interval ),0(  .Find the value 





1

22
2

0

2 n
nn ba

a . 

Solution: 

1

𝜋
න[𝑓(𝑥)]ଶ

గ

଴

 𝑑𝑥 =
𝑎଴

ଶ

4
+

1

2
෍൫𝑎௡

ଶ + 𝑏௡
ଶ൯.

∞

௡ୀଵ

… … . . (1)            

 (1) × 2   ⇒     
2

𝜋
න[𝑓(𝑥)]ଶ

గ

଴

 𝑑𝑥

=
𝑎଴

ଶ

2
+ ෍൫𝑎௡

ଶ + 𝑏௡
ଶ൯.

∞

௡ୀଵ

… … . . (1)                        

 𝑔𝑖𝑣𝑒𝑛  𝑓(𝑥) = 𝑥ଶ                                                                                   

∴
𝑎଴

ଶ

2
+ ෍൫𝑎௡

ଶ + 𝑏௡
ଶ൯

∞

௡ୀଵ

=  
2

𝜋
න[𝑥ଶ]ଶ

గ

଴

 𝑑𝑥                                             

=  
2

𝜋
න 𝑥ସ

గ

଴

 𝑑𝑥 =
2

𝜋
ቈ
𝑥ହ

5
቉

଴

గ

   =
2

𝜋
ቈ
𝜋ହ

5
− 0቉   =

2𝜋ସ

5
  

8. Define the root mean square value of )(xf  over the interval
),( ba . 

Solution: 

Let 𝑓(𝑥) be a function defined in an interval (a, b) then 

𝑌ത = ඨ∫ [𝑓(𝑥)]ଶ𝑑𝑥
௕

௔

𝑏 − 𝑎
 

[𝑌തതത]ଶ =
1

𝑏 − 𝑎
න[𝑓(𝑥)]ଶ

௕

௔

𝑑𝑥 

9. Find the co efficient nb of the Fourier series for the 

function xxxf sin)(   in the interval )2,2( . 

Solution: 
 Given 𝑓(𝑥) = 𝑥 sin 𝑥 is an even function     ∴    𝑏௡ = 0 
 

10. Find the value of 0a in the Fourier series expansion of
xexf )(  in the interval )2,0(  . 

Solution: 
We know that  𝑎଴ =

ଵ

గ
∫ 𝑓(𝑥)

ଶగ

଴
𝑑𝑥 

       ∴  𝑎଴ =
1

𝜋
න 𝑒௫

ଶగ

଴

𝑑𝑥    =
1

𝜋
[𝑒௫]଴

ଶగ 

  =
1

𝜋
[𝑒ଶగ − 𝑒଴]            

      ∴  𝑎଴ =
𝑒ଶగ − 1

𝜋
 

11. Expand 1)( xf as a half range sine series in the interval
),0(  . 
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Solution: 
Given 𝑓(𝑥) = 1 in (0, 𝜋) 

                 The half range Fourier Sine series is given by 

                                𝑓(𝑥) = ෍ 𝑏௡

∞

௡ୀଵ

 𝑠𝑖𝑛 𝑛𝑥 ∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ (1) 

                   Where          𝑏௡ =
ଶ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥

గ

଴
 

                                   =
2

𝜋
න(1 )sin 𝑛𝑥 𝑑𝑥

గ

଴

 

                  =
2

𝜋
ቂ−

cos 𝑛𝑥

𝑛
ቃ

଴

గ

 

                   =
−2

𝜋𝑛
[cos 𝑛𝜋 − cos 0] 

                                         = −
2

𝑛𝜋
[(−1)௡ − 1] 

                                      =
2

𝑛𝜋
[1 − (−1)௡] 

                            ∴ 𝑏௡ =

ቊ
0          𝑖𝑓       𝑛 𝑖𝑠   𝑒𝑣𝑒𝑛

ସ

௡గ
          𝑖𝑓 𝑛 𝑖𝑠      𝑜𝑑𝑑

 

                                    ⇒  𝑓(𝑥) = ෍
4

𝑛𝜋

∞

௡ୀ௢ௗௗ

 𝑠𝑖𝑛 𝑛𝑥 =
4

𝜋
෍

1

𝑛

∞

௡ୀ௢ௗௗ

 𝑠𝑖𝑛 𝑛𝑥 

12.  If 𝒙𝟐 =
𝝅𝟐

𝟑
+ 𝟒 ∑

(ି𝟏)𝒏

𝒏𝟐
∞
𝒏ୀ𝟏 𝒄𝒐𝒔 𝒏𝒙. Deduce that 𝟏

𝟏𝟐 +
𝟏

𝟐𝟐 +
𝟏

𝟑𝟐 + ⋯ =
𝝅𝟐

𝟔
.     

Solution:                                                                                     

Given     𝑥ଶ =
గమ

ଷ
+ 4 ∑

(ିଵ)೙

௡మ
∞
௡ୀଵ 𝑐𝑜𝑠 𝑛𝑥 … … … … . . (1) 

=
𝜋ଶ

3
+ 4 ൤

−𝑐𝑜𝑠 𝑥

1ଶ
+

𝑐𝑜𝑠 2𝑥

2ଶ
−

𝑐𝑜𝑠 3𝑥

3ଶ
+ ⋯ … . ൨                     

=
𝜋ଶ

3
− 4 ൤

𝑐𝑜𝑠 𝑥

1ଶ
−

𝑐𝑜𝑠 2𝑥

2ଶ
+

𝑐𝑜𝑠 3𝑥

3ଶ
− ⋯ … . ൨                     

The given Fourier series is 𝑓(𝑥) =
𝑥ଶ 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑒𝑙, −𝜋 < 𝑥 < 𝜋. 

∴ 𝑝𝑢𝑡 𝑥 = 𝜋   𝑖𝑛  (1)                                                                                               

Here 𝑥 = 𝜋 in a point of discontinuity. 

    𝑓(𝜋) + 𝑓(−𝜋)

2
=

𝜋ଶ

3
− 4 ൤

𝑐𝑜𝑠 𝜋

1ଶ
−

𝑐𝑜𝑠 2𝜋

2ଶ
+

𝑐𝑜𝑠 3𝜋

3ଶ
− ⋯ … . ൨ 

𝜋ଶ + 𝜋ଶ

2
=

𝜋ଶ

3
− 4 ൤

−1

1ଶ
−

1

2ଶ
+

−1

3ଶ
− ⋯ … . ൨ 

2𝜋ଶ

2
=

𝜋ଶ

3
+ 4 ൤

1

1ଶ
+

1

2ଶ
+

1

3ଶ
+ ⋯ … . ൨ 

𝜋ଶ =
𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

                                 

4 ෍
1

𝑛ଶ

∞

௡ୀଵ

= 𝜋ଶ −
𝜋ଶ

3
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෍
1

𝑛ଶ

∞

௡ୀଵ

=
1

4
ቈ
3𝜋ଶ − 𝜋ଶ

3
቉                                

∴
1

1ଶ
+

1

2ଶ
+

1

3ଶ
+ ⋯ … … … . =

𝜋ଶ

6
     

13. Find the root mean square value of the function 𝒇(𝒙) = 𝒙 
in the interval (𝟎, 𝒍)                                                                              
Solution:                      
The root mean square value is [𝑦ഥ ]ଶ =

ଵ

௕ି௔
∫ [𝑓(𝑥)]ଶ௕

௔
𝑑𝑥 

[𝑦ഥ ]ଶ =
1

𝑙
න[𝑓(𝑥)]ଶ

௟

଴

𝑑𝑥                               

[𝑦ഥ ]ଶ =
1

𝑙
න 𝑥ଶ

௟

଴

𝑑𝑥 =
1

𝑙
ቈ
𝑥ଷ

3
቉

଴

௟

   =     
1

𝑙
ቈ
𝑙ଷ

3
− 0቉                              

[𝑦ഥ ]ଶ =
𝑙ଶ

2
                                              

𝑦ത =
𝑙

√2
                      

14. Define Harmonic analysis. 
Solution: 
The process of  finding the Fourier series for a function given 
by numerical values known as harmonic analysis. 

15. Find half range sine series for    xkxf 0,)( . 
Solution: 
Given 𝑓(𝑥) = 1 in (0, 𝜋) 

                 The half range Fourier Sine series is given by 

                                𝑓(𝑥) = ෍ 𝑏௡

ஶ

௡ୀଵ

 𝑠𝑖𝑛 𝑛𝑥 ∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ (1) 

                   Where          𝑏௡ =
ଶ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥

గ

଴
 

                                   =
2

𝜋
න(𝑘 )sin 𝑛𝑥 𝑑𝑥

గ

଴

 

                  =
2𝑘

𝜋
ቂ−

cos 𝑛𝑥

𝑛
ቃ

଴

గ

 

                   =
−2𝑘

𝜋𝑛
[cos 𝑛𝜋 − cos 0] 

                                         = −
2𝑘

𝑛𝜋
[(−1)௡ − 1] 

                                      =
2𝑘

𝑛𝜋
[1 − (−1)௡] 

                            ∴ 𝑏௡ =

ቊ
0          𝑖𝑓       𝑛 𝑖𝑠   𝑒𝑣𝑒𝑛
ସ௞

௡గ
          𝑖𝑓 𝑛 𝑖𝑠      𝑜𝑑𝑑

 

        ⇒  𝑓(𝑥) = ෍
4𝑘

𝑛𝜋

ஶ

௡ୀ௢ௗௗ

 𝑠𝑖𝑛 𝑛𝑥 =
4𝑘

𝜋
෍

1

𝑛

ஶ

௡ୀ௢ௗௗ

 𝑠𝑖𝑛 𝑛𝑥 

 
PART B 
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16. Find the Fourier series expansion for 2)( xxf   in ]2,0[   

and periodic with period 2 . Hence deduce that 
6

1 2

1
2






n n
Solution: 

      Given 𝑓(𝑥) = 𝑥ଶ in (0,2𝜋) 

            The Fourier series is  

𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑥

ஶ

௡ୀଵ

+ ෍ 𝑏௡ sin 𝑛𝑥

ஶ

௡ୀଵ

 

Where       𝑎଴ =
1

𝜋
න 𝑓(𝑥)𝑑𝑥

ଶగ

଴

                                                        

𝑎଴ =
ଵ

గ
∫ 𝑥ଶ𝑑𝑥

ଶగ

଴
             

=
ଵ

గ
ቂ

௫య

ଷ
ቃ

଴

ଶగ

=
ଵ

గ
ቈ

଼ య

ଷ
቉ 

𝑎଴ =
8 ଶ

3
                          

W.K.T 𝑎௡ =
ଵ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥        

ଶగ

଴
 

𝑎௡ =
1

𝜋
න 𝑥ଶ cos 𝑛𝑥 𝑑𝑥 

ଶగ

଴

                                            

        𝑢𝑠𝑖𝑛𝑔 𝐵𝑒𝑟𝑛𝑜𝑢𝑖𝑙𝑙𝑒 ′𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

       =
1

𝜋
൤𝑥ଶ ൬

sin 𝑛𝑥

𝑛
൰ − 2𝑥 ቀ

− cos 𝑛𝑥

𝑛ଶ ቁ + (2) ൬
−sin 𝑛𝑥

𝑛ଷ ൰൨
଴

ଶగ

 

     =
1

𝜋
൤0 +

4𝜋

𝑛ଶ
− 0 − (0)൨   

      =
1

𝜋
൬

4𝜋

𝑛ଶ ൰ =
4

𝑛ଶ
           𝑎௡ =

4

𝑛ଶ
      

     W.K.T 𝑏௡ =
ଵ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥  

ଶగ

଴
  

    𝑏௡ =
1

𝜋
න (𝜋 − 𝑥)ଶsin 𝑛𝑥 𝑑𝑥

ଶగ

଴

      

           𝑢𝑠𝑖𝑛𝑔 𝐵𝑒𝑟𝑛𝑜𝑢𝑖𝑙𝑙𝑒ᇱ𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙

      =
ଵ

గ
ቂ𝑥ଶ ቀ

ିୡ୭ୱ ௡௫

௡
ቁ − 2𝑥 ቀ

ି ୱ୧୬ ௡௫

௡మ ቁ + 2 ቀ
ୡ୭ୱ ௡௫

௡య ቁቃ
଴

ଶగ
 

=
1

𝜋
൤4𝜋ଶ ൬

−cos 2𝜋𝑛

𝑛
൰ + 0 + 2 ൬

cos 2𝜋𝑛

𝑛ଷ ൰ − 0 + 0 − 2 ൬
cos 0

𝑛ଷ ൰൨ 

=
1

𝜋
ቈ−

4𝜋ଶ

𝑛
+ 0 +

2

𝑛ଷ
+ 0 + 0 −

2

𝑛ଷ቉ = 0                             

𝑏௡ = −
4𝜋

𝑛
                                                                                                       

  Substituting    𝑎଴, 𝑎௡  and 𝑏௡ values in equation (1) we get  

𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑥

ஶ

௡ୀଵ

+ ෍ 𝑏௡ sin 𝑛𝑥

ஶ

௡ୀଵ

                  

𝑓(𝑥) =
4𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

𝑐𝑜𝑠 𝑛𝑥 − 4𝜋 ෍
1

𝑛

∞

௡ୀଵ

𝑠𝑖𝑛 𝑛𝑥 
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(𝑥)ଶ =
4𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

𝑐𝑜𝑠 𝑛𝑥 − 4𝜋 ෍
1

𝑛

∞

௡ୀଵ

𝑠𝑖𝑛 𝑛𝑥 

Here 𝑥 = 0 in a point of continuity. 

    𝑓(0) + 𝑓(2𝜋)

2
=

4𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

𝑐𝑜𝑠 0 

                                                    
    0 + 4𝜋ଶ

2
=

4𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

 

                                                   2𝜋ଶ =
4𝜋ଶ

3
+ 4 ෍

1

𝑛ଶ

∞

௡ୀଵ

 

                                                   2 𝜋ଶ −
4𝜋ଶ

3
= 4 ൥෍

1

𝑛ଶ

ஶ

௡ୀଵ

൩ 

                                                 ෍
1

𝑛ଶ

ஶ

௡ୀଵ

 =
𝜋ଶ

6
  

17. Evaluate the Fourier series expansion of  

 










2,2

0,

xx

xx
xf . Deduce that 

8
.......

3

1

2

1

1

1 2

222


  

      Solution: 

  Given   










2,2

0,

xx

xx
xf

 

  The Fourier series is  

𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑥

∞

௡ୀଵ

+ ෍ 𝑏௡ sin 𝑛𝑥

∞

௡ୀଵ

… … … … … … (1) 

𝑎଴ =
1

𝜋
න 𝑓(𝑥)𝑑𝑥 

ଶగ

଴

                                                                    

       𝑎଴ =
1

𝜋
න 𝑓(𝑥)𝑑𝑥 

గ

଴

+  
1

𝜋
න 𝑓(𝑥)𝑑𝑥 

ଶగ

గ

                              

          =
1

𝜋
න 𝑥𝑑𝑥 

గ

଴

+  
1

𝜋
න (2𝜋 − 𝑥)𝑑𝑥 

ଶగ

గ

                              

=
1

𝜋
ቈ
𝑥ଶ

2
቉

଴

గ

+
1

𝜋
ቈ2𝜋𝑥 −

𝑥ଶ

2
቉

గ

ଶగ

                            

=
1

𝜋
ቈ
𝜋ଶ

2
− 0 + 4𝜋ଶ −

4𝜋ଶ

2
− 2𝜋ଶ +

𝜋ଶ

2
቉            

=
1

𝜋
ቈ
𝜋ଶ

2
+ 4𝜋ଶ − 2𝜋ଶ − 2𝜋ଶ +

𝜋ଶ

2
቉                  

=
1

𝜋
ቈ
𝜋ଶ

2
+

𝜋ଶ

2
቉       =

1

𝜋
ቈ
2𝜋ଶ

2
቉             ∴ 𝑎଴ = 𝜋                                                        
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  W.K.T 𝑎௡ =
ଵ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥 

ଶగ

଴
  

=
1

𝜋
න 𝑥 𝑐𝑜𝑠 𝑛𝑥𝑑𝑥 

గ

଴

+  
1

𝜋
න (2𝜋 − 𝑥) cos 𝑛𝑥 𝑑𝑥 

ଶగ

గ

 

𝑢𝑠𝑖𝑛𝑔 𝐵𝑒𝑟𝑛𝑜𝑢𝑖𝑙𝑙𝑒ᇱ𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢′𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

 =
1

𝜋
൤𝑥 ൬

sin 𝑛𝑥

𝑛
൰ − 1 ቀ

− cos 𝑛𝑥

𝑛ଶ ቁ൨
଴

గ

+ ൤(2𝜋 − 𝑥) ൬
sin 𝑛𝑥

𝑛
൰ − (−1) ቀ

− cos 𝑛𝑥

𝑛ଶ ቁ൨
గ

ଶగ

 

=
1

𝜋
ቂቀ

cos 𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

+ ቂቀ
−cos 𝑛𝑥

𝑛ଶ ቁቃ
గ

ଶగ

 

=
1

𝜋
ቈቆቀ

− cos 𝑛𝜋

𝑛ଶ ቁ −
− cos 0

𝑛ଶ ቇ + ൬
cos 2𝑛𝜋

𝑛ଶ
−

−cos 𝑛𝜋

𝑛ଶ ൰቉   

=
1

𝜋
൤
(−1)௡

𝑛ଶ
−

1

𝑛ଶ
−

1

𝑛ଶ

+
(−1)௡

𝑛ଶ ൨                                                                                           

[∵ sin 𝑛𝜋 = 0, cos 𝑛𝜋 = (−1)௡, sin 2𝑛𝜋 = 0, 𝑐𝑜𝑠 2𝑛𝜋 = 1 , cos 0
= 1& sin 0 = 0] 

  ∴ 𝑎௡ =
2

𝑛ଶ𝜋
[(−1)௡ − 1]                                                       

  ∴ 𝑎௡ = ൝
0,        𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
−4

𝑛ଶ𝜋
,   𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

𝑏௡ =
1

𝜋
න 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥 

ଶగ

଴

  

=
1

𝜋
න 𝑥 𝑠𝑖𝑛 𝑛𝑥𝑑𝑥 

గ

଴

+  
1

𝜋
න (2𝜋 − 𝑥) sin 𝑛𝑥 𝑑𝑥 

ଶగ

గ

  

𝑢𝑠𝑖𝑛𝑔 𝐵𝑒𝑟𝑛𝑜𝑢𝑖𝑙𝑙𝑒ᇱ𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

=
ଵ

గ
ቂ𝑥 ቀ

ି ୡ୭ୱ ௡௫

௡
ቁ − 1 ቀ

ି ୱ୧୬ ௡௫

௡మ ቁቃ
଴

గ
+ ቂ(2𝜋 − 𝑥) ቀ

ି ୡ୭ୱ

௡
ቁ −

(−1) ቀ
ି ୱ୧୬ ௡௫

௡మ ቁቃ
గ

ଶగ
  

=
1

𝜋
ቂ𝑥 ቀ

− cos 𝑛𝑥

𝑛
ቁቃ

଴

గ

+ ቂ(2𝜋 − 𝑥) ቀ
− cos 𝑛𝑥

𝑛
ቁቃ

గ

ଶగ

 

𝑢 = 𝑥,
𝑢 = 2𝜋 − 𝑥 

𝑣
= cos 𝑛𝑥 

 

𝑢′ = 1,
𝑢′ = −1 

𝑣ଵ

=
sin 𝑛𝑥

𝑛
 

 

𝑢′′ = 0 

𝑣ଶ

=
−cos 𝑛𝑥

𝑛ଶ
 

 

𝑢 = 𝑥,
𝑢 = 2𝜋 − 𝑥 

𝑣
= sin 𝑛𝑥 

 

𝑢ᇱ = 1,
𝑢ᇱ = −1 

𝑣ଵ

=
−cos 𝑛𝑥

𝑛

 

𝑢ᇱᇱ = 0 

𝑣ଶ

=
−sin 𝑛𝑥

𝑛ଶ
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=
1

𝜋
ቈቀ𝜋 ቀ

− cos 𝑛𝜋

𝑛
ቁ − 0ቁ + ቆ0 − 𝜋 ቀ

− cos 𝑛𝜋

𝑛
ቁቇ቉                              

[∵ sin 𝑛𝜋 = 0, cos 𝑛𝜋 = (−1)௡, sin 2𝑛𝜋 = 0, 𝑐𝑜𝑠 2𝑛𝜋 = 1 , cos 0
= 1& sin 0 = 0] 

=
1

𝜋
൤−𝜋

(−1)௡

𝑛ଶ

+ 𝜋
(−1)௡

𝑛ଶ ൨                                                                                           

∴ 𝑏௡ = 0                                                             

𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑎଴, 𝑎௡&𝑏௡ 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 (1)𝑤𝑒 𝑔𝑒𝑡   

𝑓(𝑥) =
𝜋

2
+ ෍

−4

𝑛ଶ𝜋
cos 𝑛𝑥

ஶ

௡ୀ௢ௗௗ

+ ෍(0) sin 𝑛𝑥

ஶ

௡ୀଵ

 

𝑓(𝑥) =
𝜋

2
+ ෍

−4

𝑛ଶ𝜋
cos 𝑛𝑥

ஶ

௡ୀ௢ௗௗ

… … … … … . (2) 

Deduction: 

        Let 𝑥 = 0 

        Here 𝑥 = 0 in a point of continuity  

𝑓(0) =
𝜋

2
+ ෍ −

4

𝑛ଶ𝜋
cos 0

௡ୀ௢ௗௗ

 

0 =
𝜋

2
−

4

𝜋
෍

1

𝑛ଶ

௡ୀ௢ௗௗ

 

−
𝜋

2
= −

4

𝜋
෍

1

𝑛ଶ

௡ୀ௢ௗௗ

 

𝜋ଶ

8
=

1

1ଶ
+

1

3ଶ
+ ⋯ 

18. Find the Fourier series for 22)( xxxf   in 20  x . 
      Solution: 

           Given  𝑓(𝑥) = 2𝑥 − 𝑥ଶ in (0,2) 

           𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 (𝑜, 2𝑙) 

                 𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠
𝑛𝜋𝑥

𝑙
+ ෍ 𝑏௡

ஶ

௡ୀଵ

𝑠𝑖𝑛
𝑛𝜋𝑥

𝑙
… … . . (1) 

              𝐻𝑒𝑟𝑒 2𝑙 = 2, 𝑙 = 1 

       

            𝑎଴ =
1

𝑙
න 𝑓(𝑥)𝑑𝑥

ଶ௟

଴

 

                 = න 𝑓(𝑥)𝑑𝑥
ଶ

଴

 

                  = න (2𝑥 − 𝑥ଶ)𝑑𝑥
ଶ

଴
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                  = ቈ
2𝑥ଶ

2
−

𝑥ଷ

3
቉

଴

ଶ

 

                 =
8

2
−

8

3
= 4 −

8

3
 

                            𝑎଴ =
4

3
 

      𝑎௡ =
ଵ

௟
∫ 𝑓(𝑥) 𝑐𝑜𝑠

௡గ௫

௟
𝑑𝑥

ଶ௟

଴
 

      𝑎௡ = න 𝑓(𝑥) cos 𝑛𝜋𝑥  𝑑𝑥
ଶ

଴

 

𝑎௡ = න 𝑓(𝑥) cos 𝑛𝜋𝑥  𝑑𝑥
ଶ

଴

 

𝑎௡ = න (2𝑥 − 𝑥ଶ) cos 𝑛𝜋𝑥  𝑑𝑥
ଶ

଴

 

𝑢𝑠𝑖𝑛𝑔 𝐵𝑒𝑟𝑛𝑜𝑢𝑖𝑙𝑙𝑒ᇱ𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

= ൤(2𝑥 − 𝑥ଶ) ൬
sin 𝑛𝜋𝑥

𝑛𝜋
൰ − (2 − 2𝑥) ቀ

−cos 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ ቁ

+ (−2) ൬
−sin 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ ൰൨
଴

ଶ

 

= ቂ(2 − 2𝑥) ቀ
cos 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ ቁቃ
଴

ଶ

 

= ൤൬−2
cos 2𝑛𝜋

𝑛ଶ𝜋ଶ ൰ − ൬2
cos 0

𝑛ଶ𝜋ଶ ൰൨ 

= ൤−
2

𝑛ଶ𝜋ଶ
−

2

𝑛ଶ𝜋ଶ൨              

     [∵ cos 2𝑛𝜋 = 1; sin 2𝑛𝜋 = 0; cos 0 = 1 & sin 0 = 0] 

 

𝑎௡ = −
4

𝑛ଶ𝜋ଶ
 

  𝑏௡ =
1

𝑙
න 𝑓(𝑥) 𝑠𝑖𝑛

𝑛𝜋𝑥

𝑙
𝑑𝑥

ଶ௟

଴

 

      𝑏௡ = න 𝑓(𝑥) sin 𝑛𝜋𝑥  𝑑𝑥
ଶ

଴

 

       𝑏௡ = න (2𝑥 − 𝑥ଶ)  sin 𝑛𝜋𝑥  𝑑𝑥
ଶ

଴

 

 using Bernouilleᇱs formula ∫ uv dx = uvଵ − uᇱvଶ + u′′ vଷ −∙∙∙∙∙∙∙ 

         = ൤(2𝑥 − 𝑥ଶ) ቀ
−cos 𝑛𝜋𝑥

𝑛𝜋
ቁ − (2 − 2𝑥) ൬

−sin 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ ൰

+ (−2) ቀ
cos 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ ቁ൨
଴

ଶ

 

     = ቂ(2𝑥 − 𝑥ଶ) ቀ
−cos 𝑛𝜋𝑥

𝑛𝜋
ቁ + (−2) ቀ

cos 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ ቁቃ
଴

ଶ

 

      = ൤൬0 − 2
cos 2𝑛𝜋

𝑛ଷ𝜋ଷ ൰ − ൬0 −
2

𝑛ଷ𝜋ଷ൰൨ 

𝑢 = (2𝑥 − 𝑥ଶ) 
𝑣 = cos 𝑛𝜋𝑥 

 

𝑢ᇱ = (2 − 2𝑥)  
𝑣ଵ =

sin 𝑛𝜋𝑥

𝑛𝜋
 

 

𝑢ᇱᇱ = (−2)  
𝑣ଶ =

−cos 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ
 

 

𝑢ᇱᇱᇱ = 0 𝑣ଷ =
−sin 𝑛𝑥

𝑛ଷ𝜋ଷ.
 

𝑢 = (2𝑥 − 𝑥ଶ) 𝑣 = sin 𝑛𝜋𝑥 

𝑢ᇱ = (1 + 2𝑥)  𝑣ଵ =
−cos 𝑛𝜋𝑥

𝑛𝜋
 

𝑢ᇱᇱ = 2  𝑣ଶ =
−sin 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ
 

𝑢ᇱᇱᇱ = 0 𝑣ଷ =
cos 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ.
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       = ൤−
2

𝑛ଷ𝜋ଷ
+

2

𝑛ଷ𝜋ଷ൨ 

   𝑏௡ = 0 

  Substituting    a଴, a୬ and  b୬ values in equation (1) we get 

                 𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

cos 𝑛𝜋𝑥 + ෍ 𝑏௡

ஶ

௡ୀଵ

sin 𝑛𝜋𝑥 

                 𝑓(𝑥) =
4

3 ∗ 2
+ ෍ ൬−

4

𝑛ଶ𝜋ଶ൰

ஶ

௡ୀଵ

cos 𝑛𝜋𝑥 + ෍(0)

ஶ

௡ୀଵ

sin 𝑛𝜋𝑥 

                 𝑓(𝑥) =
2

3
−

4

𝜋ଶ ෍
1

𝑛ଶ

ஶ

௡ୀଵ

cos 𝑛𝜋𝑥 

19. Find the Fourier series of periodicity 3 for 22)( xxxf   in

30  x . 
Solution: 

            Given   𝑓(𝑥) = 2𝑥 − 𝑥ଶ  in (0,3) 

            𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠  

                         𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠
𝑛𝜋𝑥

𝑙
+ ෍ 𝑏௡

ஶ

௡ୀଵ

𝑠𝑖𝑛
𝑛𝜋𝑥

𝑙
 

                    𝐻𝑒𝑟𝑒 2𝑙 = 3    ⟹ 𝑙 =
ଷ

ଶ
     ⟹  

ଵ

௟
=

ଶ

ଷ
 

                     𝑎଴ =
ଵ

௟
∫ 𝑓(𝑥)𝑑𝑥

ଶ௟

଴
 

                            =
2

3
න 𝑓(𝑥)𝑑𝑥

ଷ

଴

 

                           =
2

3
න (2𝑥

ଷ

଴

− 𝑥ଶ)𝑑𝑥 

             =
2

3
ቈ
2𝑥ଶ

2
−

𝑥ଷ

3
቉

଴

ଷ

=
2

3
൤
18

2
−

27

3
൨ 

              =
2

3
[9 − 9] = 0 

                ∴ 𝑎଴ = 0 

 𝑎௡ =
1

𝑙
න 𝑓(𝑥) 𝑐𝑜𝑠

𝑛𝜋𝑥

𝑙
𝑑𝑥

ଶ௟

଴

 

=
2

3
න 𝑓(𝑥) 𝑐𝑜𝑠

2𝑛𝜋𝑥

3
𝑑𝑥

ଷ

଴

 

 =
2

3
න (2𝑥 − 𝑥ଶ) 𝑐𝑜𝑠

2𝑛𝜋𝑥

3
𝑑𝑥

ଷ

଴

 

using Bernouilleᇱs formula ∫ uv dx = uvଵ − uᇱvଶ + u′′ vଷ −∙∙∙

ଶ

ଷ
ቈ(2𝑥 − 𝑥ଶ) ቆ

௦௜௡
మ೙ഏೣ

య
మ೙ഏ

య

ቇ − (2 − 2𝑥) ቆ
ି௖௢௦

మ೙ഏೣ

య
ర೙మഏమ

వ

ቇ + (−2) ቆ
ି௦௜௡

మ೙ഏೣ

య
ఴ೙యഏయ

మళ

ቇ቉

଴

ଷ

 

                 
𝑢 = (2𝑥 − 𝑥ଶ) 

𝑣 = 𝑐𝑜𝑠
2𝑛𝜋𝑥

3
 

𝑢ᇱ = (2 − 2𝑥)  
𝑣ଵ =

𝑠𝑖𝑛
2𝑛𝜋𝑥

3
2𝑛𝜋

3

 

𝑢ᇱᇱ = (−2)  

𝑣ଷ =
−𝑐𝑜𝑠

2𝑛𝜋𝑥
3

4𝑛ଶ𝜋ଶ

9

 

𝑢ᇱᇱᇱ = 0 
𝑣ଷ =

−𝑠𝑖𝑛
2𝑛𝜋𝑥

3
8𝑛ଷ𝜋ଷ

27
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=
2

3
቎−(2 − 2𝑥) ቌ

−𝑐𝑜𝑠
2𝑛𝜋𝑥

3
4𝑛ଶ𝜋ଶ

9

ቍ቏

଴

ଷ

=
2

3
቎−4 ቌ

𝑐𝑜𝑠2𝑛𝜋

4𝑛ଶ𝜋ଶ

9

ቍ − 2
𝑐𝑜𝑠0

4𝑛ଶ𝜋ଶ

9

቏ 

           =
2

3
൤−

9

𝑛ଶ𝜋ଶ
−

9

2𝑛ଶ𝜋ଶ൨                     

      [∵ cos 2𝑛𝜋 = 1; sin 2𝑛𝜋
= 0; cos 0 = 1 & sin 0 = 0] 

                   =
2

3
൤
−18 − 9

2𝑛ଶ𝜋ଶ ൨ 

                  =
2

3
൤

−27

2𝑛ଶ𝜋ଶ൨    =
−9

𝑛ଶ𝜋ଶ
 

                      ∴  𝑎௡ =
−9

𝑛ଶ𝜋ଶ
 

         𝑏௡ =
1

𝑙
න 𝑓(𝑥) 𝑠𝑖𝑛

𝑛𝜋𝑥

𝑙
𝑑𝑥

ଶ௟

଴

 ; 𝑏௡ =
2

3
න 𝑓(𝑥) 𝑠𝑖𝑛

2𝑛𝜋𝑥

3
𝑑𝑥

ଷ

଴

 

𝑏௡ =
2

3
න (2𝑥 − 𝑥ଶ) 𝑠𝑖𝑛

2𝑛𝜋𝑥

3
𝑑𝑥

ଷ

଴

 

using Bernouilleᇱs formula ∫ uv dx = uvଵ − uᇱvଶ + u′′ vଷ −∙∙∙∙ 

=
2

3
቎(2𝑥 − 𝑥ଶ) ቌ

−𝑐𝑜𝑠
2𝑛𝜋𝑥

3
2𝑛𝜋

3

ቍ − (2 − 2𝑥) ቌ
−𝑠𝑖𝑛

2𝑛𝜋𝑥
3

4𝑛ଶ𝜋ଶ

9

ቍ

+ (−2) ቌ
𝑐𝑜𝑠

2𝑛𝜋𝑥
3

8𝑛ଷ𝜋ଷ

27

ቍ቏

଴

ଷ

 

=
2

3
቎(2𝑥 − 𝑥ଶ) ቌ

−𝑐𝑜𝑠
2𝑛𝜋𝑥

3
2𝑛𝜋

3

ቍ + (−2) ቌ
𝑐𝑜𝑠

2𝑛𝜋𝑥
3

8𝑛ଷ𝜋ଷ

27

ቍ቏

଴

ଷ

 

=
2

3
቎ቌ−3 ቌ

−𝑐𝑜𝑠2𝑛𝜋

2𝑛𝜋
3

ቍ + (−2)
𝑐𝑜𝑠2𝑛𝜋

8𝑛ଷ𝜋ଷ

27

ቍ − ቌ0 − 2
𝑐𝑜𝑠0

8𝑛ଷ𝜋ଷ

27

ቍ቏ 

 =
2

3
቎

9

2𝑛𝜋
− 2 ቌ

1

8𝑛ଷ𝜋ଷ

27

ቍ + 2 ቌ
1

8𝑛ଷ𝜋ଷ

27

ቍ቏                      

  [∵ cos 2𝑛𝜋 = 1; sin 2𝑛𝜋 = 0; cos 0 = 1 & sin 0 = 0] 

=
2

3
൤

9

2𝑛𝜋
൨ 

 ∴ 𝑏௡ =
3

𝑛𝜋
 

   Substituting    a଴, a୬ and  b୬ values in equation (1) we get 

𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠
2𝑛𝜋𝑥

3
+ ෍ 𝑏௡

ஶ

௡ୀଵ

𝑠𝑖𝑛
2𝑛𝜋𝑥

3
 

𝑢 = (2𝑥 − 𝑥ଶ) 
𝑣 = 𝑠𝑖𝑛

2𝑛𝜋𝑥

3
 

𝑢ᇱ = (2 − 2𝑥) 
=

−𝑐𝑜𝑠
2𝑛𝜋𝑥

3
2𝑛𝜋

3

 

𝑢ᇱᇱ = (−2) 
=

−𝑠𝑖𝑛
2𝑛𝜋𝑥

3
4𝑛ଶ𝜋ଶ

9

 

𝑢ᇱᇱᇱ = 0 
=

𝑐𝑜𝑠
2𝑛𝜋𝑥

3
8𝑛ଷ𝜋ଷ

27
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𝑓(𝑥) = 0 + ෍
−9

𝑛ଶ𝜋ଶ

ஶ

௡ୀଵ

𝑐𝑜𝑠
2𝑛𝜋𝑥

3
+ ෍

3

𝑛𝜋

ஶ

௡ୀଵ

𝑠𝑖𝑛
2𝑛𝜋𝑥

3
 

𝑓(𝑥) =
−9

𝜋ଶ ෍
1

𝑛ଶ

ஶ

௡ୀଵ

𝑐𝑜𝑠
2𝑛𝜋𝑥

3
+

3

𝜋
෍

1

𝑛

ஶ

௡ୀଵ

𝑠𝑖𝑛
2𝑛𝜋𝑥

3
 

20. Obtain the Fourier series for the function )(xf given by












xx

xx
xf

0,1

0,1
)(  .Hence deduce that

8
.......

5

1

3

1

1

1 2

222




 
. 

Solution: 

    Given      𝑓(𝑥) = ቄ
1 − 𝑥,     − 𝜋 < 𝑥 < 0
1 + 𝑥,          0 < 𝑥 < 𝜋

 

                      𝑙𝑒𝑡      𝑓(𝑥) = ൜
𝜙ଵ(𝑥) ,     − 𝜋 < 𝑥 < 0
𝜙ଶ(𝑥),          0 < 𝑥 < 𝜋

 

                        𝑤ℎ𝑒𝑟𝑒  𝜙ଵ(𝑥) = 1 + 𝑥; 𝜙ଶ(𝑥) = 1 − 𝑥 

                                  𝜙ଵ(−𝑥) = 1 − 𝑥 = 𝜙ଶ(𝑥) 

                            ∴ 𝑓(𝑥) is an even function  

                                  hence b୬ = 0 

             𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠  

                      𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑥

ஶ

௡ୀଵ

… … … … … … . . (1) 

 where                𝑎଴ =
2

𝜋
න 𝑓(𝑥)

గ

଴

𝑑𝑥 

Now                    𝑎଴ =
2

𝜋
න(1 + 𝑥)

గ

଴

𝑑𝑥 =
2

𝜋
ቈ𝑥 +

𝑥ଶ

2
቉

଴

గ

 

                                         =
2

𝜋
ቈቆ𝜋 +

𝜋ଶ

2
ቇ − (0 + 0)቉ =

2

𝜋
ቈ
2𝜋 + 𝜋ଶ

2
− 0቉ 

                                        =
2𝜋

𝜋
൤
2 + 𝜋

2
൨ 

                                    ∴ 𝑎଴ = 2 + 𝜋 

𝑎௡ =
2

𝜋
න 𝑓(𝑥)𝑐𝑜𝑠𝑛𝑥

గ

଴

𝑑𝑥  

      = න(1 + 𝑥)𝑐𝑜𝑠𝑛𝑥

గ

଴

𝑑𝑥 

            using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

                      =
2

𝜋
൤(1 + 𝑥) ൬

𝑠𝑖𝑛𝑛𝑥

𝑛
൰ − ቀ

−𝑐𝑜𝑠𝑛𝑥

𝑛ଶ ቁ൨
଴

గ

 

                      =
2

𝜋
ቂቀ

𝑐𝑜𝑠𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

 

                      =
2

𝜋
൤ቀ

𝑐𝑜𝑠𝑛𝜋

𝑛ଶ ቁ − ൬
𝑐𝑜𝑠0

𝑛ଶ ൰൨ 

                      =
2

𝜋
ቈ
(−1)௡

𝑛ଶ
−

1

𝑛ଶ቉ 

𝑢 = (1 + 𝑥)  𝑣 = cos 𝑛𝑥 

𝑢ᇱ = 1,   𝑣ଵ =
sin 𝑛𝑥

𝑛
 

𝑢ᇱᇱ = 0 𝑣ଶ =
−cos 𝑛𝑥

𝑛ଶ
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                      =
2

𝜋
൤
(−1)௡

𝑛ଶ
−

1

𝑛ଶ൨ 

                𝑎௡ =
2

𝑛ଶ𝜋
[(−1)௡ − 1] 

                      ∴ 𝑎௡ = ൝

−4

𝑛ଶ𝜋
         𝑖𝑓 𝑛    𝑖𝑠   𝑜𝑑𝑑

0               𝑖𝑓   𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
     

        𝑛𝑜𝑤  (1)  ⇒ 

                      𝑓(𝑥) =
2 + 𝜋

2
+ ෍

−4

𝑛ଶ𝜋
cos 𝑛𝑥

ஶ

௡ୀଵ

 

                      𝑓(𝑥) =
𝜋 + 2

2
−

4

𝜋
෍

1

𝑛ଶ
cos 𝑛𝑥

ஶ

௡ୀ௢ௗௗ

 … … … . (2) 

which is the required Fourier series  

put x = 0 is a point of discontinuity in the middle point.      

∴  
𝑓(0 +) + 𝑓(0−)

2
=

(1 − 0) + (1 + 0)

2
=

2

2
= 1                                  𝑠𝑖𝑛𝑐𝑒 𝑓(0) = 1 

∴ (2) ⇒         𝑓(0) =
𝜋 + 2

2
−

4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

 

                      ⇒ 1 =
𝜋 + 2

2
−

4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

 

                      ⇒  
4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋 + 2

2
− 1 

                      ⇒  
4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋 + 2 − 2

2
 

                      ⇒  
4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋

2
 

                      ⇒  ෍
1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋

2
∗

𝜋

4
 

                      ⇒  ෍
1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋ଶ

8
 

⇒  
1

1ଶ
+

1

3ଶ
+

1

5ଶ
… … . =

𝜋ଶ

8
 

21. Obtain the Fourier series to represent the function

  xxf   in   x  and deduce
8)12(

1 2

1
2







n
. 

    Solution: 
Given 𝑓(𝑥) = |𝑥|   − 𝜋 < 𝑥 < 𝜋.  

𝑓(−𝑥) = |−𝑥| = |𝑥|                                                              

𝑓(−𝑥) = 𝑓(𝑥)                                                                         

∴ 𝑓(𝑥)is an even function.                   

         hence b୬ = 0 
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            Then the required fourier series is  

                    𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑥

ஶ

௡ୀଵ

 

                  𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥 

గ

଴

 

                 𝑎଴ =
2

𝜋
න|𝑥|𝑑𝑥 

గ

଴

=
2

𝜋
න 𝑥𝑑𝑥 

గ

଴

=
2

𝜋
ቈ
𝑥ଶ

2
቉

଴

గ

=
2

𝜋
ቈ
𝜋ଶ − 0

2
቉ =

2

𝜋

𝜋ଶ

2
 

            ∴  𝑎଴ = 𝜋 

                      𝑎௡ =
2

𝜋
න 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥 

గ

଴

 

          using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙ 

                𝑎௡ =
2

𝜋
න|𝑥| cos 𝑛𝑥 𝑑𝑥 =

2

𝜋
න 𝑥 cos 𝑛𝑥 𝑑𝑥

గ

଴

గ

଴

 

                     =
2

𝜋
൤𝑥 ൬

sin 𝑛𝑥

𝑛
൰ − 1 ቀ

− cos 𝑛𝑥

𝑛ଶ ቁ൨
଴

గ

 

                     =
2

𝜋
ቂቀ

cos 𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

 

                     =
2

𝜋
൤ቀ

cos 𝑛𝜋

𝑛ଶ ቁ −
1

𝑛ଶ൨ 

                    =
2

𝜋
൤ቀ

cos 𝑛𝜋

𝑛ଶ ቁ −
1

𝑛ଶ൨ 

                    =
2

𝜋
ቈቆ

(−1)௡

𝑛ଶ ቇ −
1

𝑛ଶ቉                                                

∵ sin 𝑛𝜋 = 0& cos 𝑛𝜋 = (−1)௡ 

                    =
2

𝑛ଶ𝜋
[(−1)௡ − 1] 

           ∴ 𝑎௡ = ൝
0,        𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
−4

𝑛ଶ𝜋
,   𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

       substituting a଴, a୬&b୬ values in (1)we get   

𝑓(𝑥) =
𝜋

2
+ ෍

−4

𝑛ଶ𝜋
cos 𝑛𝑥

ஶ

௡ୀ௢ௗௗ

 

𝑓(𝑥) =
𝜋

2
−

4

𝜋
෍

1

𝑛ଶ
cos 𝑛𝑥

ஶ

௡ୀ௢ௗௗ

… … … … … . (2) 

Deduction: 

Here x = 0 is a point of continuity . 

                 𝑓(𝑥) = |𝑥|                 𝑓(0) = 0 

𝑢 = 𝑥,   𝑣 = cos 𝑛𝑥 

𝑢ᇱ = 1,   𝑣ଵ =
sin 𝑛𝑥

𝑛
 

𝑢ᇱᇱ = 0 𝑣ଶ =
−cos 𝑛𝑥

𝑛ଶ
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put x = 0 in (2)  we get  

                 𝑓(0) =
𝜋

2
−

4

𝜋
෍

1

𝑛ଶ cos 0

ஶ

௡ୀ௢ௗௗ

 

                     0 =
𝜋

2
−

4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

 

    
4

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋

2
           ෍

1

𝑛ଶ

ஶ

௡ୀ௢ௗௗ

=
𝜋ଶ

8
 

⇒    ෍
1

(2𝑛 − 1)ଶ

ஶ

௡ୀଵ

=
𝜋ଶ

8
 

     𝑖𝑒,    
1

1ଶ
+

1

3ଶ
+. . . =

𝜋ଶ

8
 

22. Find the Fourier series expansion for 2)( xxf  in ),(   

and hence deduce that
90

...
3

1

2

1

1

1 4

444




 
. 

Solution:  
                        Given 𝑓(𝑥) = 𝑥ଶ is an even function 
         ∴ Fourier series expansion is 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡

ஶ
௡ୀଵ 𝑐𝑜𝑠𝑛𝑥 

                         𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥

గ

଴

 

                         =
2

𝜋
න 𝑥ଶ 𝑑𝑥

గ

଴

 

                         =
2

𝜋
ቈ
𝑥ଷ

3
቉

଴

గ

               =
2

𝜋
ቈ
𝜋ଷ

3
− 0቉ 

                   𝑎଴ =
2𝜋ଶ

3
 

w.k.t            𝑎௡ =
ଶ

గ
∫ 𝑥ଶ cos 𝑛𝑥 𝑑𝑥

గ

଴
 

using Bernouilleᇱs formula  

 =
2

𝜋
൤𝑥ଶ ൬

sin 𝑛𝑥

𝑛
൰ − 2𝑥 ቀ

−cos 𝑛𝑥

𝑛ଶ ቁ

+ 2 ൬
−sin 𝑛𝑥

𝑛ଷ ൰൨
଴

గ

 

                          =
2

𝜋
ቂ2𝑥 ቀ

cos 𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

 

                         =
2

𝜋
൤
2𝜋 cos 𝑛𝜋

𝑛ଶ ൨

=
4

𝑛ଶ
(−1)௡        [cos 𝑛𝜋 = (−1)௡] 

            The required Fourier series be 

            𝑓(𝑥) =

2𝜋ଶ

3
2

+ ෍
4

𝑛ଶ
(−1)௡ 

ஶ

௡ୀଵ

𝑐𝑜𝑠𝑛𝑥 

       =
𝜋ଶ

3
+ 4 ൤

− cos 𝑥

1ଶ
+

cos 2𝑥

2ଶ
−

cos3 𝑥

3ଶ
+∙∙∙∙∙∙∙∙∙൨

=
𝜋ଶ

3
− 4 ൤

cos 𝑥

1ଶ
−

cos 2𝑥

2ଶ
+

cos3 𝑥

3ଶ
−∙∙∙∙∙∙∙∙∙൨ 

   By Parseval’s identity    
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀ`ଵ

=
2

𝜋
න (𝑓(𝑥))ଶ𝑑𝑥

గ

଴

 

𝑢 = 𝑥ଶ 𝑣 = cos 𝑛𝑥 

𝑢ᇱ = 2𝑥 𝑣ଵ =
sin  𝑛𝑥

𝑛
 

𝑢ᇱᇱ = 2  
𝑣ଶ

=
− cos  𝑛𝑥

𝑛ଶ
 

𝑢ᇱᇱ; = 0  
𝑣ଷ

=
− sin  𝑛𝑥

𝑛ଷ
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4𝜋ସ

9
2

+ 16 ෍
1

𝑛ସ
=

2

𝜋
න 𝑥ସ𝑑𝑥

గ

଴

ஶ

௡ୀ`ଵ

     

 
2𝜋ସ

9
+ 16 ෍

1

𝑛ସ
=

2

𝜋
ቈ
𝑥ହ

5
቉

଴

గஶ

௡ୀ`ଵ

= 16 ෍
1

𝑛ସ
=

2𝜋ସ

5
−

2𝜋ସ

9
=

2𝜋ସ(9 − 5)

45
=

8𝜋ସ

45

ஶ

௡ୀ`ଵ

⇒
𝟏

𝟏𝟒
+

𝟏

𝟐𝟒
+

𝟏

𝟑𝟒
+∙∙∙=

𝝅𝟒

𝟗𝟎
 

23. Find the Fourier series expansion of 21)( xxf   in )1,1( . 
Solution:  

            
Given 𝑓(𝑥) = 1 − 𝑥ଶ  𝑖𝑛  (−1,1) 

          𝑓(−𝑥) = 1 − (−𝑥)ଶ = 1 − 𝑥ଶ = 𝑓(𝑥) 

∴ 𝑓(𝑥)is an even function in (−1,1) 

Then the fourier series is given by  

                          𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ 𝑐𝑜𝑠

𝑛𝜋𝑥

𝑙

ஶ

௡ୀଵ

 

here 𝑙 = 1   ∴   𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ 𝑐𝑜𝑠 𝑛𝜋𝑥

ஶ

௡ୀଵ

… … … . . (1) 

where                   𝑎଴ =
2

𝑙
න 𝑓(𝑥)𝑑𝑥

௟

଴

 

 here 𝑙 = 1  ⇒  𝑎଴ =
2

1
න(1 − 𝑥ଶ)𝑑𝑥

ଵ

଴

 

                     = 2 ቈ𝑥 −
𝑥ଷ

3
቉

଴

ଵ

 

                  = 2 ൤൬1 −
1

3
൰ − 0൨ = 2 ൬

2

3
൰ 

                           ∴ 𝑎଴ =
4

3
 

              𝑎௡ =
2

𝑙
න 𝑓(𝑥) 𝑐𝑜𝑠 𝑛𝜋𝑥 𝑑𝑥                

௟

଴

 

=
2

𝑙
න(1 − 𝑥ଶ) 𝑐𝑜𝑠 𝑛𝜋𝑥 𝑑𝑥  

௟

଴

 

       using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙∙∙∙ 

           = 2 ൤(1 − 𝑥ଶ) ൬
𝑠𝑖𝑛 𝑛𝜋𝑥

𝑛𝜋
൰ − (−2𝑥) ቀ

−𝑐𝑜𝑠 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ ቁ + (−2) ൬
−𝑠𝑖𝑛 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ ൰൨
଴

ଵ

 

           = 2 ቂ−2𝑥 ቀ
𝑐𝑜𝑠 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ ቁቃ
଴

ଵ

 

          = 2 ቂ−2
௖௢௦ ௡గ

௡మగమ − 0ቃ
 

 
  𝑎௡ = −4

(ିଵ)೙

௡మగమ                        

sub the values of𝑎଴ & 𝑎௡  in (1)we get 

𝑢 = 1 − 𝑥ଶ 𝑣 = 𝑐𝑜𝑠 𝑛𝜋𝑥 

𝑢ᇱ = −2𝑥  𝑣ଵ =
𝑠𝑖𝑛 𝑛𝜋𝑥

𝑛𝜋
 

𝑢ᇱᇱ = −2  𝑣ଶ =
−𝑐𝑜𝑠 𝑛𝜋𝑥

𝑛ଶ𝜋ଶ
 

𝑢ᇱᇱᇱ = 0 𝑣ଷ =
−𝑠𝑖𝑛 𝑛𝜋𝑥

𝑛ଷ𝜋ଷ
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            𝑓(𝑥) =
4

3 ∗ 2
+ ෍ −4

(−1)௡

𝑛ଶ𝜋ଶ
𝑐𝑜𝑠

𝑛𝜋𝑥

𝑙

ஶ

௡ୀଵ

 

                   𝑓(𝑥) =
2

3
−

4

𝜋ଶ ෍
(−1)௡

𝑛ଶ
𝑐𝑜𝑠 𝑛𝜋𝑥

ஶ

௡ୀଵ

 

24. Obtain the half range cosine series for xxf )(  in ),0(  . 
Solution:  

      
Given 𝑓(𝑥) = 𝑥 𝑖𝑛 (0, 𝜋) 

       The Half Range Fourier cosine series is given by  

𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠𝑛𝑥 … … … … … . (1) 

                      𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥

గ

଴

 

                    𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥

గ

଴

 

                         =
2

𝜋
න 𝑥 𝑑𝑥

గ

଴

 =
2

𝜋
ቈ
𝑥ଶ

2
቉

଴

గ

         =
2

𝜋
ቈ
𝜋ଶ

2
− 0቉ 

                         =
2

𝜋

𝜋ଶ

2
 

                ∴ 𝑎଴ = 𝜋 

 𝑎௡ =
2

𝜋
න 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥

గ

଴

 

             𝑎௡ =
2

𝜋
න 𝑥 cos 𝑛𝑥 𝑑𝑥

గ

଴

 

      using Bernouilleᇱs formula 
∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙ 

                         =
2

𝜋
൤𝑥 ൬

sin 𝑛𝑥

𝑛
൰

− ቀ
−cos 𝑛𝑥

𝑛ଶ ቁ൨
଴

గ

 

                         =
2

𝜋
ቂቀ

cos 𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

                         =
2

𝜋
൤
cos 𝑛𝜋

𝑛ଶ
−

1

𝑛ଶ൨ 

                         =
2

𝑛ଶ𝜋
[(−1)௡ − 1] 

 

                         ∴  𝑎௡ =
2

𝑛ଶ𝜋
[(−1)௡ − 1] 

                         ∴  𝑎௡ = ൝
0        ;    𝑤ℎ𝑒𝑛 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−
4

𝑛ଶ𝜋
;      𝑤ℎ𝑒𝑛 𝑛𝑖𝑠 𝑜𝑑𝑑

 

       Substituting    𝑎଴ & 𝑎௡ values in equation (1) we get 

                         𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠𝑛𝑥 

𝑢 = 𝑥  𝑣 = cos 𝑛𝑥 

𝑢ᇱ

= 1,   𝑣ଵ =
sin 𝑛𝑥

𝑛
 

𝑢ᇱᇱ

= 0 

𝑣ଶ

=
−cos 𝑛𝑥

𝑛ଶ
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                         𝑓(𝑥) =
𝜋

2
+ ෍ −

4

𝑛ଶ𝜋

ஶ

௡ୀଵ,ଷ,ହ….

𝑐𝑜𝑠𝑛𝜋𝑥 

                         𝑓(𝑥) =
గ

ଶ
−

ସ

గ
ቂ

ୡ୭ୱ ௫

௡మ +
ୡ୭ୱ ଷ௫

௡మ +
ୡ୭ୱହ ௫

௡మ + ⋯ … . . ቃ       

 

25. Obtain the half range sine series of 2)( xlxxf   in ),( lo . 
Solution:  

   The Fourier sine series  in (0, 𝑙)is given by  

𝑓(𝑥) = ෍ 𝑏௡ sin
𝑛𝜋𝑥

𝑙

ஶ

௡ୀଵ

where 𝑏௡ =
2

𝑙
න 𝑓(𝑥)

௟

଴

sin
𝑛𝜋𝑥

𝑙
 𝑑𝑥 

 =
ଶ

௟
∫ (𝑙𝑥 − 𝑥ଶ)

௟

଴
sin

௡గ௫

௟
 𝑑𝑥 

 using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙ 

=
2

𝑙
ቈ(𝑙𝑥 − 𝑥ଶ)

𝑙

𝑛𝜋

−𝑐𝑜𝑠𝑛𝜋𝑥

𝑙
 − (𝑙 − 2𝑥)

𝑙ଶ

𝑛ଶ𝜋ଶ
 
−sin𝑛𝜋

𝑙
𝑥 − 2

𝑙ଷ

𝑛ଷ𝜋ଷ
 
𝑐𝑜𝑠𝑛𝜋𝑥

𝑙
቉

଴

௟

 

=
2

𝑙
ቈ−(𝑙𝑥 − 𝑥ଶ)

𝑙

𝑛𝜋

𝑐𝑜𝑠𝑛𝜋𝑥

𝑙
 − 2

𝑙ଷ

𝑛ଷ𝜋ଷ
 
𝑐𝑜𝑠𝑛𝜋𝑥

𝑙
቉

଴

௟

 

=
2

𝑙
ቈቆ0 −

2𝑙ଷ

𝑛ଷ𝜋ଷ
cos

𝑛𝜋𝑙

𝑙
ቇ − ቆ0 −

2𝑙ଷ

𝑛ଷ𝜋ଷ
cos 0ቇ቉ 

=
2

𝑙
ቈ−

2𝑙ଷ

𝑛ଷ𝜋ଷ
(−1)௡ +

2𝑙ଷ

𝑛ଷ𝜋ଷ቉ 

=
2

𝑙
ቈ

2𝑙ଷ

𝑛ଷ𝜋ଷ
(1 − (−1)௡)቉ 

=
4

𝑙
ቈ

𝑙ଷ

𝑛ଷ𝜋ଷ
(1 − (−1)௡)቉ 

=൝
0, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

଼௟మ

௡యగయ , 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
 

  𝑓(𝑥) = ෍
8𝑙ଶ

𝑛ଷ𝜋ଷ
sin

𝑛𝜋𝑥

𝑙

ஶ

௡ୀ଴ௗௗ

 

26. Obtain the half range 
cosine series for the 
function )()( xxxf    in  x0 .Hence deduce that

90
...

3

1

2

1

1

1 4

444


 . 

Solution:  
           Given   𝑓(𝑥) = 𝑥(𝜋 − 𝑥)    in (0,𝜋) 

           The Half − range Fourier cosine series is given by 

       𝑓(𝑥) =
௔బ

ଶ
+ ∑ 𝑎௡

ஶ
௡ୀଵ 𝑐𝑜𝑠𝑛𝑥 … … … … … . (1) 

𝑎଴ =
2

𝜋
න 𝑓(𝑥)𝑑𝑥

గ

଴

 

      =
2

𝜋
න 𝑥(𝜋 − 𝑥)    𝑑𝑥

గ

଴

 

                         =
2

𝜋
න (𝑥𝜋 − 𝑥ଶ)    𝑑𝑥

గ

଴

 

𝑢 = (𝑙𝑥 − 𝑥ଶ) 𝑣 = 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
 

𝑢ᇱ = (𝑙 − 2𝑥) 𝑣ଵ =
−cos

𝑛𝜋𝑥
𝐿

𝑛𝜋
𝐿

 

𝑢ᇱᇱ = −2  𝑣ଶ =
−sin

𝑛𝜋𝑥
𝐿

𝑛ଶ𝜋ଶ

𝐿ଶ

 

𝑢ᇱᇱ; = 0  𝑣ଷ =
cos

𝑛𝜋𝑥
𝐿

𝑛ଶ𝜋ଶ

𝐿ଶ
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                         =
2

𝜋
ቈ
𝜋𝑥ଶ

2
−

𝑥ଷ

3
቉

଴

గ

 

                        =
2

𝜋
ቈ
𝜋ଷ

2
−

𝜋ଷ

3
቉ =

2𝜋ଷ

𝜋
൤
3 − 2

6
൨ 

                   𝑎଴ =
గమ

ଷ
     

                 𝑎௡ =
2

𝜋
න 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥

గ

଴

 

=
2

𝜋
න 𝑥(𝜋 − 𝑥) cos 𝑛𝑥 𝑑𝑥

గ

଴

 

=
2

𝜋
න (𝑥𝜋 − 𝑥ଶ) cos 𝑛𝑥 𝑑𝑥

గ

଴

 

   using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙ 

=
2

𝜋
൤(𝑥𝜋 − 𝑥ଶ)

sin 𝑛𝑥

𝑛
− (𝜋 − 2𝑥) ቀ

−𝑐𝑜𝑠𝑛𝑥

𝑛ଶ ቁ + (−2) ൬
−𝑠𝑖𝑛𝑛𝑥

𝑛ଷ ൰൨
଴

గ

 

=
2

𝜋
ቂ(𝜋 − 2𝑥) ቀ

𝑐𝑜𝑠𝑛𝑥

𝑛ଶ ቁቃ
଴

గ

 

=
2

𝜋
൤(𝜋 − 2𝜋) ቀ

𝑐𝑜𝑠𝑛𝜋

𝑛ଶ ቁ − (𝜋 − 0) ൬
𝑐𝑜𝑠0

𝑛ଶ ൰൨ 

=
2

𝜋
൤−𝜋

(−1)௡

𝑛ଶ

𝜋

𝑛ଶ൨                           [∵ sin 0

= 0 sin 𝑛𝜋 = 0 , cos 0 = 1 & cos 𝑛𝜋 = (−1)௡] 

               𝑎௡ =
−2𝜋

𝜋𝑛ଶ
[(−1)௡ + 1] =

−2

𝑛ଶ
[(−1)௡ + 1] 

∴ 𝑎௡ = ൝

0   𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
−4

𝑛ଶ
 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 

         Substituting    𝑎଴ & 𝑎௡ values in equation (1) we get 

                         𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡

ஶ

௡ୀଵ

𝑐𝑜𝑠𝑛𝑥 

                         𝑓(𝑥) =
𝜋ଶ

2 ∗ 3
− ෍

4

𝑛ଶ

ஶ

௡ୀଶ,ସ

𝑐𝑜𝑠𝑛𝑥 

                         𝑓(𝑥) =
𝜋ଶ

6
− 4 ෍

1

𝑛ଶ

ஶ

௡ୀଶ,ସ

𝑐𝑜𝑠𝑛𝑥 

        To find the sum of the series, w. k. t the  

    Parseval’s identity for Fourier cosine series is  

                         
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀ`ଵ

=
2

𝜋
න (𝑓(𝑥))ଶ𝑑𝑥

గ

଴

 

                         
൬

𝜋ଶ

3 ൰
ଶ

2
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
2

𝜋
න 𝑥ଶ(𝜋 − 𝑥)ଶ 

𝑑𝑥
గ

଴

 

𝑢 = 𝑥𝜋 − 𝑥ଶ 𝑣 = cos 𝑛𝑥 

𝑢ᇱ = 2𝑥 𝑣ଵ =
sin  𝑛𝑥

𝑛
 

𝑢ᇱᇱ = 2  𝑣ଶ =
− cos  𝑛𝑥

𝑛ଶ
 

𝑢ᇱᇱ; = 0  𝑣ଷ =
−sin  𝑛𝑥

𝑛ଷ
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൬

𝜋ଶ

3 ൰
ଶ

2
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
2

𝜋
න (𝑥ଶ𝜋 − 2𝜋𝑥ଷ + 𝑥ସ)  𝑑𝑥

గ

଴

 

                         
𝜋ସ

18
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
2

𝜋
ቈ
𝜋ଶ𝑥ଷ

3
−

2𝜋𝑥ସ

4
+

𝑥ହ

5
቉

଴

గ

 

                         
𝜋ସ

18
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
2

𝜋
ቈ
𝜋ହ

3
−

𝜋ହ

2
+

𝜋ହ

5
቉ 

                         
𝜋ସ

18
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
2𝜋ହ

𝜋
൤
10 − 15 + 6

30
൨ 

                         
𝜋ସ

18
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
𝜋ସ

15
 

                         
𝜋ସ

18
+ ෍

16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
𝜋ସ

15
 

                         ෍
16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
𝜋ସ

15
−

𝜋ସ

18
 

                         ෍
16

𝑛ସ

ஶ

௡ୀଶ,ସ

=
18𝜋ସ − 15𝜋ସ

270
   

⇒  16 ෍
1

(2𝑛)ସ

ஶ

௡ୀଵ

=
3𝜋ସ

270
 

                                ⇒  
16

16
෍

1

𝑛ସ

ஶ

௡ୀଵ

=
𝜋ସ

90
 

                         ෍
1

𝑛ସ

ஶ

௡ୀଵ

=
𝜋ସ

90
 

27. Obtain the Fourier cosine series expansion of xxf )(   

in 40  x .  Hence deduce the value of  ...
5

1

3

1

1

1
444

Solution:  
          Given 𝑓(𝑥) = 𝑥 

  
            The half range fourier cosine series is 

              𝑓(𝑥) =
𝑎଴

2
+ ෍ 𝑎௡ cos

𝑛𝑥𝜋

𝑙

ஶ

௡ୀଵ

                   … . . (1)                       

             where                𝑎଴ =
2

𝑙
න 𝑓(𝑥)𝑑𝑥        

௟

଴

=
2

4
න 𝑥𝑑𝑥 

ସ

଴

 

   =
ଵ

ଶ
ቀ

௫మ

ଶ
ቁ

଴

ସ

=
ଵ

ସ
 [16 − 0] 

     𝑎଴ = 4 

𝑎௡ =
2

𝑙
න 𝑓(𝑥) cos 

𝑛𝑥𝜋

𝑙
𝑑𝑥        

௟

଴

 

𝑢 = 𝑥 𝑣 = cos 𝑛𝜋𝑥/4 

𝑢ᇱ = 1  𝑣ଵ =
sin 𝑛𝜋𝑥/4

𝑛𝜋/4
 

𝑢ᇱᇱ

= 0  

𝑣ଶ

=
−cos 𝑛𝜋𝑥/4

𝑛ଶ𝜋ଶ/16
 



MA 8353-TRANSFORMS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

 

UNIT-II FOURIER SERIES 

 

 

  III Semester   /  Page 

22 
 

  

=
2

4
න 𝑥cos 

𝑛𝑥𝜋

4
𝑑𝑥        

ସ

଴

 

 using Bernouilleᇱs formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ −∙∙∙∙ 

 = 2 ൤𝑥 ൬
sin 𝑛𝜋𝑥/4

𝑛𝜋/4
൰ − 1 ൬

−cos 𝑛𝜋𝑥/4

𝑛ଶ𝜋ଶ/16
൰൨

଴

ସ

 

=
ଷଶ

௡మగమ
[(0 + (−1)௡) − (0 + 1]   ` 

= 
ଷଶ

௡మగమ  [(−1)௡ − 1]               

𝑎௡ = ቊ
଺ସ

௡మగమ   , 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

   0     ,    𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
            

Substituting 𝑎଴& 𝑎௡ value in equation (1) we get 

𝑓(𝑥) = 2 + ෍
64

𝑛ଶ𝜋ଶ
cos

𝑛𝑥𝜋

4

ஶ

௡ୀ଴ௗௗ

                                                                              

  By Parseval’s identity    
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀ`ଵ

=
2

𝑙
න ൫𝑓(𝑥)൯

ଶ
𝑑𝑥

௟

଴

 

4

2
+

256

𝜋ସ ෍
1

𝑛ସ
=

2

4
න 𝑥ଶ𝑑𝑥

ସ

଴

ஶ

௡ୀ`଴ௗௗ

 

2 +
256

𝜋ସ ෍
1

𝑛ସ
=

1

2
ቈ
𝑥ଷ

3
቉

଴

ସஶ

௡ୀ`௢ௗௗ

=
1

6
(64 − 0) 

256

𝜋ସ ෍
1

𝑛ସ
=

64

6

ஶ

௡ୀ`௢ௗௗ

 

෍
1

𝑛ସ
=

𝜋ସ

96

ஶ

௡ୀ`௢ௗௗ

 

28. Obtain Compute the first two harmonics of the Fourier 
series of )(xf given in the following table: 

Solution:  
First and last value are same. Hence we omit the last value 
When 𝑥 varies from 0 to 𝑇 
𝜃 varies from 0 𝑡𝑜 2𝜋 

     We know that the Fourier series is  𝑦 =
௔బ

ଶ
+ 𝑎ଵ cos 𝜃 + 𝑏ଵ sin 𝜃 ...(1) 

x 
𝜃 =

2𝜋𝑥

𝑇
    

  y 𝑦𝑐𝑜𝑠 𝜃      𝑦𝑠𝑖𝑛 𝜃      

0 0 1.98 1.98 0 

T/6 𝜋

3
 1.30 0.65 1.1258 

T/3 2𝜋

3
 

1.05 -0.525 0.9093 

x  0 

6

T
 

3

T
 

2

T
 

3

2T
 

6

5T
 

T  

)(xf  1.98 1.30 1.05 1.30 -0.88 -0.25 1.98 
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T/2 𝜋 1.30 -1.3 0 

2T/3 4𝜋

3
 

-0.88 0.44 0.762 

5T/6 5𝜋

3
 

-0.25 -0.125 0.2165 

Sum  4.5 1.12 3.013 

𝑎଴ = 2 ቈ
∑ 𝑦

𝑛
቉ = 2 ൤

4.5

6
൨ = 1.5                                                 

𝑎ଵ = 2 ቈ
∑ 𝑦 cos 𝜃

𝑛
቉ = 2 ൤

1.12

6
൨ = 0.37 ; 𝑏ଵ = 2 ቈ

∑ 𝑦 sin 𝜃

𝑛
቉ = 2 ൤

3.013

6
൨

= 1.004                             

     Substituting the above value in equation (1) we get   

         𝑦 =
1.5

2
+ 0.37 cos 𝜃 + 1.004 sin 𝜃            

𝑦 = 0.75 + 0.37 cos 𝜃 + 1.004 sin 𝜃          

29. Obtain Compute the first two harmonics of the Fourier 
series of )(xf given in the following table: 

 

 
9 18 24 28 26 20 

Soo 9 18 24 28 26 20 

We know that the Fourier series is  
𝑦 =

௔బ

ଶ
+ 𝑎ଵ cos 𝑥 + 𝑎ଶ cos 2𝑥 + 𝑏ଵ sin 𝑥 + 𝑏ଶ sin 2𝑥 …..(1)       

  

x y 𝝅𝒙

𝟑
 𝟐𝝅𝒙

𝟑
 𝒚𝒄𝒐𝒔

𝝅𝒙

𝟑
 𝒚𝒔𝒊𝒏

𝝅𝒙

𝟑
 𝒚𝒄𝒐𝒔

𝟐𝝅𝒙

𝟑
 𝒚𝒔𝒊𝒏

𝟐𝝅𝒙

𝟑
 

0 9 0 0 9 0 9 0 

1 18 𝜋

3
 2𝜋

3
 

9 15.7 -9 15.6 

2 24 2𝜋

3
 

4𝜋

3
 

-12 20.9 -24 0 

3 28 𝜋 2𝜋 -28 0 28 0 

4 26 4𝜋

3
 

8𝜋

3
 

-13 -22.6 -13 22.6 

5 20 10𝜋

3
 

10𝜋

3
 

10 -17.4 -10 -17.4 

𝚺       125   -25 -3.4 -19 20.8 

𝒙 0 1 2 3 4 5 

𝑦 9 18 24 28 26 20 
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𝑎଴ = 2 ቈ
∑ 𝑦

𝑛
቉ = 2 ൤

125

6
൨ = 41.66                                                   

𝑎ଵ = 2 ቎
∑ 𝑦 cos

𝜋𝑥
3

𝑛
቏ = 2 ൤

−25

6
൨ = −8.33                                

𝑎ଶ = 2 ቎
∑ 𝑦 cos

2𝜋𝑥
3

𝑛
቏ = 2 ൤

−19

6
൨ = −6.33                                  

𝑏ଵ = 2 ቎
∑ 𝑦 sin

𝜋𝑥
3

𝑛
቏ = 2 ൤

−3.4

6
൨ = −1.13                              

𝑏ଶ = 2 ቎
∑ 𝑦 sin

2𝜋𝑥
3

𝑛
቏ = 2 ൤

20

6
൨ = 6.9                      

Substituting these values in equation (1) we get 
  

𝑦 =
41.33

2
− 8.33𝑐𝑜𝑠

𝜋𝑥

3
− 6.33𝑐𝑜𝑠

2𝜋𝑥

3
− 1.13𝑠𝑖𝑛

𝜋𝑥

3
+ 6.9𝑠𝑖𝑛

2𝜋𝑥

3
 

30. Obtain Compute the first two harmonics of the Fourier 
series of )(xf given in the following table: 

x 0 𝜋

3
 2𝜋

3
 

𝜋 4𝜋

3
 

5𝜋

3
 

2 𝜋 

y 1.0 1.4 1.9 1.7 1.5 1.2 1.0 

Solution: 

We know that the Fourier series is  

          𝑦 =
௔బ

ଶ
+ 𝑎ଵ cos 𝑥 + 𝑎ଶ cos 2𝑥 + 𝑏ଵ sin 𝑥 + 𝑏ଶ sin 2𝑥 …..(1) 

       
  

𝑎଴ = 2 ቈ
∑ 𝑦

𝑛
቉ = 2 ൤

8.7

6
൨ = 2.9                                                    

𝑎ଵ = 2 ቈ
∑ 𝑦 cos 𝑥

𝑛
቉ = 2 ൤

−1.1

6
൨ = −0.37                                

𝑎ଶ = 2 ቈ
∑ 𝑦 cos 2𝑥

𝑛
቉ = 2 ൤

−0.3

6
൨ = −0.1                                  

𝑏ଵ = 2 ቈ
∑ 𝑦 sin 𝑥

𝑛
቉ = 2 ൤

0.5196

6
൨ = 0.17                               

X y y cosx y sin x y cos 2x y sin 2x 

0 1 1 0 1 0 

𝜋

3
              1.4 0.7 1.2124 -0.7 1.2124 

2𝜋

3
           

1.9 -0.95 1.6454 -0.95 -1.6454 

𝜋             1.7 -1.7 0 1.7 0 

4𝜋

3
             

1.5 -0.75 -1.299 -0.75 1.299 

5𝜋

3
             

1.2 0.6 -1.039 -0.6 -1.0392 

𝚺             8.7 -1.1 0.5196 -0.3 -0.1732 
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𝑏ଶ = 2 ቈ
∑ 𝑦 sin 2𝑥

𝑛
቉ = 2 ൤

−0.1732

6
൨ = −0.06                      

 Substituting these values in equation (1) we get 

 𝑦 =
௔బ

ଶ
+ 𝑎ଵ cos 𝑥 + 𝑎ଶ cos 2𝑥 + 𝑏ଵ sin 𝑥 + 𝑏ଶ sin 2𝑥           

𝑦 =
𝑎଴

2
+ (𝑎ଵ cos 𝑥 + 𝑏ଵ sin 𝑥) + (𝑎ଶ cos 2𝑥 + +𝑏ଶ sin 2𝑥) 

      𝑦 = 1.45 + (−0.37 cos 𝑥 + 0.17 sin 𝑥) + (−0.1 cos 2𝑥 − 0.06 sin 2𝑥) 
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UNIT-III 

PART A   

1. Write down the possible solution of one dimensional heat 
equation. 
Solution: 
The one dimensional heat equation 𝑢௧ = 𝛼ଶ𝑢௫௫    
  

     𝑢(𝑥, 𝑡) = (𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥)𝐶𝑒ఈమఒమ௧ 

2. Classify the pde 
t

u

x

u








2

2

. 

 Solution: 

    Given 
డమ௨

డ௫మ =  
డ௨

డ௧
 

    𝑢௫௫ −  𝑢௧ = 0 

  Second order p.d.e in the function ‘u’ of the form 

𝐴(𝑥, 𝑦)
𝜕ଶ𝑢

𝜕𝑥ଶ
+ 𝐵(𝑥, 𝑦)

𝜕ଶ𝑢

𝜕𝑥𝜕𝑦
+ 𝐶(𝑥, 𝑦)

𝜕ଶ𝑢

𝜕𝑦ଶ
+ 𝑓 ൬𝑥, 𝑦, 𝑢,

𝜕𝑢

𝜕𝑥
,
𝜕𝑢

𝜕𝑦
൰ = 0 

      Here 𝐴 = 1, 𝐵 = 0, 𝐶 = 0 

    ∴  𝐵2 − 4𝐴𝐶 = 0 − 4(1)(0) = 0 

   ∴ The given equation is parabolic equation. 

3. Classify the  pde 

    023121 222  zyzxxzzyxyzzx yxyyxyxx  
   Solution: 

   Given (1 −  𝑥ଶ)𝑧௫௫ − 2𝑥𝑦𝑧௫௬ + (1 −  𝑦ଶ)𝑧௬௬ + 𝑥𝑧௫ + 3𝑥ଶ𝑦𝑧௬ − 2𝑧 = 0     

                        Here A= 1 − 𝑥ଶ,B=−2𝑥𝑦, 𝐶 = 1 − 𝑦ଶ  

       ∴ 𝐵ଶ − 4𝐴𝐶 = 4(𝑥ଶ + 𝑦ଶ − 1) 

The given PDE is elliptic, parabolic and hyperbolic respectively 

inside, on and outside the circle 𝑥ଶ + 𝑦ଶ = 1. 

4. A tightly stretched string with fixed end points 0x  and 

lx   is initially in a position given by 
l

x
Vxy

3
0 sin)0,(  .It is 

released from rest in this position. Write the boundary 
conditions. 

   Solution: 
The displacement function 𝑦(𝑥, 𝑡) is the solution of the wave 
equation. 

   
డమ௬

డ௧మ = 𝑎ଶ  
డమ௬

డ௫మ 

            The boundary conditions are  

i) 𝑦(0, 𝑡) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0 
ii) 𝑦(𝑙, 𝑡) = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0 

iii) 
డ௬

డ௧
(𝑥, 0) = 0,  0 < 𝑥 < 𝑙 

iv) 𝑦(𝑥, 0) = 𝑓(𝑥) = 𝑦଴ sin
గ௫

௟
, 0 < 𝑥 < 𝑙. 
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5. Write all three possible solutions of steady state two 
dimensional heat equations.    
Solution: 

   The equation is 
డ௨

డ௧
= 𝛼ଶ ቂ

డమ௨

డ௫మ +
డమ௨

డ௬మቃ.      

   Thus the various possible solution of the heat equation are 

i)   xx eAeAyAyAtxy   8765 sincos),(  

ii)   yy eAeAxAxAtxy   4321 sincos),(  

iii) 𝑢(𝑥, 𝑡) =  109 AxA   1211 AyA  ) 
6. Write the three possible solutions of one dimensional heat 

equation.    
Solution: 

The one dimensional heat equation 𝑢௧ = 𝛼ଶ𝑢௫௫    

          Thus the various possible solutions are 

i) 𝑢(𝑥, 𝑡) = ൫𝐴ଵ𝑒ఒ௫ + 𝐵ଵ𝑒ିఒ௫൯൫𝐶ଵ𝑒ିఈమఒమ௧൯ 

ii) 𝑢(𝑥, 𝑡) = (𝐴ଶ cos 𝜆𝑥 + 𝐵ଶ sin 𝜆𝑥)𝐶ଶ𝑒ିఈమఒమ௧ 
iii) 𝑢(𝑥, 𝑡) = (𝐴ଷ𝑥 + 𝐵ଷ)𝐶ଷ 

7.  A rod 40cm long with insulated sides has its ends A and B 
kept at 20˚C and 60˚C respectively. Find the steady state 
temperature at a location 15cm from A. 

Solution: 

   W.K.T  𝑢(𝑥) = 𝑎𝑥 + 𝑏, 0 < 𝑥 < 40 

If bbux  20)0(0 and if 2040602040)40(40  aaux  

 1 a            𝑢(𝑥)     = 𝑥 + 20 

              At 𝑥 = 15  =>    𝑢(𝑥) = 15 + 20 = 35. 

8. Write down the three possible solutions of Laplace equation 
in two dimensions.  
Solution: 

   The Laplace equation is  
డమ௨

డ௫మ +
డమ௨

డ௬మ = 0      

   Thus the various possible solution of the heat equation are 

iv)   xx eAeAyAyAtxy   8765 sincos),(  

v)   yy eAeAxAxAtxy   4321 sincos),(  

vi) 𝑢(𝑥, 𝑡) =  109 AxA   1211 AyA  ) 

9. A plate is bounded by the lines .&,0,0 lylxyx   It faces 
are insulated. The edge coinciding with x axis is kept at 
100˚.The edge coinciding with y axis is kept at 50˚. The 
other two edges are kept at 0˚C. Write the boundary 
condition needed for solving the two dimensional heat flow.  
Solution: 

(i)    𝑢(𝑥, 0) =  100°𝑐, 𝑓𝑜𝑟  𝑜 < 𝑥 < 𝑙   
(ii)    𝑢(0, 𝑦) = 50°𝑐 , 𝑓𝑜𝑟 𝑜 < 𝑥 < 𝑙 
(iii)   𝑢(𝑥, 𝑙) =  0°𝑐 , 𝑓𝑜𝑟 0 < 𝑥 < 𝑙  
(iv)  𝑢(𝑙, 𝑦) = 0°𝑐 , 𝑓𝑜𝑟  0 < 𝑦 < 𝑙 

10. An insulated rod of length 60cm has its ends A and B 
maintained at 20˚C and 80˚C respectively. Find the steady 
state solution of the rod. 

Solution: 
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The steady state equation of one dimensional heat flow is  

   
ௗమ௨

  ௗ௫మ = 0 … . (1) 

The general solution of (1) is 𝑢(𝑥) = 𝑎𝑥 + 𝑏    … … . (2) 

 The boundary conditions are 𝑢(0) = 20, 𝑎𝑛𝑑 𝑢(60) = 80 

             Put 𝑥 = 0 in equ(2), 𝑢(0) = 0 + 𝑏 = 20 

                                                    𝑏 = 20     

             Put 𝑥 = 60 in equ(2),  𝑢(60) = 60𝑎 + 20 = 80    

  60𝑎 + 20 = 80    

  60𝑎 = 80 − 20 = 60                                                           

                                 𝑎 =
60

60
=  1 

                                   𝑎 = 1 

 Sub 𝑎 & 𝑏 value in eqn (2), we get 

                         𝑢(𝑥) = 𝑥 + 20 

11. In the one dimensional heat equation ,
2

xxt ucu  what is 2c ? 

Solution: 

𝑎ଶ =  
𝑇

𝑚
=  

Tension 

mass per unit length of the string
 

12. What is the basic difference between the solution of one 
dimensional wave equation and one dimensional heat 
equation with respect to time? 

    Solution: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

13. Write down the one-dimensional heat equation both in 
transient and steady states. 
Solution: 
The two dimensional heat equation in transient state is 

𝜕𝑢

𝜕𝑡
= 𝛼ଶ  ቆ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶቇ 

The two dimensional heat equation in transient state is 

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ
= 0 

14. Define steady state condition on heat flow.   
Solution: 

One dimensional wave 

equation       
𝝏𝟐𝒚

𝝏𝒕𝟐 = 𝜶𝟐  
𝝏𝟐𝒚

𝝏𝒙𝟐 

    One dimensional heat 

equation   
𝝏𝒖

𝝏𝒕
= 𝜶𝟐  

𝝏𝟐𝒖

𝝏𝒙𝟐 

It is classified as hyperbolic 
pde 

It is classified as 
parabolic pde 

Suitable solution of one 
dimensional wave equation is  
𝑦(𝑥, 𝑡) = (𝐴ଶ cos 𝜆𝑥 +

𝐵ଶ sin 𝜆𝑥)(𝐶ଶ cos 𝜆𝑎𝑡 + 𝐷ଶ sin 𝜆𝑎𝑡) 

Suitable solution of one 
dimensional heat 
equation is     

 𝑢(𝑥, 𝑡) = (𝐴ଶ cos 𝜆𝑥 +

𝐵ଶ sin 𝜆𝑥)𝐶ଶ𝑒ఈమఒమ௧ 
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Steady state condition in heat flow means that the temperature 
at any point in the body does not vary with time. 

  ie., it is independent of t, the time 

 In steady state one dimensional heat equation is   
ௗమ௨

ௗ௫మ = 0 

15. State the assumptions in deriving the one dimensions heat 
flow equation. 
Solution: 
i) Heat flows from higher to lower temp. 

ii) The rate at which heat flows across any area is proportional 
to the area and to the temp. Gradient normal to the curve. This 
constant of proportionality is known as the thermal conductivity 
(k) of the material. It is known as Fourier law of heat conduction. 

PART-B 

16. A tightly stretched string with fixed end points 
0x and x l   is initially in a position given by 

lxxlxkxy  0),()0,( 2 .It is released from rest from this 
position. Determine the expression for the displacement at 
any time t. 
Solution: 

We know that the one dimensional wave equation is  
డమ௬

డ௧మ = 𝑎ଶ  
డమ௬

డ௫మ 

      The boundary conditions are, 

(i) 𝑦 (0, 𝑡)  =  0 𝑓𝑜𝑟  𝑎𝑙𝑙 𝑡 ≥  0 

(ii)  𝑦 ( l , 𝑡)  =  0 𝑓𝑜𝑟  𝑎𝑙𝑙 𝑡 ≥ 0 

(iii) 
డ௬

డ௧
(𝑥, 0) = 0      ( Since the initial velocity is 

zero) 

(iv) 𝑦(𝑥, 0) = 𝑘(𝑙𝑥 − 𝑥ଶ) 

The suitable solution which satisfies our boundary 
conditions is       

 𝒚(𝒙, 𝒕) = (𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙) (𝑪 𝐜𝐨𝐬 𝝀𝒂𝒕 + 𝑫 𝒔𝒊𝒏𝝀𝒂𝒕)……….(1) 

                Apply condition (𝑖)   𝑖𝑛 (1)  we get    
                                                                       𝑦(0, 𝑡) = 0 

(𝐴 cos 0 + 𝐵 sin 0) (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                       (𝐴 + 0)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                              ⇒ 𝑨 = 𝟎                  [∵ (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]        

                Substitute 𝐴 = 0  in (1) we get  

𝑦(𝑥, 𝑡) = (𝐵 sin 𝜆𝑥)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡)………..(2) 

              Apply condition (ii)   in (2) we get 𝑦(𝑙, 𝑡) = 0 

                              (𝐵 sin 𝜆𝑙)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0       

                 𝐵𝑠𝑖𝑛𝜆𝑙 = 0                          [∵ (𝑐 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]    

            If   𝐵 = 0  we get a trivial  solution. 

               ∴B ≠0  and  𝑠𝑖𝑛𝜆𝑙 = 0 
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                           𝑠𝑖𝑛𝜆𝑙 = 𝑠𝑖𝑛𝑛𝜋 

                                𝜆𝑙 = 𝑛𝜋 

                                 𝝀 =
𝒏𝝅

𝒍
 

            Substitute   𝜆 =
௡గ

௟
 in (2)   we get  

              𝑦(𝑥, 𝑡) = (𝐵 sin
௡గ

௟
𝑥)(𝐶 cos

௡గ

௟
𝑎𝑡 + 𝐷 𝑠𝑖𝑛

௡గ

௟
𝑎𝑡)……….(3) 

To Apply condition (iii)   differentiate (3) partially w.r.t   ‘t’  we get 

𝜕𝑦

𝜕𝑡
(𝑥, 𝑡) = ቀ𝐵 sin

𝑛𝜋

𝑙
𝑥ቁ ቀ−𝐶 ቀ

𝑛𝜋𝑎

𝑙
ቁ 𝑠𝑖𝑛

𝑛𝜋

𝑙
𝑎𝑡 + 𝐷 ቀ

𝑛𝜋𝑎

𝑙
ቁ 𝑐𝑜𝑠

𝑛𝜋

𝑙
𝑎𝑡ቁ 

                      Now Apply condition (𝑖𝑖𝑖)   we get  

𝜕𝑦

𝜕𝑡
(𝑥, 0) = 0 

ቀ𝐵 sin
𝑛𝜋

𝑙
𝑥ቁ ቀ𝐷 ቀ

𝑛𝜋𝑎

𝑙
ቁ 𝑐𝑜𝑠

𝑛𝜋

𝑙
𝑎𝑡ቁ = 0 

                              Since  B ≠0           ∴  𝑫 = 𝟎 

Substitute   𝐷 = 0 in (3)   we get 

𝑦(𝑥, 𝑡) = (𝐵 sin
𝑛𝜋

𝑙
𝑥)(𝑐 cos

𝑛𝜋

𝑙
𝑎𝑡) 

= 𝐵𝐶 sin
௡గ

௟
𝑥 cos

௡గ

௟
𝑎𝑡  

𝑦(𝑥, 𝑡) = 𝐵௡ sin
௡గ

௟
𝑥 cos

௡గ

௟
𝑎𝑡   where 𝐵௡ = 𝐵𝐶   

          

                The most general solution  is      𝒚(𝒙, 𝒕) =

∑ 𝑩𝒏
∞
𝒏ୀ𝟏 𝐬𝐢𝐧

𝒏𝝅

𝒍
𝒙 𝐜𝐨𝐬

𝒏𝝅

𝒍
𝒂𝒕………………….(4) 

                Applying the boundary conditions (iv) in (4) we get      

𝑦(𝑥, 0) = ෍ 𝐵௡

∞

௡ୀଵ

sin
𝑛𝜋

𝑙
𝑥 = 𝑘(𝑙𝑥 − 𝑥ଶ) 

        To find   𝐵௡ expand  𝑘(𝑙𝑥 − 𝑥ଶ)    in half range Fourier 
sine series in the interval (0, 𝑙)      

𝑢 = (𝑙𝑥 − 𝑥ଶ) 𝑣 = sin
𝑛𝜋𝑥

𝑙
 

𝑢′ = (𝑙 − 2𝑥)  𝑣ଵ = −
cos

𝑛𝜋𝑥
𝑙

𝑛𝜋
𝑙

 

𝑢′′ = (−2)  𝑣ଶ = −
sin

𝑛𝜋𝑥
𝑙

𝑛ଶ𝜋ଶ

𝑙ଶ

 

𝑢′′′ = 0 𝑣ଷ = +
cos

𝑛𝜋𝑥
𝑙

𝑛ଷ𝜋ଷ

𝑙ଷ
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      𝐵௡ =
2

𝑙
න 𝑓(𝑥)

௟

଴

sin
𝑛𝜋

𝑙
𝑥  𝑑𝑥                

=
2

𝑙
න 𝑘(𝑙𝑥 − 𝑥ଶ)

௟

଴

sin
𝑛𝜋𝑥

𝑙
 𝑑𝑥 

Using Bernoulli formula ∫ 𝑢𝑣𝑑𝑥 = 𝑢𝑣ଵ − 𝑢′𝑣ଶ + 𝑢′′𝑣ଷ − … 

=
2𝑘

𝑙
൦(𝑙𝑥 − 𝑥ଶ) ቌ−

cos
𝑛𝜋𝑥

𝑙
𝑛𝜋
𝑙

ቍ − (𝑙 − 2𝑥) ൮−
sin

𝑛𝜋𝑥
𝑙

𝑛ଶ𝜋ଶ

𝑙ଶ

൲

+ (−2)
cos

𝑛𝜋𝑥
𝑙

𝑛ଷ𝜋ଷ

𝑙ଷ

൪

଴

௟

 

=
2𝑘

𝑙
ቈ−(𝑙𝑥 − 𝑥ଶ)

𝑙

𝑛𝜋
cos

𝑛𝜋𝑥

𝑙
+ (𝑙 − 2𝑥)

𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋𝑥

𝑙

− 2
𝑙ଷ

𝑛ଷ𝜋ଷ
cos

𝑛𝜋𝑥

𝑙
቉

଴

௟

 

                         =
2𝑘

𝑙
ቈ0 + 0 −

2𝑙ଷ

𝑛ଷ𝜋ଷ
cos

𝑛𝜋𝑙

𝑙
− 0 − 0 +

2𝑙ଷ

𝑛ଷ𝜋ଷ
cos 0቉ 

          =
2𝑘

𝑙
ቈ−

2𝑙ଷ

𝑛ଷ𝜋ଷ
(−1)௡ +

2𝑙ଷ

𝑛ଷ𝜋ଷ቉ 

           =
2𝑘

𝑙
ቈ

2𝑙ଷ

𝑛ଷ𝜋ଷ
(1 − (−1)௡)቉ 

             =
4𝑘

𝑙
ቈ

𝑙ଷ

𝑛ଷ𝜋ଷ
(1 − (−1)௡)቉ 

                𝐵௡ = ቐ

0, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

8𝑘𝑙ଶ

𝑛ଷ𝜋ଷ
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

            Substitute the value of  B’s in (4) we get            

         𝑦(𝑥, 𝑡) = ෍
8𝑘𝑙ଶ

𝑛ଷ𝜋ଷ
 

௢ௗௗ

sin
𝑛𝜋𝑥

𝑙
 cos

𝑛𝜋𝑎𝑡

𝑙
 

17. A tightly stretched string with fixed end points 
0x and x l   is initially at rest in equilibrium position. If it 

is set vibrating giving each point a velocity )( xlx  , 
determine the displacement of any point on the string at a 
distance x from one end at any time t. 

  Solution: 

 We know that the one dimensional wave equation is 
డమ௬

డ௧మ =

𝑎ଶ డమ௬

డ௫మ 

                        The  boundary conditions are,          

                 (i)   y (0, t)  =  0 for  all t ≥ 0 

                     (ii)   y ( l , t)  =  0 for  all t ≥  0,                       

                     (iii) y (x, 0) = 0𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑙 
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                     (𝑖𝑣)
𝜕𝑦

𝜕𝑡
(𝑥, 0) = 𝜆𝑥(𝑙 − 𝑥), 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑙 

          The suitable solution which satisfies our boundary 
conditions is       

 𝒚(𝒙, 𝒕) = (𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙) (𝑪 𝐜𝐨𝐬 𝝀𝒂𝒕 + 𝑫 𝒔𝒊𝒏𝝀𝒂𝒕)……….(1) 

                Apply condition (𝑖)   𝑖𝑛 (1)  we get    
𝑦(0, 𝑡) = 0 

(𝐴 cos 0 + 𝐵 sin 0) (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                       (𝐴 + 0)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                         ⇒ 𝑨 = 𝟎                  [∵ (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]        

                Substitute 𝐴 = 0in (1) we get  

𝑦(𝑥, 𝑡) = (𝐵 sin 𝜆𝑥)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡)………..(2) 

              Apply condition (ii)   in (2) we get 𝑦(𝑙, 𝑡) = 0 

                          (𝐵 sin 𝜆𝑙)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0                            
𝐵𝑠𝑖𝑛𝜆𝑙 = 0                 [∵ (𝑐 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]    

            If   𝐵 = 0  we get a trivial  solution. 

               ∴B ≠0  and  𝑠𝑖𝑛𝜆𝑙 = 0 

                           𝑠𝑖𝑛𝜆𝑙 = 𝑠𝑖𝑛𝑛𝜋 

                                𝜆𝑙 = 𝑛𝜋 

                                 𝝀 =
𝒏𝝅

𝒍
 

            Substitute   𝜆 =
௡గ

௟
 in (2)   we get 

              𝑦(𝑥, 𝑡) = (𝐵 sin
௡గ

௟
𝑥)(𝐶 cos

௡గ

௟
𝑎𝑡 + 𝐷 𝑠𝑖𝑛

௡గ

௟
𝑎𝑡)……….(3) 

              Apply condition (iii)   in (3) we get 𝑦(𝑥, 0) = 0 

                            (𝐵 sin
௡గ

௟
𝑥)(𝐶 cos 0 + 𝐷 𝑠𝑖𝑛0) = 𝐵 sin

௡గ௫

௟
 𝐶 = 0 

          Here   sin
௡గ

௟
𝑥 ≠ 0,                                        ∴             𝑪 = 𝟎 

            Substitute  𝐶 = 0 in (3)   we get  

𝑦(𝑥, 𝑡) = (𝐵 sin
𝑛𝜋

𝑙
𝑥)(𝐷 sin

𝑛𝜋

𝑙
𝑎𝑡) 

    = 𝐵𝐷 sin
௡గ

௟
𝑥 sin

௡గ

௟
𝑎𝑡  

                𝑦(𝑥, 𝑡) = 𝐵௡ sin
௡గ

௟
𝑥 sin

௡గ

௟
𝑎𝑡                where 𝐵௡ = 𝐵𝐷                        

The most general solution  is  

             𝒚(𝒙, 𝒕) = ∑ 𝑩𝒏
ஶ
𝒏ୀ𝟏 𝐬𝐢𝐧

𝒏𝝅

𝒍
𝒙 𝐬𝐢𝐧

𝒏𝝅

𝒍
𝒂𝒕………………….(4)             

To Apply condition (iv)   differentiate (4) partially w.r.t ‘t’ we get 

                        
డ௬

డ௧
(𝑥, 𝑡) = ∑ 𝐵௡

ஶ
௡ୀଵ

௡గ௔

௟
 sin

௡గ

௟
𝑥 cos

௡గ

௟
𝑎𝑡 … … … … … … … (5)                        

                Apply condition (iv)   in (5) we get 
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𝜕𝑦

𝜕𝑡
(𝑥, 0) = ෍ 𝐵௡

ஶ

௡ୀଵ

𝑛𝜋𝑎

𝑙
  sin

𝑛𝜋

𝑙
𝑥 = 𝜆𝑥(𝑙 − 𝑥) 

To find   𝐵௡ expand  in half range Fourier sine series in the 

interval (0, l )      

𝐵௡

𝑛𝜋𝑎

𝑙
=

2

𝑙
න 𝜆𝑥(𝑙 − 𝑥)

௟

଴

sin
𝑛𝜋

𝑙
𝑥  𝑑𝑥 

=
2𝜆

𝑙
න (𝑙𝑥 − 𝑥ଶ)

௟

଴

sin
𝑛𝜋

𝑙
𝑥  𝑑𝑥 

Using Bernoulli formula ∫ 𝑢𝑣𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢ᇱᇱ𝑣ଷ − … 

 =
ଶఒ

௟
ቈ−(𝑙𝑥 − 𝑥ଶ)

ୡ୭ୱ
೙ഏ

೗
௫

೙ഏ

೗

+ (𝑙 − 2𝑥)
ୱ୧୬

೙ഏ

೗
௫

೙మഏమ

೗మ

− 2
ୡ୭ୱ

೙ഏ

೗
௫

೙యഏయ

೗య

቉

଴

௟

 

          =
2𝜆

𝑙
ቈ0 + 0 −

2𝑙ଷ

𝑛ଷ𝜋ଷ
cos 𝑛𝜋 + 0 − 0 +

2𝑙ଷ

𝑛ଷ𝜋ଷ቉ 

           =
4𝜆𝑙ଶ

𝑛ଷ𝜋ଷ
[− cos 𝑛𝜋 + 1] 

           =
4𝜆𝑙ଶ

𝑛ଷ𝜋ଷ
[1 − (−1)௡] 

            = ቐ

0, 𝑖𝑓 𝑛 𝑖𝑠𝑒𝑣𝑒𝑛

8𝜆𝑙ଶ

𝑛ଷ𝜋ଷ
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

       𝐵௡ = ቐ

0, 𝑖𝑓 𝑛 𝑖𝑠𝑒𝑣𝑒𝑛

8𝜆𝑙ଷ

𝑎𝑛ସ𝜋ସ
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

 Now substitute the value of  

 𝐵௡ in (5) we get 

𝑦(𝑥, 𝑡) = ෍
8𝜆𝑙ଷ

𝑎𝑛ସ𝜋ସ

ஶ

௡ୀ௢ௗௗ

sin
𝑛𝜋

𝑙
𝑥 sin

𝑛𝜋

𝑙
𝑎𝑡 

𝑦(𝑥, 𝑡) =
8𝜆𝑙ଷ

𝑎𝜋ସ ෍
1

𝑛ସ

ஶ

௡ୀ௢ௗௗ

sin
𝑛𝜋

𝑙
𝑥 sin

𝑛𝜋

𝑙
𝑎𝑡 

18. A tightly stretched string of length l has its ends fastened 
at  0x and x l  . The midpoint of the string is taken to a 
height b and released from rest in that position. Determine 
the displacement of a point of the string at time t from the 
instant release. 
Solution: 

We know that the one dimensional wave equation is  
డమ௬

డ௧మ =

𝑎ଶ  
డమ௬

డ௫మ 

𝑢 = (𝑙𝑥 − 𝑥ଶ) 𝑣 = sin
𝑛𝜋𝑥

𝑙
 

𝑢ᇱ = (𝑙 − 2𝑥)  𝑣ଵ = −
cos

𝑛𝜋𝑥
𝑙

𝑛𝜋
𝑙

 

𝑢ᇱᇱ = (−2)  𝑣ଶ = −
sin

𝑛𝜋𝑥
𝑙

𝑛ଶ𝜋ଶ

𝑙ଶ

 

𝑢ᇱᇱᇱ = 0 𝑣ଷ = +
cos

𝑛𝜋𝑥
𝑙

𝑛ଷ𝜋ଷ

𝑙ଷ
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            The boundary conditions are, 

                       (i)   y (0, t)  =  0 for  all t ≥ 0 

                      (ii)   y (2 l , t)  =  0 for  all t ≥  0,      

                     (iii)  
𝜕𝑦

𝜕𝑡
(𝑥, 0) = 0, 0 2x l   

The equation of OA is    𝑂(0,0) & 𝐴(𝑙, 𝑏) 

𝑦 − 𝑦ଵ

𝑦ଶ − 𝑦ଵ
=

𝑥 − 𝑥ଵ

𝑥ଶ − 𝑥ଵ
 

𝑦 − 0

𝑏 − 0
=

𝑥 − 0

𝑙 − 0
 

𝑦

𝑏
=

𝑥

𝑙
𝑦 =

𝑏𝑥

𝑙
 

      The equation of BA is    𝐵(2𝑙, 0)  &   𝐴(𝑙, 𝑏) 

𝑦 − 𝑦ଵ

𝑦ଶ − 𝑦ଵ
=

𝑥 − 𝑥ଵ

𝑥ଶ − 𝑥ଵ
 

𝑦 − 0

𝑏 − 0
=

𝑥 − 2𝑙

𝑙 − 2𝑙
 

𝑦

𝑏
=

𝑥 − 2𝑙

−𝑙
          𝑦 =

−𝑏

𝑙
(𝑥 − 2𝑙),         𝑙 ≤ 𝑥 ≤ 2𝑙 

      (𝑖𝑣) 𝑦(𝑥, 0) = ቐ

௕௫

௟
 , 0 ≤ 𝑥 ≤ 𝑙

ି௕

௟
(𝑥 − 2𝑙), 𝑙 ≤ 𝑥 ≤ 2𝑙 

 

The suitable solution which satisfies our boundary conditions is       

 𝒚(𝒙, 𝒕) = (𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙) (𝑪 𝐜𝐨𝐬 𝝀𝒂𝒕 + 𝑫 𝒔𝒊𝒏𝝀𝒂𝒕)……….(1) 

                Apply condition (i)   in (1)  we get    
                                                                     𝑦(0, 𝑡) = 0 

(𝐴 cos 0 + 𝐵 sin 0) (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                       (𝐴 + 0)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                            ⇒ 𝑨 = 𝟎                  [∵ (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]        

                Substitute 𝐴 = 0in (1) we get  

         𝑦(𝑥, 𝑡) = (𝐵 sin 𝜆𝑥)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡)………..(2) 

              Apply condition (ii)   in (2) we get 𝑦(2𝑙, 𝑡) = 0 

                              (𝐵 sin 𝜆2𝑙)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0    
                   𝐵𝑠𝑖𝑛2𝜆𝑙 = 0               [∵ (𝑐 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]    

            If   𝐵 = 0  we get a trivial  solution. 

               ∴B ≠0  and  𝑠𝑖𝑛2𝜆𝑙 = 0 

                           𝑠𝑖𝑛2𝜆𝑙 = 𝑠𝑖𝑛𝑛𝜋 

                                2𝜆𝑙 = 𝑛𝜋 

                                 𝝀 =
𝒏𝝅

𝟐𝒍
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            Substitute   𝜆 =
௡గ

ଶ௟
 in (2)   we get  

              𝑦(𝑥, 𝑡) = (𝐵 sin
௡గ

ଶ௟
𝑥)(𝐶 cos

௡గ

ଶ௟
𝑎𝑡 + 𝐷 𝑠𝑖𝑛

௡గ

ଶ௟
𝑎𝑡)……….(3) 

   To Apply condition (iii)   differentiate (3) partially w.k.t ‘t’ we get 

డ௬

డ௧
(𝑥, 𝑡) = ቀ𝐵 sin

௡గ

ଶ௟
𝑥ቁ ቀ−𝐶 ቀ

௡గ௔

ଶ௟
ቁ 𝑠𝑖𝑛

௡గ

ଶ௟
𝑎𝑡 + 𝐷 ቀ

௡గ௔

ଶ௟
ቁ 𝑐𝑜𝑠

௡గ

ଶ௟
𝑎𝑡ቁ        

Now Apply condition (iii)   we get 
డ௬

డ௧
(𝑥, 0) = 0 

ቀ𝐵 sin
𝑛𝜋

2𝑙
𝑥ቁ ቀ𝐷 ቀ

𝑛𝜋𝑎

2𝑙
ቁ 𝑐𝑜𝑠

𝑛𝜋

2𝑙
𝑎𝑡ቁ = 0 

                              Since  B ≠0                    ∴ 𝑫 = 𝟎 

                                Substitute   𝐷 = 0 in (3)   we get 

𝑦(𝑥, 𝑡) = (𝐵 sin
𝑛𝜋

2𝑙
𝑥)(𝑐 cos

𝑛𝜋

2𝑙
𝑎𝑡) 

= 𝐵𝐶 sin
௡గ

ଶ௟
𝑥 cos

௡గ

ଶ௟
𝑎𝑡  

𝑦(𝑥, 𝑡) = 𝐵௡ sin
௡గ

ଶ௟
𝑥 cos

௡గ

ଶ௟
𝑎𝑡   where 𝐵௡ = 𝐵𝐶         

                The most general solution  is  

𝒚(𝒙, 𝒕) = ∑ 𝑩𝒏
ஶ
𝒏ୀ𝟏 𝐬𝐢𝐧

𝒏𝝅

𝟐𝒍
𝒙 𝐜𝐨𝐬

𝒏𝝅

𝟐𝒍
𝒂𝒕………………….(4) 

    Applying the boundary conditions (iv) in (4) we get     

𝑦(𝑥, 0) = ෍ 𝐵௡

ஶ

௡ୀଵ

sin
𝑛𝜋

𝑙
𝑥

= ൞

𝑏𝑥

𝑙
 , 0 ≤ 𝑥 ≤ 𝑙

−𝑏

𝑙
(𝑥 − 2𝑙), 𝑙 ≤ 𝑥 ≤ 2𝑙 

… … … … … . (5) 

To find   𝐵௡ expand  in half range Fourier sine series in the 
interval (0,l)      

𝐵௡ =
2

2𝑙
න 𝑓(𝑥)

ଶ௟

଴

sin
𝑛𝜋

2𝑙
𝑥  𝑑𝑥 

𝐵௡ =
1

𝑙
න

𝑏𝑥

𝑙

௟

଴

sin
𝑛𝜋

2𝑙
𝑥  𝑑𝑥 −

1

𝑙
න

𝑏

𝑙
(𝑥 − 2𝑙)

ଶ௟

௟

sin
𝑛𝜋

2𝑙
𝑥  𝑑𝑥 

=
𝑏

𝑙ଶ න 𝑥
௟

଴

sin
𝑛𝜋

2𝑙
𝑥  𝑑𝑥 −

𝑏

𝑙ଶ න (𝑥 − 2𝑙)
ଶ௟

௟

sin
𝑛𝜋

2𝑙
𝑥  𝑑𝑥 

 

𝑢 =   𝑥  
    𝑢 = 𝑥 − 2𝑙              𝑣 = sin

𝑛𝜋𝑥

2𝑙
 

𝑢ᇱ = 1  𝑢ᇱ = 1  𝑣ଵ = −
cos

𝑛𝜋𝑥
2𝑙

𝑛𝜋
2𝑙

 

𝑢ᇱᇱ = 0  𝑢ᇱᇱ = 0  𝑣ଶ = −
sin

𝑛𝜋𝑥
2𝑙

𝑛ଶ𝜋ଶ

4𝑙ଶ
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Using Bernoulli formula ∫ 𝑢𝑣𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢ᇱᇱ𝑣ଷ − … 

=
𝑏

𝑙ଶ ൦(𝑥) ቌ−
cos

𝑛𝜋𝑥
2𝑙

𝑛𝜋
2𝑙

ቍ − (1) ൮−
sin

𝑛𝜋𝑥
2𝑙

𝑛ଶ𝜋ଶ

4𝑙ଶ

൲൪

଴

௟

−
𝑏

𝑙ଶ ൦(𝑥 − 2𝑙) ቌ−
cos

𝑛𝜋𝑥
2𝑙

𝑛𝜋
2𝑙

ቍ − (1) ൮−
sin

𝑛𝜋𝑥
2𝑙

𝑛ଶ𝜋ଶ

4𝑙ଶ

൲൪

௟

ଶ௟

 

=
𝑏

𝑙ଶ ቈ
−2𝑥𝑙

𝑛𝜋
cos

𝑛𝜋𝑥

2𝑙
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋𝑥

2𝑙
቉

଴

௟

−
𝑏

𝑙ଶ ቈ
−2l(𝑥 − 2𝑙)

nπ
cos

𝑛𝜋𝑥

2𝑙
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋𝑥

2𝑙
቉

௟

ଶ௟

 

=
𝑏

𝑙ଶ ቈ
−2𝑙ଶ

𝑛𝜋
cos

𝑛𝜋

2
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
+ 0 − 0቉

+
𝑏

𝑙ଶ ቈ−0 − 0 +
2𝑙ଶ

𝑛𝜋
cos

𝑛𝜋

2
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
቉ 

=
𝑏

𝑙ଶ ቈ
−2𝑙ଶ

𝑛𝜋
cos

𝑛𝜋

2
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
+

2𝑙ଶ

𝑛𝜋
cos

𝑛𝜋

2
+

4𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
቉ 

=
𝑏

𝑙ଶ ቈ
8𝑙ଶ

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
቉ =

8𝑏

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
 

𝐵௡ = ൝

0, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
8𝑏

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 

 

     Now substitute the value of  𝐵௡ in (5) we get 

𝑦(𝑥, 𝑡) = ෍
8𝑏

𝑛ଶ𝜋ଶ
sin

𝑛𝜋

2

ஶ

௡ୀ௢ௗௗ

sin
𝑛𝜋

2𝑙
𝑥 cos

𝑛𝜋

2𝑙
𝑎𝑡 

=
8𝑏

𝜋ଶ ෍
1

𝑛ଶ
sin

𝑛𝜋

2

ஶ

௡ୀ௢ௗௗ

sin
𝑛𝜋

2𝑙
𝑥 cos

𝑛𝜋

2𝑙
𝑎𝑡 

=
8𝑏

𝜋ଶ ෍
1

(2𝑛 − 1)ଶ
sin

(2𝑛 − 1)𝜋

2

ஶ

௡ୀଵ

sin
(2𝑛 − 1)𝜋

2𝑙
𝑥 cos

(2𝑛 − 1)𝜋

2𝑙
𝑎𝑡 

𝑦(𝑥, 𝑡) =
8𝑏

𝜋ଶ ෍
(−1)௡ିଵ

(2𝑛 − 1)ଶ

ஶ

௡ୀଵ

sin
(2𝑛 − 1)𝜋

2𝑙
𝑥 cos

(2𝑛 − 1)𝜋

2𝑙
𝑎𝑡 

19. A tightly stretched string of length l   is initially at rest in 
its equilibrium position and each of its points is given the 

velocity
l

x
V

3
0 sin . Determine the transverse displacement

),( txy . 
Solution: 

We know that the one dimensional wave equation is  
డమ௬

డ௧మ = 𝑎ଶ డమ௬

డ௫మ 

            The boundary conditions are,                         
          (i)   y (0, t)  =  0 for  all t ≥ 0 

          (ii)   y ( l , t)  =  0 for  all t ≥  0,                       

          (iii)  y (x, 0) = 0𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑙 
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        (𝑖𝑣)
డ௬

డ௧
(𝑥, 0) = 𝑣଴𝑠𝑖𝑛ଷ(

గ௫

௟
) , 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑙 

The suitable solution which satisfies our boundary 
conditions is       

 𝒚(𝒙, 𝒕) = (𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙) (𝑪 𝐜𝐨𝐬 𝝀𝒂𝒕 + 𝑫 𝒔𝒊𝒏𝝀𝒂𝒕)……….(1) 

       Apply condition (i)   in (1)  we get   𝑦(0, 𝑡) = 0 

(𝐴 cos 0 + 𝐵 sin 0) (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0 

                     (𝐴 + 0)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡)             

                               ⇒ 𝑨 = 𝟎          [∵ (𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]        

                Substitute 𝐴 = 0in (1) we get  

𝑦(𝑥, 𝑡) = (𝐵 sin 𝜆𝑥)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡)………..(2) 

              Apply condition (ii)   in (2) we get 𝑦(𝑙, 𝑡) = 0 

                              (𝐵 sin 𝜆𝑙)(𝐶 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) = 0       

           𝐵𝑠𝑖𝑛𝜆𝑙 = 0                [∵ (𝑐 cos 𝜆𝑎𝑡 + 𝐷 𝑠𝑖𝑛𝜆𝑎𝑡) ≠ 0]    

            If   𝐵 = 0  we get a trivial solution. 

               ∴B ≠0  and  𝑠𝑖𝑛𝜆𝑙 = 0 

                           𝑠𝑖𝑛𝜆𝑙 = 𝑠𝑖𝑛𝑛𝜋 

                                𝜆𝑙 = 𝑛𝜋 

                                 𝝀 =
𝒏𝝅

𝒍
 

            Substitute   𝜆 =
௡గ

௟
 in (2)   we get  

    𝑦(𝑥, 𝑡) = (𝐵 sin
௡గ

௟
𝑥)(𝐶 cos

௡గ

௟
𝑎𝑡 + 𝐷 𝑠𝑖𝑛

௡గ

௟
𝑎𝑡)……….(3) 

              Apply condition (iii)   in (3) we get  

𝑦(𝑥, 0) = 0 

(𝐵 sin
𝑛𝜋

𝑙
𝑥)(𝐶 cos 0 + 𝐷 𝑠𝑖𝑛0) = 0 

𝐵 sin ቀ
𝑛𝜋

𝑙
𝑥ቁ  𝐶 = 0 

                                                    Here   sin
௡గ

௟
𝑥 ≠ 0,                  ∴ 𝑪 = 𝟎 

            Substitute  𝐶 = 0 in (3)   we get  

𝑦(𝑥, 𝑡) = (𝐵 sin
𝑛𝜋

𝑙
𝑥)(𝐷 sin

𝑛𝜋

𝑙
𝑎𝑡) 

= 𝐵𝐷 sin
௡గ

௟
𝑥 sin

௡గ

௟
𝑎𝑡  

𝑦(𝑥, 𝑡) = 𝐵௡ sin
௡గ

௟
𝑥 sin

௡గ

௟
𝑎𝑡             where 𝐵௡ = 𝐵𝐷  

                The most general solution  is 

                            𝒚(𝒙, 𝒕) = ∑ 𝑩𝒏
ஶ
𝒏ୀ𝟏 𝐬𝐢𝐧

𝒏𝝅

𝒍
𝒙 𝐬𝐢𝐧

𝒏𝝅

𝒍
𝒂𝒕………………….(4) 

       To Apply condition (iv)   differentiate (4) partially w.r.t ‘t’ we get 
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డ௬

డ௧
(𝑥, 𝑡) =

∑ 𝐵௡
ஶ
௡ୀଵ

௡గ௔

௟
 sin

௡గ

௟
𝑥 cos

௡గ

௟
𝑎𝑡 … … … … … … … (5)                         

                Apply condition (iv)   in (5) we get 

డ௬

డ௧
(𝑥, 0) = ∑ 𝐵௡

ஶ
௡ୀଵ

௡గ௔

௟
  sin

௡గ

௟
𝑥 = 𝑣଴𝑠𝑖𝑛ଷ ቀ

గ௫

௟
ቁ                    

𝐵ଵ
గ௔

௟
𝑠𝑖𝑛

గ௫

௟
+ 𝐵ଶ

ଶగ௔

௟
𝑠𝑖𝑛

ଶగ௫

௟
+ 𝐵ଷ

ଷగ

௟
𝑠𝑖𝑛

ଷగ௫

௟
+ ⋯ = 3

௩బ

ସ
𝑠𝑖𝑛

గ௫

௟
−

௩బ

ସ
𝑠𝑖𝑛

ଷగ௫

௟
                                                                                                                                                                  

[Since 𝑠𝑖𝑛ଷ𝑥 =
ଷ௦௜௡௫ି௦௜௡ଷ

ସ
] 

        Now Equating the like terms  we get  

            
గ௔

௟
𝐵ଵ = 3

௩బ

ସ
,

ଶగ

௟
𝐵ଶ = 0,

ଷగ௔

௟
𝐵ଷ = −

௩బ

ସ
 ,

ସగ௔

௟
𝐵ସ = 0, 𝐵ହ = 0, … 

              𝐵ଵ = 3
௩బ௟

ସగ௔
, 𝐵ଶ = 0,  𝐵ଷ = −

௩బ௟

ଵଶగ௔
 ,  𝐵ସ = 0 , 𝐵ହ = 0 

            Substitute the value of  B.C’s in (5) we get            

𝑦(𝑥, 𝑡) = ∑ 𝐵௡𝑠𝑖𝑛
௡గ௫

௟
sin

௡గ௔௧

௟
ஶ
௡ୀଵ                                           

= 𝐵ଵ𝑠𝑖𝑛
𝜋𝑥

𝑙
sin

𝜋𝑎𝑡

𝑙
+ 𝐵ଶ𝑠𝑖𝑛

2𝜋𝑥

𝑙
sin

2𝜋𝑎𝑡

𝑙
+ 𝐵ଷ𝑠𝑖𝑛

3𝜋𝑥

𝑙
sin

3𝜋𝑎𝑡

𝑙
+ ⋯ 

                   𝑦(𝑥, 𝑡) = 3
௩బ௟

ସగ௔
 𝑠𝑖𝑛

గ௫

௟
 sin

గ௔௧

௟
−

௩బ௟

ଵଶగ௔
𝑠𝑖𝑛

ଷగ

௟
sin

ଷగ௔௧

௟
  

20. An infinitely long rectangular plate with insulated surfaces 
is 10cm wide. The two long edges and one short edge are 
kept at 0˚C,while the other short edge 0x  is kept at 

temperature








.105),10(20

50,20

yy

yy
u  Construct the steady 

state temperature distribution in the plate. 
Solution: 

The two dimensional heat equation is 
డమ௨

డ௫మ +
డమ௨

డ௫మ = 0                                                 

                The  boundary Conditions are  

          (𝑖)   𝑢 ( 𝑥 , 0)   =   0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 

          (𝑖𝑖)  𝑢 (𝑥 ,10)   =   0  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 

          (𝑖𝑖𝑖)𝑢(∞, 𝑦) = 0,0 ≤ 𝑦 ≤ 10 

                        (𝑖𝑣) 𝑢(0, 𝑦) =  ൜
20𝑦, 0 ≤ 𝑦 ≤ 5

20(10 − 𝑦), 5 ≤ 𝑦 ≤ 10
 

    Now the suitable solution which satisfies our boundary 
conditions is   

𝒖(𝒙, 𝒚) = (𝑨 𝐜𝐨𝐬 𝝀𝒚 + 𝑩 𝐬𝐢𝐧 𝝀𝒚)൫𝑪 𝒆𝝀𝒙 + 𝑫𝒆ି𝝀𝒙൯ … … … … . (𝟏) 

          Apply condition (𝑖)   𝑖𝑛 (1) we get  

 𝑢 ( 𝑥 , 0)   = (𝐴 cos 0 + 𝐵 sin 0)൫𝐶𝑒ఒ௫ + 𝐷𝑒ିఒ௫൯ = 0 

𝐴൫𝐶𝑒ఒ௫ + 𝐷𝑒ିఒ௫൯ = 0 

𝐶𝑒ఒ௫ + 𝐷𝑒ିఒ௫ ≠ 0,          ∴ 𝑨 = 𝟎 

                Substitute 𝐴 =  0 in (1) we get 
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𝑢(𝑥, 𝑦) = (𝐵 sin 𝜆𝑦)൫𝐶 𝑒ఒ௫ + 𝐷𝑒ିఒ௫൯ … … … … … … … … (2) 

              Apply condition (𝑖𝑖) 𝑖𝑛 (2) we get  

 𝑢 (𝑥 ,10)   = (𝐵 sin 𝜆10)൫𝐶 𝑒ఒ௫ + 𝐷𝑒ିఒ௫൯ = 0 

𝐶 𝑒ఒ௫ + 𝐷𝑒ିఒ௫ ≠ 0,          ∴ sin 𝜆10 = 0 

sin 𝜆10 = sin 𝑛𝜋 

𝜆10 = 𝑛𝜋 ⇒ 𝝀 =
𝒏𝝅

𝟏𝟎
 

           Substitute𝜆 =
௡గ

ଵ଴
 in (2) we get 

𝑢(𝑥, 𝑦) = ቀ𝐵 sin
𝑛𝜋

10
𝑦ቁ ቀ𝐶 𝑒

௡గ
ଵ଴

௫ + 𝐷𝑒ି
௡గ
ଵ଴

௫
ቁ … … … … … … … … (3) 

          Apply condition (𝑖𝑖𝑖) 𝑖𝑛 (3) we get  

𝑢(∞, 𝑦) = ቀ𝐵 sin
𝑛𝜋

10
𝑦ቁ (𝐶 𝑒ஶ + 𝐷𝑒ିஶ) = 0 

                                     𝐵 sin
௡గ

ଵ଴
𝑦 ≠ 0, 𝐷 ≠ 0                          ∴ 𝑪 = 𝟎         

Substitute 𝐶 =  0  𝑖𝑛 (3) we get     𝑢(𝑥, 𝑦) = ቀ𝐵 sin
௡గ

ଵ଴
𝑦ቁ ቀ𝐷𝑒ି

೙ഏ

భబ
௫

ቁ 

= 𝐵 D sin
𝑛𝜋

10
𝑦  𝑒ି

௡గ
ଵ଴

௫  

    The most general solution   is             

𝒖(𝒙, 𝒚) = ෍ 𝑩𝒏

ஶ

𝒏ୀ𝟏

 𝐬𝐢𝐧
𝒏𝝅

𝟏𝟎
𝒚  𝒆ି

𝒏𝝅
𝟏𝟎

𝒙 … … … … … … … (4)  

    Apply condition (𝑖𝑣) 𝑖𝑛 (5) we get 

 𝑢(0, 𝑦) = ෍ 𝐵௡

ஶ

௡ୀଵ

 sin
𝑛𝜋

10
𝑦   = ൜

20𝑦, 0 ≤ 𝑦 ≤ 5

20(10 − 𝑦), 5 ≤ 𝑦 ≤ 10
 

    To find nB  expand in a  half range Fourier sine  series  in [0,10] 

𝐵௡ =
2

10
ቈන 20 𝑦 

ହ

଴

sin
𝑛𝜋𝑦

10
 𝑑𝑦 + න 20(10 − 𝑦) 

ଵ଴

ହ

sin
𝑛𝜋𝑦

10
 𝑑𝑦቉ 

=
40

10
ቈන 𝑦 

ହ

଴

sin
𝑛𝜋𝑦

10
 𝑑𝑦 + න  (10 − 𝑦) 

ଵ଴

ହ

sin
𝑛𝜋𝑦

10
 𝑑𝑦቉ 

Using Bernoulli formula ∫ 𝑢𝑣𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢ᇱᇱ𝑣ଷ − … 
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= 4 ൞቎(𝑦) ቌ− 
cos

𝑛𝜋𝑦
10

𝑛𝜋
10

ቍ − (1)(− 
sin

𝑛𝜋𝑦
10

𝑛ଶ𝜋ଶ

100

)቏

଴

ହ

+ ቎(10 − 𝑦) ቌ− 
cos

𝑛𝜋𝑦
10

𝑛𝜋
10

ቍ − (−1)(−
sin

𝑛𝜋𝑦
10

𝑛ଶ𝜋ଶ

100

)቏

ହ

ଵ଴

ൢ 

= 4 ൞቎−𝑦 
cos

𝑛𝜋𝑦
10

𝑛𝜋
10

+
sin

𝑛𝜋𝑦
10

𝑛ଶ𝜋ଶ

100

቏

଴

ହ

+ ቎−(10 − 𝑦) 
cos

𝑛𝜋𝑦
10

𝑛𝜋
10

−
sin

𝑛𝜋𝑦
10

𝑛ଶ𝜋ଶ

100

቏

ହ

ଵ଴

ൢ 

= 4 ൤
−50

𝑛𝜋
cos

𝑛𝜋

2
+

100

𝑛ଶ𝜋ଶ
sin 

𝑛𝜋

2
+ 0 − 0 − 0 − 0 +

50

𝑛𝜋
cos

𝑛𝜋

2

+
100

𝑛ଶ𝜋ଶ
sin 

𝑛𝜋

2
൨ 

                           𝐵௡   =
800

𝑛ଶ𝜋ଶ
sin 

𝑛𝜋

2
 

Now substitute the value of  nB  in (4) we get 

𝑢(𝑥, 𝑦) = ෍
800

𝑛ଶ𝜋ଶ
sin 

𝑛𝜋

2

ஶ

௡ୀଵ

 sin
𝑛𝜋

10
𝑦 𝑒ି

௡గ
ଵ଴

௫ 

21. A square plate is bounded by the lines byyaxx  &0,,0 . 
Its surfaces are insulated. The temperature along by   is 
kept at 100˚C while the other three edges are kept at 0˚C. 
Determine the steady state temperature distribution in the 
plate. 
Solution: 

             The two dimensional heat equation is  

                                     
డమ௨

డ௫మ +
డమ௨

డ௫మ = 0             

                The  boundary Conditions are  

                     (𝑖)  𝑢 ( 0, 𝑦)  =   0 , 0 ≤ 𝑦 ≤ 𝑏 

                      (𝑖𝑖   𝑢 (𝑎 , 𝑦)   =   0,    0 ≤ 𝑦 ≤ 𝑏 

                      (𝑖𝑖𝑖)𝑢 ( 𝑥, 0)   =  0,0 ≤ 𝑥 ≤ 𝑎,        

                      (𝑖𝑣) 𝑢 (𝑥 , 𝑏) =  100,   0 ≤ 𝑥 ≤ 𝑎
  
 

            By the method of separation of variables, best solution is  

𝒖(𝒙, 𝒚) = ൫𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙)(𝑪 𝒆𝝀𝒚 + 𝑫 𝒆ି𝝀𝒚൯ … … … … … . . (𝟏) 

              Apply condition (𝑖)   𝑖𝑛  (1)  we get  

                                  𝑢 ( 0, 𝑦)  = ൫𝐴 cos 0 + 𝐵 sin 0)(𝐶 𝑒ఒ௬ + 𝐷 𝑒ିఒ௬൯ = 0       

𝑢 = 𝑦 𝑢 = 10 − 𝑦 𝑣 = sin
𝑛𝜋

10
𝑦 

 

𝑢ᇱ = 1 
𝑢ᇱ = −1  𝑣ଵ = −

cos
𝑛𝜋𝑦
10

𝑛𝜋
10

 

𝑢ᇱᇱ = 0  𝑢ᇱᇱ = 0  𝑣ଶ = −
sin

𝑛𝜋𝑦
10

𝑛ଶ𝜋ଶ

10ଶ
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𝐴൫𝐶 𝑒ఒ௬ + 𝐷𝑒ିఒ௬൯ = 0 

∴ 𝑨 = 𝟎 

                Substitute 𝐴 = 0 in (1) 

𝑢(𝑥, 𝑦) = ൫𝐵 sin 𝜆𝑥)(𝐶 𝑒ఒ௬ + 𝐷 𝑒ିఒ ൯ … … … … … . . (2) 

                         Apply condition (𝑖𝑖)   𝑖𝑛  (2)  we get 

𝑢 (𝑎 , 𝑦)   =   ൫𝐵 sin 𝜆𝑎)(𝐶 𝑒ఒ௬ + 𝐷 𝑒ିఒ௬൯ = 0 

𝐵 ≠ 0,     ∴ sin 𝜆𝑎 = 0 = sin 𝑛𝜋 

𝜆𝑎 = 𝑛𝜋 

𝝀 =
𝒏𝝅

𝒂
 

                           Substitute 𝜆 =
௡గ

௔
 𝑖𝑛 (2) 

𝑢(𝑥, 𝑦) = ቀ𝐵 sin
𝑛𝜋

𝑎
𝑥)(𝐶 𝑒

௡గ
௔ ௬ + 𝐷 𝑒ି

௡గ
௔ ௬

ቁ … … … … … . . (3) 

                      Apply condition (𝑖𝑖𝑖)   𝑖𝑛  (3)  we get 

𝑢 ( 𝑥, 0)    = ቀ𝐵 sin
𝑛𝜋

𝑎
𝑥)(𝐶 𝑒

௡గ
௔

(଴) + 𝐷 𝑒ି
௡గ
௔

(଴)
ቁ = 0 

                     𝐶 + 𝐷 = 0                              [∵ 𝐵 ≠ 0]                                    

                  𝐶 = −𝐷     𝑫 = −𝑪 

                        Substitute 𝐷 = −𝐶 in (3) 

𝑢(𝑥, 𝑦) = ቀ𝐵 sin
௡గ

௔
𝑥)(𝐶 𝑒

೙ഏ

ೌ
௬ − 𝐶 𝑒ି

೙ഏ

ೌ
௬

ቁ                              

                      = 𝐵𝐶 sin
௡గ

௔
𝑥 ቂ𝑒

೙ഏ

ೌ
௬ − 𝑒ି

೙ഏ

ೌ
௬

ቃ       

                                                   

= 2𝐵𝐶 sin
𝑛𝜋

𝑎
𝑥 ቎

𝑒
௡గ
௔

௬ − 𝑒ି
௡గ
௔

௬

2
቏                         [𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 & 𝑑𝑖𝑣𝑖𝑑𝑒 𝑏𝑦 2) 

                                                                                       =

              2𝐵𝐶 sin
௡గ

௔
𝑥 ቂsinh

௡గ

௔
𝑦ቃ      [since sinh

௡గ

௔
𝑦 =

௘
೙ഏ
ೌ

೤
ି௘

ష
೙ഏ
ೌ

೤

ଶ
] 

                   The most general solution is  

𝒖(𝒙, 𝒚) = ∑ 𝐁𝐧𝐬𝐢𝐧
𝒏𝝅

𝒂
𝒙 ቂsinh

௡గ

௔
𝑦ቃ … … … … . (𝟒)ஶ

𝒏ୀ                [∵ B୬ = 2BC] 

                         Apply condition (𝑖𝑣)   𝑖𝑛  (4)  we get 

 𝑢 (𝑥 , 0) = ෍  B୬ sin
𝑛𝜋

𝑎
𝑥 ൤sin ℎ

𝑛𝜋𝑏

𝑎
൨ = 100

ஶ

௡ୀଵ

 

෍ B୬ sin
𝑛𝜋

𝑎
𝑥 ൤sin ℎ

𝑛𝜋𝑏

𝑎
൨ = 100

ஶ

௡ୀଵ

 

To find   𝐵௡ expand  in half range Fourier sine series in the 
interval (0,a)     

𝐵௡ sin ℎ
𝑛𝜋𝑏

𝑎
=

2

𝑎
න 100

௔

଴

sin
𝑛𝜋

𝑎
𝑥  𝑑𝑥 
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=
2

𝑎
න 100

௔

଴

sin
𝑛𝜋

𝑎
𝑥  𝑑𝑥 

=
200

𝑎
቎−

cos
𝑛𝜋
𝑎

𝑥

𝑛𝜋
𝑎

቏

଴

௔

 

                = −
200

𝑛𝜋
[cos 𝑛𝜋 − cos 0] =

200

𝑛𝜋
[1 − (−1)௡] 

                         𝐵௡ sin ℎ
௡గ௕

௔
= ቊ

ସ଴଴

௡గ
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 

0 , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 
 

𝐵௡ = ൞

400

𝑛𝜋 sin ℎ
𝑛𝜋𝑏

𝑎

, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 

0 , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 

 

          Substitute 𝐵௡ in (4) 

𝑢(𝑥, 𝑦) = ෍
400

𝑛𝜋 sin ℎ
𝑛𝜋𝑏

𝑎

sin
𝑛𝜋

𝑎
𝑥 ቂsin ℎ

𝑛𝜋𝑦

𝑎
ቃ

ஶ

௡ୀ௢ௗௗ

 

22. A square plate is bounded by the lines
20&20,0,0  yxyx  Its faces are insulated. The 

temperature along the upper horizontal edge is given by 
200),20()0,(  xxxxu  while the other two edges are kept 

at 0˚C. Determine the steady state temperature distribution 
in the plate. 
Solution: 

             Let 𝑢(𝑥, 𝑦) be the temperature at any point (𝑥, 𝑦). 

Then 𝑢(𝑥, 𝑦) satisfies the Laplace equation 
డమ௨

డ௫మ +
డమ௨

డ௫మ = 0     

The   boundary Conditions are          

                         (𝑖)  𝑢 ( 0, 20)  =   0  𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 20 

                      (𝑖𝑖)  𝑢 (0, 𝑦)   =   0  𝑓𝑜𝑟  0 ≤ 𝑦 ≤ 20 

            (𝑖𝑖𝑖)𝑢 ( 20, 𝑦)   =  0    ,0 < 𝑦 < 20 

                              (𝑖𝑣) 𝑢(𝑥, 20) = 𝑥(20 − 𝑥) ,0 < 𝑦 < 20         

Now the suitable solution which satisfies our boundary 
conditions is  given by    

𝑢(𝑥, 𝑦) = (𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥)൫𝑐 𝑒ఒ௬ + 𝐷𝑒ିఒ௬൯ … … … … . (1) 

          Apply condition (𝑖)   𝑖𝑛 (1) we get  

𝑢 ( 𝑥, 0)  = (𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥)(𝐶 + 𝐷) = 0 

(𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥) ≠ 0 

∴ 𝐶 + 𝐷 = 0 

⇒  𝐷 = −𝐶 

                Substitute𝐷 = −𝐶 𝑖𝑛 (1) we get 

          𝑢(𝑥, 𝑦) = (𝐴 cos 𝜆𝑥 + 𝐵 sin 𝜆𝑥)൫𝑐 𝑒ఒ௬ − 𝐶𝑒ିఒ ൯ … … … … … … … … (2) 

              Apply condition (𝑖𝑖) 𝑖𝑛 (2) we get  

𝑢 (0, 𝑦)   = 𝐴𝐶൫ 𝑒ఒ௬ − 𝑒ିఒ ൯ = 0 
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⇒  𝐴 = 0 

                Substitute  𝐴 = 0   in (2) we get 

𝑢(𝑥, 𝑦) = (𝐵 sin 𝜆𝑥)𝐶൫𝑒ఒ௬ − 𝑒ିఒ௬൯ … … … … … … … … (3) 

          Apply condition (𝑖𝑖𝑖) 𝑖𝑛 (3) we get  

𝑢 ( 20, 𝑌)   = (𝐵 sin 𝜆20)𝐶൫𝑒ఒ௬ − 𝑒ିఒ௬൯ = 0 

sin 𝜆20 = 0 

sin 𝜆20 = sin 𝑛𝜋 

⇒  𝜆 =
𝑛𝜋

20
 

         Substitute 𝜆 =
௡గ

ଶ଴
𝑖𝑛 (3) we get 

𝑢(𝑥, 𝑦) = 𝐵𝐶  sin
𝑛𝜋

20
𝑥 ቀ𝑒

௡గ
ଶ଴

௬ − 𝑒ି
௡గ
ଶ଴

௬
ቁ 

= 𝐵 D sin
𝑛𝜋

20
𝑥  2 sin ℎ  

𝑛𝜋𝑦

20
 

𝑢(𝑥, 𝑦) = 𝐵௡  sin
𝑛𝜋

20
𝑥 sin ℎ  

𝑛𝜋𝑦

20
 

The most general solution   is  

𝑢(𝑥, 𝑦) = ෍ 𝐵௡

ஶ

௡ୀଵ

 sin
𝑛𝜋

20
𝑥  sin ℎ  

𝑛𝜋𝑦

20
… … … … … … … (4)  

    Apply condition (𝑖𝑣) 𝑖𝑛 (4) we get                           

𝑢(𝑥, 20) = ෍ 𝐵௡

ஶ

௡ୀଵ

 sin
𝑛𝜋

20
𝑥   sin ℎ  

𝑛𝜋20

20
=  𝑥(20 − 𝑥) 

To find   𝐵௡ expand in half range Fourier sine series in the interval 
(0,20)                                     

𝐵௡ =
2

20
න 𝑥(20 − 𝑥)

ଶ଴

଴

sin
𝑛𝜋

20
𝑥  𝑑𝑥 

=
1

10
൦−൫𝑥(20 − 𝑥)൯

cos 20𝑥
𝑛𝜋
20

+ (20 − 2𝑋)
sin

𝑛𝜋
20 𝑥

𝑛ଶ𝜋ଶ

20ଶ

− 2
cos

𝑛𝜋
20 𝑥

𝑛ଷ𝜋ଷ

20ଷ

൪

଴

ଶ଴

=
1600

𝑛ଷ𝜋ଷ
[1 − (−1)௡] 

𝐵௡ = ቊ
0, 𝑖𝑓 𝑛 𝑖𝑠𝑒𝑣𝑒𝑛

ଷଶ଴଴

௡యగయ , 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
  

Now substitute the value of  𝐵௡ in (4) we get 

𝑢(𝑥, 𝑦) = ෍
3200

𝑛ଷ𝜋ଷ

ஶ

௡ୀ௢ௗௗ

 sin
𝑛𝜋

20
𝑥  sin ℎ 𝑛𝜋  

 

23. A rod 30 cm long  has its ends A and B  kept at 020 and 
080 respectively  until steady state conditions  prevail the 

temperature at each end is then suddenly reduced to 00 and 
kept so. Find the resulting temperature function 𝒖 (𝒙, 𝒕) taking 
𝒙 =  𝟎 at A.   
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Solution: 
The temperature function 𝑢 (𝑥, 𝑡) is the solution of the one 

dimensional heat equation 
𝝏𝒖

𝝏𝒕
= 𝜶𝟐  

𝝏𝟐𝒖

𝝏𝒙𝟐 

the steady state conditions prevails 
𝝏𝒖

𝝏𝒕
= 𝟎 

                                              And hence we get    
𝝏𝟐𝒖

𝝏𝒙𝟐 = 𝟎 

                                    On integration      𝑢(𝑥)  =  𝑎𝑥 +  𝑏               

               When 𝑥 =  0   we get                   𝑢(0)    =  𝑏 

               When 𝑥 =  30 we get 𝑢(30)  =  30𝑎 + 20𝑏 

                                                     80 =  30𝑎 + 20𝑏 

                                                     60 =  30𝑎 

                                                       𝑎 =  2 

              Thus 𝑢 ( 𝑥, 0)  =  𝑓(𝑥)  =  2𝑥 + 20 

              The  boundary conditions are  

(i) 𝑢 ( 0, 𝑡)    =   0 𝑓𝑜𝑟 𝑎𝑙𝑙  0t   

(ii) 𝑢 ( 30, 𝑡)  =   0 𝑓𝑜𝑟 𝑎𝑙𝑙  0t    
                        (𝑖𝑖𝑖)             𝑢 (𝑥, 0)     =   𝑓(𝑥)  =  2𝑥 + 20 

             Now the suitable solution which satisfies our boundary 
conditions is   

 𝒖(𝒙, 𝒕) = (𝑨 𝐜𝐨𝐬 𝝀𝒙 + 𝑩 𝐬𝐢𝐧 𝝀𝒙)𝒆ି𝝀𝟐𝒄𝟐𝒕 … … … … … (𝟏) 

               Apply condition (𝑖)   𝑖𝑛 (1)  we get  

𝑢(0, 𝑡) = 𝐴𝑒ିఒమ௖మ௧ 

       Here 𝑒ିఒమ௖మ௧  ≠ 0 (∵ 𝐼𝑡 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡)              ∴     A = 0     

                Substitute 𝐴 =  0 in (1) we get     

            𝑢(𝑥, 𝑡) = 𝐵 sin 𝜆𝑥 𝑒ିఒమ௖మ௧ … … … … … . . (2) 

       Apply condition (𝑖𝑖) 𝑖𝑛 (2)  we get  

𝑢(30, 𝑡) = 𝐵 sin 30 𝜆  𝑒ିఒమ௖మ௧ = 0 

          Here 𝑒ିఒమ௖మ௧  ≠ 0 (∵ 𝐼𝑡 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡) 

         Also 𝐵 ≠ 0 , (∵ 𝑤𝑒 ℎ𝑎𝑣𝑒 𝐴 = 0, 𝑖𝑓 𝐵 = 𝑎 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛)     

∴   sin 30 𝜆 = 0  

sin30𝜆 = sin 𝑛𝜋 = 0 

30𝜆 = 𝑛𝜋 

𝝀 =
𝒏𝝅

𝟑𝟎
 

                         Substitute   𝜆 =
௡గ

ଷ଴
 in (2) we get  

𝑢(𝑥, 𝑡) = 𝐵 sin
𝑛𝜋

30
𝑥 𝑒ି

௡మగమ

ଽ଴଴
௖మ௧ … … … … … … (3) 

                  The most general solution   is  

𝑢(𝑥, 𝑡) = ෍ 𝐵௡ sin
𝑛𝜋

30
𝑥 𝑒ି

௡మగమ

ଽ଴଴
௖మ௧

ஶ

௡ୀଵ

… … … … … … (4) 
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                  Apply condition (iii) in (4)  we get  

𝑢(𝑥, 0) = ෍ 𝐵௡ sin
𝑛𝜋

30
𝑥  𝑒଴

ஶ

௡ୀଵ

= 2𝑥 + 20 

        To find 𝐵௡expand 2𝑥 + 20  in a  half range 
Fourier sine  series in the interval ( 0 , 30) 

𝐵௡ =
2

30
න (2𝑥 + 20)

ଷ଴

଴

 sin
𝑛𝜋

30
𝑥 𝑑𝑥 

=
1

15
න (2𝑥 + 20)

ଷ଴

଴

 sin
𝑛𝜋

30
𝑥 𝑑𝑥 

Using Bernoulli formula ∫ 𝑢𝑣𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢ᇱᇱ𝑣ଷ −

 … 

=
1

15
቎−(2𝑥 + 20)

cos
𝑛𝜋
30

𝑥

𝑛𝜋
30

+ 2
sin

𝑛𝜋
30

𝑥

𝑛ଶ𝜋ଶ

900

቏

଴

ଷ଴

 

=
1

15
൤
−2400

𝑛𝜋
cos 𝑛𝜋 + 0 +

600

𝑛𝜋
− 0൨ 

=
600

15𝑛𝜋
[−4(−1)௡ + 1] 

𝐵௡ =
40

𝑛𝜋
[1 − 4(−1)௡] 

                     Substitute the value of  𝐵௡ in (4) we get            

𝑢(𝑥, 𝑡) = ෍
40

𝑛𝜋
[1 − 4(−1)௡] sin

𝑛𝜋

30
𝑥  𝑒ି

௡మగమ

ଽ଴଴
௖మ௧

ஶ

௡ୀଵ

 

𝑢(𝑥, 𝑡) =
40

𝜋
෍

1

𝑛
[1 − 4(−1)௡] sin

𝑛𝜋

30
𝑥  𝑒ି

௡మగమ

ଽ଴଴
௖మ௧

ஶ

௡ୀଵ

 

 

 

 

𝑢 = (20𝑥 − 𝑥ଶ) 𝑣 = sin
𝑛𝜋𝑥

20
 

𝑢ᇱ = (20 − 2𝑥)  𝑣ଵ = −
cos

𝑛𝜋𝑥
20

𝑛𝜋
20

 

𝑢ᇱᇱ = (−2)  𝑣ଶ = −
sin

𝑛𝜋𝑥
20

𝑛ଶ𝜋ଶ

20ଶ

 

𝑢ᇱᇱᇱ = 0 𝑣ଷ = +
cos

𝑛𝜋𝑥
20

𝑛ଷ𝜋ଷ

20ଷ
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UNIT-IV 

PART A   

1. State Fourier integral theorem. 
Solution: 
If f(x) is piece-wise continuously differentiable and absolutely 
integrable in(−∞, ∞), then 

   

𝑓(𝑥) =
1

2𝜋
න න 𝑓(𝑡)

∞

ି∞

𝑒௜௦(௫ି௧)

∞

ି∞

𝑑𝑡 𝑑𝑠                              

        (OR) 

                  𝑓(𝑥) =
ଵ

గ
∫ ∫ 𝑓(𝑡)

∞

ି∞
cos 𝜆(𝑡 − 𝑥)

∞

଴
𝑑𝑡 𝑑𝜆                     

This is known as Fourier integral theorem or Fourier integral 
formula. 

2. State Parseval’s identity on Fourier Transform. 
 Solution: 

   If F(s) is the Fourier transform of f(x) then 

න|𝑓(𝑥)|ଶ𝑑𝑥 = න|𝐹(𝑠)|ଶ𝑑𝑠

∞

ି∞

∞

ି∞

                 

3. Prove that the FCT of axxf cos)(  is given by  )()(
2

1
asFasF cc   

where )(sFc  is the Fourier cosine transform of )(xf . 
Solution: 

     We know that  

𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                                            

𝐹௖[𝑓(𝑥) cos 𝑎𝑥] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑎𝑥 cos 𝑠𝑥 𝑑𝑥

∞

଴

                                   

   = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 cos 𝑎𝑥 𝑑𝑥

∞

଴

       

 𝐹௖[𝑓(𝑥) cos 𝑎𝑥] = ඨ
2

𝜋
න 𝑓(𝑥)

1

2
[ cos(𝑠 + 𝑎)𝑥 + cos(𝑠 − 𝑎)𝑥]  𝑑𝑥

∞

଴

 

            =
1

2
቎ඨ

2

𝜋
න 𝑓(𝑥) cos(𝑠 + 𝑎)𝑥 𝑑𝑥

∞

଴

  + ඨ
2

𝜋
න 𝑓(𝑥) cos(𝑠 − 𝑎)𝑥]𝑑𝑥

∞

଴

቏ 

             𝐹௖[𝑓(𝑥) cos 𝑎𝑥] =
1

2
[𝐹௖(𝑠 + 𝑎) + 𝐹௖(𝑠 − 𝑎)]                                            

4. If )(sF  is the Fourier transform of )(xf , show that

  )()( sFeaxfF ias . 
 Solution: 
  We know that𝐹[𝑓(𝑥)] =

ଵ

√ଶగ
∫ 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

ஶ

ିஶ
                                                

𝐹[𝑓(𝑥 − 𝑎)] =
1

√2𝜋
න 𝑓(𝑥 − 𝑎)𝑒௜௦௫𝑑𝑥

∞

ି∞

                              

    Let   𝑥 − 𝑎 = 𝑡             
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                                          𝑑𝑥 = 𝑑𝑡 

                             𝑥 → −∞     ⇒ 𝑡 → −∞        

  𝑥 → ∞      ⇒ 𝑡 → ∞                             

𝐹[𝑓(𝑥 − 𝑎)] =
1

√2𝜋
න 𝑓(𝑡)𝑒௜௦(௧ା௔)𝑑𝑡

∞

ି∞

                                  

=
1

√2𝜋
න 𝑓(𝑡)𝑒௜௦௧𝑒௜௦௔𝑑𝑡

∞

ି∞

         

= 𝑒௜௦௔
1

√2𝜋
න 𝑓(𝑡)𝑒௜௦௧𝑑𝑡

∞

ି∞

         

𝐹[𝑓(𝑥 − 𝑎)] = 𝑒௜௦௔𝐹(𝑠) 

5. Find the Fourier cosine transform of 0,  ae ax . 
Solution: 

 Given 𝑓(𝑥) = 𝑒ି௔௫ 

 We know that  

𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                                   

𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑒ି௔௫ cos 𝑠𝑥 𝑑𝑥

∞

଴

                       

    Using the formula      ∫ 𝑒ି௔ cossx  𝑑𝑥 =
∞

଴

௔

௔మା௦మ   

                                                𝐹௖[𝑓(𝑥)] =

ට
ଶ

గ
ቂ

௔

௔మା௦మቃ                                                                

6. If )()( xfsFc  ,  prove that  )(axfFc  is 






a

s
F

a c

1
. 

Solution: 
We know that Fourier cosine transform formula is  

𝐹௖[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑐𝑜𝑠𝑠𝑥𝑑𝑥

∞

ି∞

        

𝐹[𝑓(𝑎𝑥)] =
1

√2𝜋
න 𝑓(𝑎𝑥)𝑐𝑜𝑠𝑠𝑥𝑑𝑥

∞

ି∞

                                         

𝐹[𝑓(𝑎𝑥)] = 𝑅. 𝑃 
1

√2𝜋
න 𝑓(𝑎𝑥)𝑒௜௦௫𝑑𝑥

∞

ି∞

                                           

Let 𝑎𝑥 = 𝑡    𝑎 𝑑𝑥 = 𝑑𝑡 

                 𝑥 → −∞      ⇒ 𝑡 → −∞ ,      𝑥 → ∞      ⇒   𝑡 → ∞                             

𝐹[𝑓(𝑎𝑥)] = 𝑅. 𝑃  
1

√2𝜋
න 𝑓(𝑡)𝑒

௜௦௧
௔

𝑑𝑡

𝑎
 

∞

ି∞

                                             

𝐹[𝑓(𝑎𝑥)] = 𝑅. 𝑃  
1

𝑎

1

√2𝜋
න 𝑓(𝑡)𝑒

௜௦ቀ
௧
௔ቁ𝑑𝑡

∞

ି∞
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𝐹[𝑓(𝑎𝑥)] =
1

𝑎
𝐹௖ ቀ

𝑠

𝑎
ቁ       

7. State Fourier Transform pair. 
Solution: 

The Fourier Transform of f(x) is given by   

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

∞

ି∞

                            

The inverse Fourier transform of F(s) is given by 

𝑓(𝑥) =
1

√2𝜋
න 𝐹(𝑠)𝑒ି௜௦௫𝑑𝑠

∞

ି∞

                                     

8. S
tate and prove the change of scale property on Fourier 
Transform. 
Solution: 

We know that 

𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

ஶ

ିஶ

                                                

𝐹[𝑓(𝑎𝑥)] =
1

√2𝜋
න 𝑓(𝑎𝑥)𝑒௜௦௫𝑑𝑥

ஶ

ିஶ

                                           

Let 𝑎𝑥 = 𝑡               𝑎 𝑑𝑥 

                   𝑥 → −∞      ⇒ 𝑡 → −∞        

              𝑥 → ∞      ⇒   𝑡 → ∞                             

𝐹[𝑓(𝑎𝑥)] =
1

√2𝜋
න 𝑓(𝑡)𝑒

௜௦௧
௔

𝑑𝑡

𝑎
 

ஶ

ିஶ

                                             

𝐹[𝑓(𝑎𝑥)] =
1

𝑎

1

√2𝜋
න 𝑓(𝑡)𝑒

௜௦ቀ
௧
௔ቁ

𝑑𝑡

ஶ

ିஶ

                                     

=
1

𝑎

1

√2𝜋
න 𝑓(𝑥)𝑒

௜ቀ
௦
௔ቁ௫

𝑑𝑥

ஶ

ିஶ

                   

𝐹[𝑓(𝑎𝑥)] =
1

𝑎
𝐹 ቀ

𝑠

𝑎
ቁ         … … … … ….  (1)                                                         

Similarly if 𝑎 <  0 

𝐹[𝑓(𝑎𝑥)] =
1

−𝑎
𝐹 ቀ

𝑠

𝑎
ቁ         … … … ..  (2)                                                         

               From (1)  &  (2) 

𝐹[𝑓(𝑎𝑥)] =
1

|𝑎|
𝐹 ቀ

𝑠

𝑎
ቁ                                                              

9. State Convolution Theorem on Fourier Transform. 
   Solution: 
   The Fourier transform of the convolution of 𝑓(𝑥) and 𝑔(𝑥) is the  

    product of their Fourier transforms. 

 𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)] = 𝐹(𝑠)𝐺(𝑠) = 𝐹[𝑓(𝑥)]𝐹[𝑔(𝑥)] 

10. State and prove modulation Theorem on Fourier Transform.   
Solution: 

   Statement: 
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If F(s) is the Fourier transform of f(x), then   𝐹[𝑓(𝑥)𝑐𝑜𝑠 𝑎𝑥] =
ଵ

ଶ
[𝐹(𝑠 + 𝑎) + 𝐹(𝑠 − 𝑎)] 

Proof: 

We know that        𝐹[𝑓(𝑥)] =
ଵ

√ଶగ
∫ 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

∞

ିஶ
                                                                         

𝐹[𝑓(𝑥) cos 𝑎𝑥] =
1

√2𝜋
න 𝑓(𝑥) cos 𝑎𝑥 𝑒௜௦௫𝑑𝑥

∞

ିஶ

                                              

    =
1

√2𝜋
න 𝑓(𝑥) ቈ

𝑒௜௔௫ + 𝑒ି௜௔௫

2
቉ 𝑒௜௦௫𝑑𝑥

∞

ିஶ

       

𝐹[𝑓(𝑥) cos 𝑎𝑥] =
1

2

1

√2𝜋
න 𝑓(𝑥)ൣ𝑒௜(௦ା௔)௫ + 𝑒௜(௦ି௔)௫൧𝑑𝑥

∞

ିஶ

                                  

          =
1

2
[

1

√2𝜋
න 𝑓(𝑥)𝑒௜(௦ା௔)௫𝑑𝑥

∞

ିஶ

  +
1

√2𝜋
න 𝑓(𝑥)𝑒௜(௦ି௔)௫𝑑𝑥

∞

ିஶ

 

𝐹[𝑓(𝑥) cos 𝑎𝑥] =
1

2
[𝐹(𝑠 + 𝑎) + 𝐹(𝑠 − 𝑎)]                                       

11. Define self reciprocal with respect to Fourier Transforms.   
Solution: 
If 𝐹{𝑓(𝑥)}   is    f(𝑠) , then 𝑓(𝑥) is self reciprocal under Fourier 
transform. 

12. Define Fourier sine transform and its inversion formula. 
Solution: 

The infinite Fourier sine transforms of 𝑓(𝑥) is defined by  

𝐹௦[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) sin 𝑠𝑥 𝑑𝑥

ஶ

଴

                     

         The inverse Fourier sine transform is defined by 

𝑓(𝑥) = ඨ
2

𝜋
න 𝐹௦[𝑓(𝑥)] sin 𝑠𝑥 𝑑𝑠

ஶ

଴

           

13. Find the Fourier transform )(xf  defined by














bx

bxa

ax

xf

,0

,1

,0

)(  

    Solution: 

 We know that 𝐹[𝑓(𝑥)] =
ଵ

√ଶగ
∫ 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

∞

ିஶ
                

   =
1

√2𝜋
න 1. 𝑒௜௦௫𝑑𝑥

௕

௔

   

                                     

b

a

isx

is

e










2
1

 

                                       isaisb ee
is


2

1
 

14. Find the Fourier sine transform of
x

xf
1

)(  . 

Solution: 
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We know that 

𝐹௦[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) sin 𝑠𝑥 𝑑𝑥

∞

଴

                                                     

𝐹௦ ൤
1

𝑥
൨ = ඨ

2

𝜋
න

1

𝑥
sin 𝑠𝑥 𝑑𝑥

∞

଴

                                                               

   Let 𝑠𝑥 = 𝜃 

                                      𝑠 𝑑𝑥 = 𝑑𝜃 

   𝑥 → 0      ⇒ 𝜃 → 0                 

  𝑥 → ∞      ⇒ 𝜃 → ∞                 

𝐹௦ ൤
1

𝑥
൨ = ඨ

2

𝜋
න

𝑠

𝜃
sin 𝜃 

𝑑𝜃

𝑠

∞

଴

                                                     

𝐹௦ ൤
1

𝑥
൨ = ඨ

2

𝜋
න

sin 𝜃

𝜃

∞

଴

 𝑑𝜃                                                      

𝐹௦ ൤
1

𝑥
൨ = ඨ

2

𝜋
ቂ
𝜋

2
ቃ = ට

𝜋

2
                𝑠𝑖𝑛𝑐𝑒    න

sin 𝜃

𝜃

∞

଴

 𝑑𝜃  =   
𝜋

2
       

15. Find the Fourier transform of 0,   xe . 
Solution: 

Given 𝑓(𝑥) = 𝑒ି௔|௫| 

 

𝑓(𝑥) = ൜
𝑒𝜶௫ , 𝑖𝑓 − ∞ < 𝑥 < 0  

𝑒ି𝜶௫, 𝑖𝑓 0 < 𝑥 < ∞
                                 

W.K.T     𝐹[𝑓(𝑥)] =
ଵ

√ଶగ
∫ 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

ஶ

ିஶ
                                                    

 𝐹[𝑓(𝑥)] =
ଵ

√ଶగ
∫ 𝑒ି𝜶|௫|𝑒௜௦௫𝑑𝑥

∞

ି∞
                                               

=
1

√2𝜋
න 𝑒ି𝜶|௫|(𝑐𝑜𝑠𝑠𝑥 + 𝑖𝑠𝑖𝑛𝑠𝑥)𝑑𝑥

∞

ି∞

 

                                     =
2

√2𝜋
න 𝑒ି𝜶௫𝑐𝑜𝑠𝑠𝑥𝑑𝑥

∞

଴

 

                                      =
√ଶ√ଶ

√ଶ√గ
ቂ

𝜶

𝜶మା௦మቃ   

∵     ∫ 𝑒ି௔௫ cossx  𝑑𝑥 =
∞

଴

௔

௔మା௦మ     here 𝑎 =  𝜶 

                                 𝐹[𝑓(𝑥)] = ඨ
2

𝜋
ቂ

𝛼

𝛼ଶ + 𝑠ଶቃ                       

PART B 

16. Determine the Fourier transform of )(xf  if











1,0

1,1
)(

xif

xif
xf . 

Hence deduce that 










0

2

2

sin 
dt

t

t
. 

Solution: 
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We know that  

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫

∞

ି∞

𝑑𝑥                                    

𝐹[𝑓(𝑥)] =
1

√2𝜋
න 1 (cos 𝑠𝑥 + sin 𝑠𝑥)

ଵ

ିଵ

𝑑𝑥                                            

           sin 𝑠𝑥 is an odd function  
ଵ

√ଶగ
∫ sin 𝑠𝑥

ଵ

ିଵ
𝑑𝑥 = 0 

𝐹[𝑓(𝑥)] =
2

√2𝜋
න cos 𝑠𝑥

ଵ

଴

𝑑𝑥                                                  

=
2

√2𝜋
൤
sin 𝑠𝑥

𝑠
൨

଴

ଵ

                                   

  𝐹(𝑠) =
2

√2𝜋
൬

sin 𝑠

𝑠
൰             … … … … … … … … ….  (1)                                                

This is the required Fourier transforms. 

i) By inverse Fourier transform formula  

𝑓(𝑥) =
1

√2𝜋
න 𝐹(𝑠)𝑒ି௜௦௫

∞

ି∞

𝑑𝑠                                                

1 =
1

√2𝜋
න

2

√2𝜋
൬

sin 𝑠

𝑠
൰ (𝑐𝑜𝑠𝑠𝑥 − 𝑖𝑠𝑖𝑛𝑠𝑥)

∞

ି∞

𝑑𝑠                               

 

1 =
2

2𝜋
න ൬

sin 𝑠

𝑠
൰ (cos 𝑠𝑥 − 𝑖 sin 𝑠𝑥) 𝑑𝑠

∞

ି∞

      

Equating real part on both sides  

1 =
1

𝜋
න ൬

sin 𝑠

𝑠
൰ cos 𝑠𝑥  𝑑𝑠

∞

ି∞

                                        

1 =
2

𝜋
න ൬

sin 𝑠

𝑠
൰ cos 𝑠𝑥  𝑑𝑠

∞

଴

+ 0                                   

න ൬
sin 𝑠

𝑠
൰ cos 𝑠𝑥  𝑑𝑠

∞

଴

=
𝜋

2
                                         

            Putting x = 0, we get  

  ∫ ቀ
ୱ୧୬ ௦

௦
ቁ 𝑐𝑜𝑠0 𝑑𝑠

∞

଴
=

గ

ଶ
                                             

                                න ൬
sin 𝑠

𝑠
൰  𝑑𝑠

∞

଴

=
𝜋

2
                         𝑠𝑖𝑛𝑐𝑒 cos 0 = 1                            

න ൬
sin 𝑡

𝑡
൰ 𝑑𝑡

∞

଴

=
𝜋

2
                                                           

ii) By Parseval’s identity 
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න|𝐹(𝑠)|ଶ

∞

ି∞

𝑑𝑠   =    න|𝑓(𝑥)|ଶ

∞

ି∞

𝑑𝑥                               

          From (1) 

∴ න ൭
2

√2𝜋
൬

sin 𝑠

𝑠
൰൱

ଶ∞

ି∞

𝑑𝑠 = න 1𝑑𝑥

ଵ

ିଵ

                                        

4

2𝜋
න ൬

sin 𝑠

𝑠
൰

ଶ
∞

ି∞

𝑑𝑠 = [𝑥]ିଵ
ଵ = 2                               

2

𝜋
න ൬

sin 𝑠

𝑠
൰

ଶ
∞

ି∞

𝑑𝑠 = 2                                                                    

න ൬
sin 𝑠

𝑠
൰

ଶ
∞

ି∞

𝑑𝑠 = 2 ×
𝜋

2
= 𝜋 

2 න ൬
sin 𝑡

𝑡
൰

ଶ
∞

଴

𝑑𝑡  = 𝜋                                                                               

න ൬
sin 𝑡

𝑡
൰

ଶ
∞

଴

𝑑𝑡 =
𝜋

2
                

17. Construct the Fourier transform of











0,0

,
)(

22

axif

axifxa
xf .  

Hence deduce that 








 

0
3 4

cossin 
dt

t

ttt
 .Using Parseval’s  

identity, show that 








 

0

2

3 15

cossin 
dt

t

ttt
. 

Solution: 
The given function can be written as  

𝑓(𝑥) = ൜
𝑎ଶ − 𝑥ଶ, 𝑖𝑓 − 𝑎 < 𝑥 < 𝑎

0,        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                               

We know that 

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫

∞

ି∞

𝑑𝑥                                                          

            𝐹[𝑓(𝑥)] =
1

√2𝜋
න(𝑎ଶ − 𝑥ଶ)(cos 𝑠𝑥 + sin 𝑠𝑥)

௔

ି௔

𝑑𝑥                      

                                    𝐹[𝑓(𝑥)] =
2

√2𝜋
න(𝑎ଶ − 𝑥ଶ)(cos 𝑠𝑥)

௔

଴

𝑑𝑥 

Using Bernoulli formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢′𝑣ଶ + 𝑢′′ 𝑣ଷ − ⋯ 

Here    

𝑢 = 𝑎ଶ − 𝑥ଶ              𝑣 = cos 𝑠𝑥 

 𝑢′ = −2𝑥                     𝑣ଵ =
sin 𝑠𝑥

𝑠
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      𝑢′′ = −2                         𝑣ଶ =
−cos 𝑠𝑥

𝑠ଶ
 

                                                  𝑣ଷ = −
sin 𝑠𝑥

𝑠ଷ
 

𝐹[𝑓(𝑥)] =
2

√2𝜋
൤(𝑎ଶ − 𝑥ଶ) ൬

sin 𝑠𝑥

𝑠
൰ − (−2𝑥 ) ቀ

−cos 𝑠𝑥

𝑠ଶ ቁ + 2
sin 𝑠𝑥

𝑠ଷ ൨
଴

௔

 

𝐹[𝑓(𝑥)] =
2

√2𝜋
൤−

2𝑎𝑐𝑜𝑠 𝑎𝑠

𝑠ଶ
+

2 sin 𝑎𝑠

𝑠ଷ ൨ 

𝐹[𝑠] =
4

√2𝜋
൬

sin 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰          … … … … … … … ….  (1) 

i) By inverse Fourier transform  formula 

𝑓(𝑥) =
1

√2𝜋
න 𝐹(𝑠)𝑒ି௜௦௫

∞

ି∞

𝑑𝑠 

𝑎ଶ − 𝑥ଶ =
1

√2𝜋
න

4

√2𝜋
൬

sin 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰ 𝑒ି௜௦௫

∞

ି∞

𝑑𝑠             

 

𝑎ଶ − 𝑥ଶ =
4

2𝜋
න ൬

𝑠𝑖𝑛 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰ (cos 𝑠𝑥 − 𝑖 sin 𝑠𝑥) 𝑑𝑠

∞

ି∞

   

Equating real part on both sides 

 𝑎ଶ − 𝑥ଶ =
ଶ

గ
∫ ቀ

௦௜௡ ௔௦ି௔௦ ୡ୭ୱ ௔௦

௦య ቁ cos 𝑠𝑥 𝑑𝑠
∞

ି∞
 

2

𝜋
න ൬

𝑠𝑖𝑛 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰ cos 𝑠𝑥 𝑑𝑠

∞

ି∞

= 𝑎ଶ − 𝑥ଶ                                 

4

𝜋
න ൬

𝑠𝑖𝑛 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰ cos 𝑠𝑥 𝑑𝑠 =

∞

଴

𝑎ଶ − 𝑥ଶ 

  Let  𝑎 = 1 & 𝑥 = 0, we get 

න ൬
𝑠𝑖𝑛𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰ cos(0) 𝑑𝑠

∞

଴

=
𝜋

4
   (1 − 0)                                

න ൬
𝑠𝑖𝑛𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰ 𝑑𝑠

∞

଴

=
𝜋

4
                                 

Let 𝑠 = 𝑡  ⇒ 𝑑𝑠 = 𝑑𝑡 

න ൬
𝑠𝑖𝑛𝑡 − 𝑡 cos 𝑡

𝑡ଷ ൰ 𝑑𝑡

∞

଴

=
𝜋

4
                                                          

ii) By Parseval’s identity 
 

න|𝐹(𝑠)|ଶ

∞

ି∞

𝑑𝑠 =        න|𝑓(𝑥)|ଶ

∞

ି∞

𝑑𝑥                                                   

From (1) 
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∴ න ൮2ඨ
2

𝜋
൬

sin 𝑎𝑠 − 𝑎𝑠 cos 𝑎𝑠

𝑠ଷ ൰൲

ଶ
∞

ି∞

𝑑𝑠 = න(𝑎ଶ − 𝑥ଶ)ଶ𝑑𝑥

௔

ି௔

                

        ∫ ൬
ସ

√ଶగ
ቀ

ୱ୧୬ ௔௦ି௔௦ ୡ୭ୱ ௔

௦య ቁ൰
ଶ

∞

ି∞
𝑑𝑠 = ∫ (1 − 𝑥ଶ)ଶ𝑑𝑥

ଵ

ିଵ
                    

Put 𝑎 = 1 we get 

16

2𝜋
× 2 න ൬

sin 𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰
ଶ

∞

଴

𝑑𝑠 = 2 න(1 − 2𝑥ଶ + 𝑥ସ)𝑑𝑥

ଵ

଴

                  

16

𝜋
න ൬

sin 𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰
ଶ

∞

଴

𝑑𝑠 = 2 ቈ𝑥 −
2𝑥ଷ

3
+

𝑥ହ

5
቉

଴

ଵ

                       

 
16

𝜋
න ൬

sin 𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰
ଶ

∞

଴

𝑑𝑠 = 2 ൤൬1 −
2

3
+

1

5
൰ − (0 − 0 + 0)൨          

                              = 2 ൤
15 − 10 + 3

15
൨ =

16

15
 

න ൬
sin 𝑠 − 𝑠 cos 𝑠

𝑠ଷ ൰
ଶ

∞

଴

𝑑𝑠 =
16

15
ቀ

𝜋

16
ቁ =

𝜋

15
                                   

Let 𝑠 = 𝑡  ⇒   𝑑𝑠 = 𝑑𝑡 

න ൬
sin 𝑡 −  𝑡 cos 𝑡

𝑡ଷ ൰
ଶ

∞

଴

𝑑𝑡 =
𝜋

15
                                               

18. Find the Fourier transform of











1,0

1,1
)(

xif

xifx
xf  and  

hence find the value of 










0

4
sin

dt
t

t
. 

Solution: 
 
The given function can be written as  

𝑓(𝑥) = ൜
1 − |𝑥|, 𝑖𝑓 − 1 < 𝑥 < 1

0,        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                                              

We know that  

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫

∞

ି∞

𝑑𝑥                                 

𝐹[𝑓(𝑥)] =
1

√2𝜋
න(1 − |𝑥|)𝑒௜௦௫

ଵ

ିଵ

𝑑𝑥                                                  

  =
1

√2𝜋
න(1 − |𝑥|)(cos 𝑠𝑥 + 𝑖 sin 𝑠𝑥)

ଵ

ିଵ

𝑑𝑥        

                         =
1

√2𝜋
න(1 − |𝑥|) cos 𝑠𝑥

ଵ

ିଵ

𝑑𝑥 +
𝑖

√2𝜋
න(1 − |𝑥|) sin 𝑠𝑥

ଵ

ିଵ

𝑑𝑥 

=
1

√2𝜋
න(1 − |𝑥|) cos 𝑠𝑥

ଵ

ିଵ

𝑑𝑥 + 0                     



MA 8353-TRANSFORMS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

 

UNIT-IV FOURIER TRANSFORMS 

 

 

  III Semester   /  Page 

10 
 

  

                                                                                                                          
Since (1 − |𝑥|) sin 𝑠𝑥 is odd function 

=
2

√2𝜋
න(1 − 𝑥) cos 𝑠𝑥

ଵ

଴

𝑑𝑥                                   

Using Bernoulli formula ∫ 𝑢𝑣 𝑑𝑥 = 𝑢𝑣ଵ − 𝑢ᇱ𝑣ଶ + 𝑢′′ 𝑣ଷ − ⋯ 

Here    

𝑢 = 1 − 𝑥       𝑣 = cos 𝑠𝑥 

 𝑢′ = −1       𝑣ଵ    =
sin 𝑠𝑥

𝑠
 

                            𝑣ଶ =
−cos 𝑠𝑥

𝑠ଶ
 

   =
2

√2𝜋
൤(1 − 𝑥) ൬

sin 𝑠𝑥

𝑠
൰ − (−1) ቀ

− cos 𝑠𝑥

𝑠ଶ ቁ൨
଴

ଵ

   

=
2

√2𝜋
൤(1 − 𝑥) ൬

sin 𝑠𝑥

𝑠
൰ −

cos 𝑠𝑥

𝑠ଶ ൨
଴

ଵ

 

=
2

√2𝜋
൤ቀ0 −

cos 𝑠

𝑠ଶ ቁ − ൬0 −
1

𝑠ଶ൰൨                       

=
2

√2𝜋
൤−

cos 𝑠

𝑠ଶ +
1

𝑠ଶ൨                                          

 

                        𝐹[𝑠] =
2

√2𝜋
൤
1 − cos 𝑠

𝑠ଶ ൨      … … … … … … … … … … ….   (1)                 

 

𝐹[𝑠] =
2

√2𝜋
቎
2𝑠𝑖𝑛ଶ ቀ

𝑠
2ቁ

𝑠ଶ ቏           𝑠𝑖𝑛𝑐𝑒     1 − cos 𝑠 =    2𝑠𝑖𝑛ଶ ቀ
𝑠

2
ቁ                          

𝐹[𝑠] =
4

√2𝜋
቎
𝑠𝑖𝑛ଶ ቀ

𝑠
2ቁ

𝑠ଶ ቏ 

 This is the required Fourier Transforms 

i) By inverse Fourier transform formula , 

𝑓(𝑥) =
1

√2𝜋
න 𝐹(𝑠)𝑒ି௜௦௫

∞

ି∞

𝑑𝑠                                                

1 − |𝑥| =
1

√2𝜋
න

4

√2𝜋
቎
𝑠𝑖𝑛ଶ ቀ

𝑠
2ቁ

𝑠ଶ ቏ 𝑒ି௜௦௫

∞

ି∞

𝑑𝑠                           

1 − 𝑥 =
4

2𝜋
න

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ
(cos 𝑠𝑥 − 𝑖 sin 𝑠𝑥) 𝑑𝑠

∞

ି∞

            

Equating real part on both sides 

 

1 − 𝑥 =
2

𝜋
න ቌ

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ ቍ cos 𝑠𝑥

∞

ି∞

  𝑑𝑠          
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1 − 𝑥 =
2

𝜋
× 2 න ቌ

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ ቍ cos 𝑠𝑥  𝑑𝑠

∞

଴

                             

𝐿𝑒𝑡 𝑥 = 0 

1 =
4

𝜋
න ቌ

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ ቍ cos 𝑠(0)  𝑑𝑠

ஶ

଴

     1 =
4

𝜋
න ቌ

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ ቍ  𝑑𝑠

ஶ

଴

 

 

𝐿𝑒𝑡 
𝑠

2
= 𝑡 

𝑠 = 2𝑡 

𝑑𝑠 = 2𝑑𝑡 

1 =
4

𝜋
න ቆ

𝑠𝑖𝑛ଶ𝑡

4𝑡ଶ ቇ  2 𝑑𝑡

∞

଴

                                         

1 =
8

𝜋
න ቆ

𝑠𝑖𝑛ଶ𝑡

4𝑡ଶ ቇ  𝑑𝑡

∞

଴

                                          

2

𝜋
න ቆ

𝑠𝑖𝑛ଶ𝑡

𝑡ଶ ቇ  𝑑𝑡

∞

଴

= 1                                                         

න ቆ
𝑠𝑖𝑛ଶ𝑡

𝑡ଶ ቇ  𝑑𝑡

∞

଴

=
𝜋

2
                                                   

ii) By Parseval’s identity 

න|𝐹(𝑠)|ଶ

∞

ି∞

𝑑𝑠    =   න|𝑓(𝑥)|ଶ

∞

ି∞

𝑑𝑥                                  

From (1)                ∴ ∫ ቆ
ସ

√ଶగ
ቈ

௦௜௡మቀ
ೞ

మ
ቁ

௦మ ቉ቇ

ଶ
∞

ି∞
𝑑𝑠 = ∫ (1 −

ଵ

ିଵ

|𝑥|)ଶ𝑑𝑥                                    

16

2𝜋
× 2 න ቌ

𝑠𝑖𝑛ଶ ቀ
𝑠
2ቁ

𝑠ଶ ቍ

ଶஶ

଴

𝑑𝑠 = 2 න(1 − 𝑥)ଶ𝑑𝑥

ଵ

଴

                                        

             = 2 ቈ
−(1 − 𝑥)ଷ

3
቉

଴

ଵ

= −
2

3
[(1 − 𝑥)ଷ]଴

ଵ 

 

16

𝜋
න

𝑠𝑖𝑛ସ ቀ
𝑠
2ቁ

𝑠ସ

∞

ି∞

𝑑𝑠 = −
2

3
[0 − 1] =

2

3
                                       

න
𝑠𝑖𝑛ସ ቀ

𝑠
2ቁ

𝑠ସ

∞

଴

𝑑𝑠 =
2

3
   ×

𝜋

16
                                                         

න
𝑠𝑖𝑛ସ ቀ

𝑠
2ቁ

𝑠ସ

∞

଴

𝑑𝑠 =
𝜋

24
                                                             

      𝐿𝑒𝑡       
௦

ଶ
= 𝑡  
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              𝑠 = 2𝑡 

             𝑑𝑠 = 2𝑑𝑡 

න ቆ
𝑠𝑖𝑛ଶ𝑡

(2𝑡)ଶቇ

ଶ∞

଴

2 𝑑𝑡 =
𝜋

24
                                                            

1

8
න ቆ

𝑠𝑖𝑛ଶ𝑡

𝑡ଶ ቇ

ଶ∞

଴

 𝑑𝑡 =
𝜋

24
                                                            

න ቆ
𝑠𝑖𝑛ଶ𝑡

𝑡ଶ ቇ

ଶ∞

଴

 𝑑𝑡 =
𝜋

24
  × 8                                                            

න
𝑠𝑖𝑛ସ𝑡

𝑡ସ

∞

଴

𝑑𝑡 =
𝜋

3
                             

19. Show that 2/2xe  is self reciprocal with respect to  
Fourier transform. 
Solution: 

We know that  

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

∞

ି∞

                            

 =
1

√2𝜋
න 𝑒ି௔మ௫మ

𝑒௜௦௫𝑑𝑥

∞

ି∞

                  

        =
1

√2𝜋
න 𝑒ି(௔మ௫మି௜௦ )𝑑𝑥

∞

ି∞

 

=
1

√2𝜋
න 𝑒ିൣ(௔௫)మି௜௦௫൧𝑑𝑥

∞

ି∞

                   … (1) 

                      We know that 

                                                             (𝑎 − 𝑏)ଶ = 𝑎ଶ − 2𝑎𝑏 + 𝑏ଶ 

𝑎ଶ − 2𝑎𝑏 = (𝑎 − 𝑏)ଶ − 𝑏ଶ                                     

𝐻𝑒𝑟𝑒 𝑎 =  𝑎𝑥,          2𝑎𝑏 =  𝑖𝑠𝑥 

2(𝑎𝑥)𝑏 =  𝑖𝑠𝑥 

      2𝑎𝑏 =  𝑖𝑠 

   𝑏 =  𝑖𝑠/2𝑎 

(𝑎𝑥)ଶ − 𝑖𝑠𝑥 = ൬𝑎𝑥 −
𝑖𝑠

2𝑎
൰

ଶ

− ൬
𝑖𝑠

2𝑎
൰

ଶ

                             

= ൬𝑎𝑥 −
𝑖𝑠

2𝑎
൰

ଶ

+
𝑠ଶ

4𝑎ଶ
          

𝑒ି[(௔௫)మି௜௦௫] = 𝑒
ିቈቀ௔௫ି

௜௦
ଶ௔ቁ

మ

ା
௦మ

ସ௔మ቉
                                     

                        = 𝑒
ିቈቀ௔௫ି

௜௦
ଶ௔ቁ

మ

቉
𝑒

ି൤
௦మ

ସ௔మ൨
                                

  Substituting in equation (1) we get 
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𝐹(𝑠) =
1

√2𝜋
න 𝑒

ିቈቀ௔௫ି
௜௦
ଶ௔ቁ

మ

቉
𝑒

ି൤
௦మ

ସ௔మ൨
𝑑𝑥

∞

ି∞

                        

𝐹(𝑠) =
𝑒

ି൤
௦మ

ସ௔మ൨

√2𝜋
න 𝑒

ିቈቀ௔௫ି
௜௦
ଶ௔ቁ

మ

቉
𝑑𝑥

∞

ି∞

        … (2)              

                            Put 𝑎𝑥 −
௜௦

ଶ௔
= 𝑢 

                                     𝑎 𝑑𝑥 = 𝑑𝑢 

    𝑥 → −∞      ⇒ 𝑢 → −∞        

  𝑥 → ∞      ⇒ 𝑢 → ∞                             

𝐹(𝑠) =
𝑒

ି൤
௦మ

ସ௔మ൨

√2𝜋
න 𝑒ି௨మ 1

𝑎
 𝑑𝑢

∞

ି∞

                                                    

𝐹(𝑠) =
𝑒

ି൤
௦మ

ସ௔మ൨

𝑎√2𝜋
න 𝑒ି௨మ

 𝑑𝑢

∞

ି∞

         … (3)                               

              =
𝑒

ି൤
௦మ

ସ௔మ൨

𝑎√2𝜋
√𝜋                                                  

                                     𝐹(𝑠) =
𝑒

ି൤
௦మ

ସ௔మ൨

𝑎√2
                                                                                   

                                        𝐹ൣ𝑒ି௔మ௫మ
൧ =

1

𝑎√2
𝑒

ି
௦మ

ସ௔మ                                                    

                        Put 𝑎 =
ଵ

√ଶ
 we get 

𝐹ൣ𝑒ି௫మ/ଶ൧ =
1

൬
1

√2
൰ √2

𝑒
ି

௦మ

ସቀ
ଵ
ଶቁ = 𝑒ି௦మ/ଶ                          

𝐹ൣ𝑒ି௫మ/ଶ൧ = 𝑒ି௦మ/ଶ                      
20. State and prove Convolution Theorem on Fourier Transform. 

Solution: 
Statement: 

The Fourier transform of the convolution of f(x) and g(x) is the 
product of their Fourier transforms. 

𝑭[𝒇(𝒙) ∗ 𝒈(𝒙)] = 𝑭(𝒔)𝑮(𝒔) = 𝑭[𝒇(𝒙)]𝑭[𝒈(𝒙)] 

          Proof: 

                    We know that  

𝐹(𝑠) = 𝐹[𝑓(𝑥)] =
1

√2𝜋
න 𝑓(𝑥)𝑒௜௦௫𝑑𝑥

∞

ି∞

                            

𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)] =
1

√2𝜋
න[𝑓(𝑥) ∗ 𝑔(𝑥)]𝑒௜௦௫𝑑𝑥

∞

ି∞

               

            𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)]   =
1

√2𝜋
න ൥

1

√2𝜋
න 𝑓(𝑡)𝑔(𝑥 − 𝑡)𝑑𝑡

∞

ି∞

൩ 𝑒௜௦௫𝑑𝑥

∞

ି∞
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              𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)] = ൬
1

√2𝜋
൰ ൬

1

√2𝜋
൰ න න 𝑓(𝑡)𝑔(𝑥 − 𝑡)𝑒௜௦௫𝑑𝑡 𝑑𝑥

∞

ି∞

∞

ି∞

 

                                        = ൬
1

√2𝜋
൰ ൬

1

√2𝜋
൰ න න 𝑓(𝑡)𝑔(𝑥 − 𝑡)𝑒௜௦௫𝑑𝑥 𝑑𝑡

∞

ି∞

∞

ି∞

 

                                    =
1

√2𝜋
න 𝑓(𝑡)

∞

ି∞

൥
1

√2𝜋
න 𝑔(𝑥 − 𝑡)

∞

ି∞

𝑒௜௦௫𝑑𝑥൩ 𝑑𝑡 

        =
1

√2𝜋
න 𝑓(𝑡)

∞

ି∞

𝐹[𝑔(𝑥 − 𝑡)]𝑑𝑡 

        =
1

√2𝜋
න 𝑓(𝑡)

∞

ି∞

𝑒௜௦௧𝐺(𝑠)𝑑𝑡       

                                                                ൣ∵ 𝐹[𝑓(𝑥 − 𝑎)] = 𝑒ି௜௔௦𝐹(𝑠)൧ 

   = 𝐺(𝑠) ൥
1

√2𝜋
න 𝑓(𝑡)𝑒௜௦௧𝑑𝑡

∞

ି∞

൩ 

𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)] = 𝐺(𝑠)𝐹(𝑠) = 𝐹(𝑠)𝐺(𝑠) 
21. State and prove Parseval’s identity on transforms. 

Solution: 
Statement: 

If F(s) is the Fourier transform of f(x) then   ∫ |𝑓(𝑥)|ଶ𝑑𝑥 =
∞

ି∞

∫ |𝐹(𝑠)|ଶ𝑑𝑠
∞

ି∞
 

           Proof: 

                     By the Convolution theorem 

                            𝐹[𝑓(𝑥) ∗ 𝑔(𝑥)] = 𝐹(𝑠). 𝐺(𝑠) 

𝑓(𝑥) ∗ 𝑔(𝑥) = 𝐹ିଵ[𝐹(𝑠). 𝐺(𝑠)]                                

1

√2𝜋
න 𝑓(𝑡) 𝑔(𝑥 − 𝑡)𝑑𝑡

∞

ି∞

=
1

√2𝜋
න 𝐹(𝑠) 𝐺(𝑠)

∞

ି∞

𝑒ି௜௦ 𝑑𝑠 

                Put x = 0 and 𝑔(−𝑡) = 𝑓(𝑡)തതതതതത there it follows that 𝐺(𝑠) = 𝐹(𝑠)തതതതതത 

න 𝑓(𝑡)𝑓(𝑡)തതതതതത 𝑑𝑡

∞

ି∞

= න 𝐹(𝑠)𝐹(𝑠)തതതതതത

∞

ି∞

𝑑𝑠                          

න|𝑓(𝑡)|ଶ𝑑𝑡 = න|𝐹(𝑠)|ଶ𝑑𝑠

∞

ି∞

∞

ି∞

                                      

Put 𝑡 = 𝑥  ⇒ 𝑑𝑡 = 𝑑𝑥 

න|𝑓(𝑥)|ଶ𝑑𝑥 = න|𝐹(𝑠)|ଶ𝑑𝑠

∞

ି∞

∞

ି∞

 

22. Find the Fourier cosine transform of 
22xae  for any 0a  and 

hence prove that 2/2xe  is self reciprocal under Fourier cosine 
transform. 
Solution: 

We know that  
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𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                        

 𝐹௖ൣ𝑒ି௔మ௫మ
൧ = ඨ

2

𝜋
න 𝑒ି௔మ௫మ

cos 𝑠𝑥 𝑑𝑥

∞

଴

                                    

𝐹௖ൣ𝑒ି௔మ௫మ
൧ =

1

2
ඨ

2

𝜋
න 𝑒ି௔మ௫మ

cos 𝑠𝑥 𝑑𝑥

∞

ି∞

                             

=
1

2
ඨ

2

𝜋
 𝑅. 𝑃 න 𝑒ି௔మ௫మ

𝑒௜௦௫𝑑𝑥

∞

ି∞

      

𝐹௖ൣ𝑒ି௔మ௫మ
൧ =

1

√2𝜋
𝑅. 𝑃 න 𝑒ି௔మ௫మ

𝑒௜௦௫𝑑𝑥

∞

ି∞

                       

 

=
1

√2𝜋
𝑅. 𝑃 න 𝑒ି௔మ௫మା௜௦௫𝑑𝑥

∞

ି∞

         

 

         =
1

√2𝜋
𝑅. 𝑃 න 𝑒ି(௔మ௫మି௜௦௫)𝑑𝑥

∞

ି∞

            … (1) 

                      We know that 

                                                            (𝑎 − 𝑏)ଶ = 𝑎ଶ − 2𝑎𝑏 + 𝑏ଶ 

𝑎ଶ − 2𝑎𝑏 = (𝑎 − 𝑏)ଶ − 𝑏ଶ                                     

𝐻𝑒𝑟𝑒 𝑎 =  𝑎𝑥,                  2𝑎𝑏 =  𝑖𝑠𝑥 

2(𝑎𝑥)𝑏 =  𝑖𝑠𝑥 

      2𝑎𝑏 =  𝑖𝑠 

   𝑏 =  𝑖𝑠/2𝑎 

(𝑎𝑥)ଶ − 𝑖𝑠𝑥 = ൬𝑎𝑥 −
𝑖𝑠

2𝑎
൰

ଶ

− ൬
𝑖𝑠

2𝑎
൰

ଶ

                             

= ൬𝑎𝑥 −
𝑖𝑠

2𝑎
൰

ଶ

+
𝑠ଶ

4𝑎ଶ
          

𝑒ି[(௔௫)మି௜௦௫] = 𝑒
ିቈቀ௔௫

௜௦
ଶ௔ቁ

మ

ା
௦మ

ସ௔మ቉
                                     

 

                        = 𝑒
ିቈቀ௔௫ି

௜௦
ଶ௔ቁ

మ

቉
𝑒

ି൤
௦మ

ସ௔మ൨
                                

  Substituting in equation (1) we get 

𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

1

√2𝜋
𝑅. 𝑃 න 𝑒

ିቈቀ௔௫ି
௜௦
ଶ௔ቁ

మ

቉
𝑒

ି൤
௦మ

ସ௔మ൨
𝑑𝑥

∞

ି∞

                        

𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

𝑒
ି൤

௦మ

ସ௔మ൨

√2𝜋
𝑅. 𝑃 න 𝑒

ିቈቀ௔௫ି
௜௦
ଶ௔ቁ

మ

቉
𝑑𝑥

∞

ି∞

        … (2)              

                            Put 𝑎𝑥 −
௜௦

ଶ௔
= 𝑢 
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                                     𝑎 𝑑𝑥 = 𝑑𝑢 

                        𝑥 → −∞      ⇒ 𝑢 → −∞         𝑥 → ∞      ⇒ 𝑢 → ∞                             

𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

𝑒
ି൤

௦మ

ସ௔మ൨

√2𝜋
𝑅. 𝑃 න 𝑒ି௨మ 1

𝑎
 𝑑𝑢

∞

ି∞

                                                    

𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

𝑒
ି൤

௦మ

ସ௔మ൨

𝑎√2𝜋
𝑅. 𝑃 න 𝑒ି௨మ

 𝑑𝑢

∞

ି∞

         … (3)                               

              =
𝑒

ି൤
௦మ

ସ௔మ൨

𝑎√2𝜋
√𝜋                                                  

              𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

𝑒
ି൤

௦మ

ସ௔మ൨

𝑎√2
                                                                                   

                 𝐹௖ ቂ𝒆ି𝒂𝟐𝒙𝟐
ቃ =

1

𝑎√2
𝑒

ି
௦మ

ସ௔మ                                                   

                        Put 𝑎 =
ଵ

√ଶ
 we get 

𝐹௖ൣ𝑒ି௫మ/ଶ൧ =
1

൬
1

√2
൰ √2

𝑒
ି

௦మ

ସቀ
ଵ
ଶ

ቁ
= 𝑒ି௦మ/ଶ                          

𝐹௖ൣ𝑒ି௫మ/ଶ൧ = 𝑒ି௦మ/ଶ                                                         

  Hence 𝑓(𝑥) = 𝑒ି௫మ/ଶ is self reciprocal with respect to 
Fourier Cosine transform. 

23. Find the Fourier cosine and sine transform of 0,)(   aexf ax  
and hence deduce the inversion formula. 
Solution: 

We know that 

𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                                     

𝐹௖[𝑒ି௔ ] = ඨ
2

𝜋
න 𝑒ି௔௫ cos 𝑠𝑥 𝑑𝑥

∞

଴

                                                   

 

𝐹௖[𝑒ି௔ ] = ඨ
2

𝜋
ቂ

𝑎

𝑎ଶ + 𝑠ଶቃ                                                                 

          Applying the inverse formula, we have 

𝑓(𝑥) = ඨ
2

𝜋
න 𝐹௖[𝑒ି௔௫]

∞

଴

cos 𝑠𝑥 𝑑𝑠                                                  

𝑓(𝑥) = ඨ
2

𝜋
න ඨ

2

𝜋
ቂ

𝑎

𝑎ଶ + 𝑠ଶቃ

∞

଴

cos 𝑠𝑥 𝑑𝑠                                       
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𝑓(𝑥) =
2𝑎

𝜋
න

cos 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠                                                        

න
cos 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠 =
𝜋

2𝑎
𝑓(𝑥)                                                             

න
cos 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠 =
𝜋

2𝑎
 𝑒ି௔௫ , 𝑎 > 0                                                 

             Put 𝑠 =  𝑥 and 𝑥 = 𝑚 

න
cos 𝑚𝑥

𝑎ଶ + 𝑥ଶ

∞

଴

𝑑𝑥 =
𝜋

2𝑎
 𝑒ି௔௠ , 𝑎 > 0                                                 

We know that 

𝐹௦[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) sin 𝑠𝑥 𝑑𝑥

∞

଴

                                                     

𝐹௦[𝑒ି௔ ] = ඨ
2

𝜋
න 𝑒ି௔௫ sin 𝑠𝑥 𝑑𝑥

∞

଴

                                                     

𝐹௦[𝑒ି௔௫] = ඨ
2

𝜋
ቂ

𝑠

𝑎ଶ + 𝑠ଶቃ                                                                 

          Applying the inverse formula, we have 

𝑓(𝑥) = ඨ
2

𝜋
න 𝐹௦[𝑒ି௔௫]

∞

଴

sin 𝑠𝑥 𝑑𝑠                                                  

𝑓(𝑥) = ඨ
2

𝜋
න ඨ

2

𝜋
ቂ

𝑠

𝑎ଶ + 𝑠ଶቃ

∞

଴

sin 𝑠𝑥 𝑑𝑠                                       

=
2

𝜋
න

𝑠 sin 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠                                                      

න
𝑠 sin 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠 =
𝜋

2
𝑓(𝑥)                                                             

 

න
s sin 𝑠𝑥

𝑎ଶ + 𝑠ଶ

∞

଴

𝑑𝑠 =
𝜋

2
 𝑒ି௔௫ , 𝑎 > 0                                              

       𝑃𝑢𝑡 𝑠 =  𝑥  ⇒ 𝑑𝑠 = 𝑑𝑥 𝑎𝑛𝑑 𝑥 =  𝑚 

න
x sin 𝑚𝑥

𝑎ଶ + 𝑥ଶ

∞

଴

𝑑𝑥 =
𝜋

2
 𝑒ି௔௠ , 𝑎 > 0           

24. Evaluate 


0
2222 ))(( bxax

dx
 using Fourier cosine transform of

axe and bxe . 
Solution: 

     Let 𝑓(𝑥) = 𝑒ି௔௫ 
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  W.K.T     𝐹௖[𝑓(𝑥)] = ට
ଶ

గ
∫ 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴
                                        

     𝐹௖[𝑒ି௔௫] = ට
ଶ

గ
∫ 𝑒ି௔௫ cos 𝑠𝑥 𝑑𝑥

∞

଴
                                        

𝐹௖[𝑓(𝑥)] = 𝐹௖[𝑒ି௔௫] = ඨ
2

𝜋
ቂ

𝑎

𝑠ଶ + 𝑎ଶቃ                                

Let 𝑔(𝑥) = 𝑒ି௕௫ 

 We know that      

𝐹௖[𝑔(𝑥)] = ඨ
2

𝜋
න 𝑔(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                        

       𝐹௖[𝑒ି௕௫] = ට
ଶ

గ
∫ 𝑒ି௕௫ cos 𝑠𝑥 𝑑𝑥

∞

଴
                                          

  

𝐹௖[𝑔(𝑥)] = 𝐹௖[𝑒ି௕௫] = ඨ
2

𝜋
൤

𝑏

𝑠ଶ + 𝑏ଶ൨                                   

By formula  

න 𝐹௖[𝑓(𝑥)] 𝐹௖[𝑔(𝑥)]

∞

଴

 𝑑𝑠  = න 𝑓(𝑥)𝑔(𝑥)𝑑𝑥

∞

଴

=                      

 න ඨ
2

𝜋
ቂ

𝑎

𝑠ଶ + 𝑎ଶቃ ඨ
2

𝜋
൤

𝑏

𝑠ଶ + 𝑏ଶ൨

∞

଴

 𝑑𝑠 = න 𝑒ି௔௫𝑒ି௕௫𝑑𝑥

∞

଴

       

2𝑎𝑏

𝜋
න

1

(𝑠ଶ + 𝑎ଶ)(𝑠ଶ + 𝑏ଶ)

∞

଴

𝑑𝑠    = න 𝑒ି(௔ା௕)௫𝑑𝑥

∞

଴

                 

2𝑎𝑏

𝜋
න

1

(𝑠ଶ + 𝑎ଶ)(𝑠ଶ + 𝑏ଶ)

∞

଴

𝑑𝑠 = ቈ
𝑒ି(௔ା௕)௫

−(𝑎 + 𝑏)
቉

଴

∞

                    

2𝑎𝑏

𝜋
න

1

(𝑠ଶ + 𝑎ଶ)(𝑠ଶ + 𝑏ଶ)

∞

଴

𝑑𝑠 = ൤0 − ൬
1

−(𝑎 + 𝑏)
൰൨              

 

2𝑎𝑏

𝜋
න

1

(𝑠ଶ + 𝑎ଶ)(𝑠ଶ + 𝑏ଶ)

∞

଴

𝑑𝑠 =
1

𝑎 + 𝑏
                                       

න
1

(𝑠ଶ + 𝑎ଶ)(𝑠ଶ + 𝑏ଶ)

∞

଴

𝑑𝑠 =
𝜋

2𝑎𝑏(𝑎 + 𝑏)
                                

𝑝𝑢𝑡 𝑠 = 𝑥 ⇒ 𝑑𝑠 = 𝑑𝑥 

න
1

(𝑥ଶ + 𝑎ଶ)(𝑥ଶ + 𝑏ଶ)

∞

଴

𝑑𝑥 =
𝜋

2𝑎𝑏(𝑎 + 𝑏)
                                

25. Evaluate 


0
222 )( ax

dx
  using Parseval’s identity.      

 Solution: 
Let      𝑓(𝑥) = 𝑒ି௔௫ 

We know that  
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𝐹௖[𝑓(𝑥)] = ඨ
2

𝜋
න 𝑓(𝑥) cos 𝑠𝑥 𝑑𝑥

∞

଴

                                        

   𝐹௖[𝑒ି௔ ] = ට
ଶ

గ
∫ 𝑒ି௔௫ cos 𝑠𝑥 𝑑𝑥

∞

଴
 

𝐹௖[𝑓(𝑥)] = 𝐹௖[𝑒ି௔௫] = ඨ
2

𝜋
ቂ

𝑎

𝑠ଶ + 𝑎ଶቃ                                   

      By Parseval’s identity 

න|𝐹௖[𝑓(𝑥)]|ଶ

∞

଴

𝑑𝑠       =  න|𝑓(𝑥)|ଶ

∞

଴

𝑑𝑥                         

න ൦ඨ
2

𝜋
ቂ

𝑎

𝑠ଶ + 𝑎ଶቃ൪

ଶ
∞

଴

𝑑𝑠 = න(𝑒ି௔௫)ଶ

∞

଴

𝑑𝑥                           

2

𝜋
න

𝑎ଶ

(𝑠ଶ + 𝑎ଶ)ଶ

ஶ

଴

𝑑𝑠 = න 𝑒ିଶ௔௫

ஶ

଴

𝑑𝑥                                     

                               
2𝑎ଶ

𝜋
න

1

(𝑠ଶ + 𝑎ଶ)ଶ

ஶ

଴

𝑑𝑠 = ቈ
𝑒ିଶ௔௫

−2𝑎
቉

଴

ஶ

 

          = 0 − ൬
1

−2𝑎
൰      =

1

2𝑎
         

       𝑃𝑢𝑡 𝑠 =  𝑥  ⇒ 𝑑𝑠 = 𝑑𝑥 

න
1

(𝑥ଶ + 𝑎ଶ)ଶ

∞

଴

𝑑𝑠 =
𝜋

4𝑎ଷ
                    

26. Find the Fourier Integral representation of )(xf  defined as 


















 0

0
2

1

00

)(

xfore

xfor

xfor

xf

x

    

Solution: 
      We know that the Fourier integral of 𝑓(𝑥) is 

𝑓(𝑥) =
ଵ

గ
∫ ∫ 𝑓(𝑡)𝑐𝑜𝑠𝜆(𝑡 − 𝑥)𝑑𝑥𝑑𝜆

∞

ି∞

∞

଴
…….(1) 

Here 𝑓(𝑡) = ൞

0      𝑓𝑜𝑟   𝑡 < 0  𝑖𝑒. −∞ < 𝑡 < 0
ଵ

ଶ
        𝑓𝑜𝑟    𝑡 = 0  𝑖𝑒.           𝑡 = 0

𝑒ି௧      𝑓𝑜𝑟   𝑡 > 0  𝑖𝑒.    0 < 𝑡 < ∞

 

𝑓(𝑥) =
1

𝜋
න න 𝑒ି௧𝑐𝑜𝑠𝜆(𝑡 − 𝑥)𝑑𝑡𝑑𝜆

∞

଴

∞

଴

 

𝑓(𝑥) =
1

𝜋
න න 𝑒ି௧𝑐𝑜𝑠(𝜆𝑡 − 𝜆𝑥)𝑑𝑡𝑑𝜆

∞

଴

∞

଴

 

=
1

𝜋
න න 𝑒ି௧(𝑐𝑜𝑠𝜆𝑡 𝑐𝑜𝑠𝜆𝑥 + 𝑠𝑖𝑛𝜆𝑡 𝑠𝑖𝑛𝜆𝑥)𝑑𝑡𝑑𝜆

∞

଴

∞

଴
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=
1

𝜋
න න[𝑒ି௧𝑐𝑜𝑠𝜆𝑡 𝑐𝑜𝑠𝜆𝑥 + 𝑒ି௧𝑠𝑖𝑛𝜆𝑡 𝑠𝑖𝑛𝜆𝑥]𝑑𝑡𝑑𝜆

∞

଴

∞

଴

 

=
1

𝜋
൥න 𝑐𝑜𝑠𝜆𝑥

∞

଴

න 𝑒ି௧ 𝑐𝑜𝑠𝜆𝑡 𝑑𝑡 + න 𝑠𝑖𝑛𝜆𝑥

∞

଴

න 𝑒ି௧ 𝑠𝑖𝑛𝜆𝑡 𝑑𝑡
∞

଴

∞

଴

൩ 𝑑𝜆 

∵ න 𝑒ି௔௧

∞

଴

𝑐𝑜𝑠 𝑏𝑡 =
𝑎

𝑎ଶ + 𝑏ଶ
    &  න 𝑒ି௔௧

∞

଴

𝑠𝑖𝑛 𝑏𝑡 =
𝑏

𝑎ଶ + 𝑏ଶ
 

=
1

𝜋
൦න 𝑐𝑜𝑠𝜆𝑥 ൤

1

1 + 𝜆ଶ൨

∞

଴

+ 𝑠𝑖𝑛𝜆𝑥 ൤
𝜆

1 + 𝜆ଶ൨൪ 𝑑𝜆 

=
1

𝜋
൦න ൤

𝑐𝑜𝑠𝜆𝑥

1 + 𝜆ଶ൨

∞

଴

+ ൤
𝜆𝑠𝑖𝑛𝜆𝑥

1 + 𝜆ଶ ൨൪ 𝑑𝜆 

=
1

𝜋
൥න

𝑐𝑜𝑠𝜆𝑥 + 𝜆𝑠𝑖𝑛𝜆𝑥

1 + 𝜆ଶ

∞

଴

൩ 𝑑𝜆 

⇒ 𝑓(𝑥) =
1

𝜋
൥න

𝑐𝑜𝑠𝜆𝑥 + 𝜆𝑠𝑖𝑛𝜆𝑥

1 + 𝜆ଶ

∞

଴

൩ 𝑑𝜆 

           ⇒ න
𝑐𝑜𝑠𝜆𝑥 + 𝜆𝑠𝑖𝑛𝜆𝑥

1 + 𝜆ଶ

∞

଴

𝑑𝜆 = 𝜋𝑓(𝑥) 

27. Find the Fourier sine transform of













20

212

10

)(

xin

xinx

xinx

xf     

Solution: 
We know that the Fourier sine transform of𝑓(𝑥) is 

           𝐹௦[𝑓(𝑥)] = ට
ଶ

గ
∫ 𝑓(𝑥) 𝑠𝑖𝑛 𝑠𝑥𝑑𝑥

∞

଴
 

            𝐹௦[𝑓(𝑥)] = ට
ଶ

గ
ቂ∫ 𝑓(𝑥) sin 𝑠𝑥𝑑𝑥

ଵ

଴
+ ∫ 𝑓(𝑥) sin 𝑠𝑥𝑑𝑥 + ∫ 𝑓(𝑥) sin 𝑠𝑥𝑑𝑥

∞

ଶ

ଶ

ଵ
ቃ 

 𝐹௦[𝑓(𝑥)] = ට
ଶ

గ
ቂ∫ 𝑥 sin 𝑠𝑥𝑑𝑥

ଵ

଴
+ ∫ (2 − 𝑥) sin 𝑠𝑥𝑑𝑥 + 0

ଶ

ଵ
ቃ 

               = ට
ଶ

గ
൤ቂ𝑥 ቀ

ି௖௢௦௦

௦
ቁ − 1 ቀ

ି௦௜௡௦௫

௦మ ቁቃ
଴

ଵ
+ ቂ(2 − 𝑥) ቀ

ି௖௢௦௦௫

௦
ቁ − (−1) ቀ

ି௦௜௡௦௫

௦మ ቁቃ
ଵ

ଶ

൨ 

               = ට
ଶ

గ
൤ቂ

ି௫௖௢௦௦௫

௦
+

ି௦௜௡௦௫

௦మ ቃ
଴

ଵ
+ ቂ−(2 − 𝑥) ቀ

௖௢௦௦௫

௦
ቁ − ቀ

௦௜௡௦௫

௦మ ቁቃ
ଵ

ଶ

൨ 

             = ට
ଶ

గ
൤ቂ

ି௖௢௦௦

௦
+

ି௦௜௡

௦మ − (−0 + 0)ቃ + ቂ−0 −
௦௜௡ଶ௦

௦మ − ቀ
ି௖௢

௦
ቁ − ቀ

௦௜௡௦

௦మ ቁቃ൨ 

             = ට
ଶ

గ
൤ቂ

—௖௢௦௦

௦
+

௦௜௡ ௦

௦
−

௦௜௡ଶ௦

௦మ +
௖௢௦ ௦

௦
+

௦௜௡ ௦

௦మ ቃ൨ 

            = ට
ଶ

గ
ቂ

ଶ ௦௜௡ ௦ି௦௜௡ ଶ

௦మ ቃ 

           = ට
ଶ

గ
ቂ

ଶ ௦௜௡ ௦ିଶ௦௜௡ ௦ ௖௢௦

௦మ ቃ 



MA 8353-TRANSFORMS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

 

UNIT-IV FOURIER TRANSFORMS 

 

 

  III Semester   /  Page 

21 
 

  

           = ට
ଶ

గ
2 𝑠𝑖𝑛 𝑠 ቂ

ଵି௖௢௦

௦మ ቃ 

28. Solve for )(xf  from the  equation















.2,0

21,2

10,1

sin)(
0 s

s

s

dxsxxf  

Solution: 
From given  

න 𝑓(𝑥) sin 𝑠𝑥 

∞

଴

𝑑𝑥 = ൝
1, 0 ≤ 𝑠 < 1
2,        1 ≤ 𝑠 < 2
0,                𝑠 ≥ 2

 

Now multiply ට
ଶ

గ
    on both sides  

ඨ
2

𝜋
න 𝑓(𝑥) sin 𝑠𝑥 

∞

଴

𝑑𝑥 =

⎩
⎪⎪
⎨

⎪⎪
⎧

ඨ
2

𝜋
, 0 ≤ 𝑠 < 1

2ඨ
2

𝜋
,        1 ≤ 𝑠 < 2

0          𝑠 ≥ 2

 

 Since by Fourier sine integral  &  inverse Fourier sine transform 

𝐹௦[𝑆] = ඨ
2

𝜋
න 𝑓(𝑥) sin 𝑠𝑥 

∞

଴

𝑑𝑥            &            𝑓(𝑥) = ඨ
2

𝜋
න 𝐹௦[𝑆] sin 𝑠𝑥 

∞

଴

𝑑𝑠             

∴ 𝑓(𝑥) = ඨ
2

𝜋
቎න ඨ

2

𝜋
sin 𝑠𝑥 

ଵ

଴

𝑑𝑠     +   න 2ඨ
2

𝜋
sin 𝑠𝑥 

ଶ

ଵ

𝑑𝑠     +  0  ቏  

                  = ඨ
2

𝜋
× ඨ

2

𝜋
቎න sin 𝑠𝑥 

ଵ

଴

𝑑𝑠     +   න 2 sin 𝑠𝑥 

ଶ

ଵ

𝑑𝑠       ቏ 

                 =
2

𝜋
൬ቂ−

cos 𝑠𝑥

𝑥
ቃ

଴

ଵ

+ 2 ቂ−
cos 𝑠𝑥

𝑥
ቃ

ଵ

ଶ

൰ 

                 =
2

𝜋
൤൬−

cos 𝑥

𝑥
+

cos 0

𝑥
൰ + 2 ൬−

cos 2𝑥

𝑥
+

cos 𝑥

𝑥
൰൨ 

                 =
2

𝜋
൤−

cos 𝑥

𝑥
+

1

𝑥
−

2 cos 2𝑥

𝑥
+

2cos 𝑥

𝑥
൨ 

                ∴ 𝑓(𝑥)  =
ଶ

గ
ቂ

ଵ

௫
+

ୡ୭ୱ ௫

௫
−

ଶ ୡ୭ୱ ଶ௫

௫
ቃ  
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UNIT-V 

PART A   

1. Find  ,)(nfZ  where nnf )(  for ,..2,1,0n  
Solution: 

W.K.T ,  Z- transform formula is 

Z  { x(n)} = ෍ 𝑥(𝑛)

∞

௡ୀ଴

zିⁿ                                       

𝑍 [𝑛] =  ෍ 𝑛

∞

௡ୀ଴

𝑧ିⁿ           = ෍
𝑛

𝑧௡

∞

௡ୀ଴

                                

𝑍 [𝑛] =  0 +
1

𝑧
+

2

𝑧ଶ
+

3

𝑧ଷ
+ ⋯                

  =
1

𝑧
[1 + 2 ൬

1

𝑧
൰ + 3 ൬

1

𝑧
൰ ² + ⋯ ] 

=
ଵ

௭
൤ቀ1 −

ଵ

௭
ቁ

ିଶ

൨            [ ∵   (1 − 𝑥)⁻²   =  1 + 2𝑥 + 3𝑥² + ⋯                  

            =
1

𝑧
ቈ൬

𝑧 − 1

𝑧
൰

ିଶ

቉      

𝑍 [𝑛] =
1

𝑧
 ቂ

𝑧

𝑧 − 1
ቃ

ଶ

=
1

𝑧
ቈ

𝑧ଶ

(𝑧 − 1)ଶ቉                                 

                  

𝑍 [𝑛] =
𝑧

(𝑧 − 1)ଶ
          

2. State initial and final value theorem in Z  transforms.  
Solution: 

    Initial value theorem:  

 𝐼𝑓 𝑍[𝑓௡]  =  𝐹(𝑧), 𝑡ℎ𝑒𝑛  𝑓(0)  =  𝑙𝑖𝑚
௭→∞

𝐹(𝑧) 

     Final value theorem: 

            I𝑓 𝑍[𝑓௡] = 𝐹(𝑧), 𝑡ℎ𝑒𝑛 𝑙𝑖𝑚
௡→∞

𝑓௡  =  𝑙𝑖𝑚
௭→ଵ

(𝑧 − 1)𝐹(𝑧) 

3. Find the  Z-transform of      

Solution: 
   We know that 𝑍  { 𝑥(𝑛)} =  ∑ 𝑥(𝑛)ஶ

௡ୀ଴   𝑧ିⁿ                                                             

 𝑍 ቂ
௔೙

௡!
ቃ   =  ∑

௔೙

௡!
∞
௡ୀ଴  𝑧ିⁿ                                                              

    𝑍 ቂ
௔೙

௡!
ቃ =  ∑

௔೙

௡!
∞
௡ୀ଴  ቂ

ଵ

௭
ቃ

௡
     

 =  ෍
ቂ
𝑎
𝑧ቃ

௡

𝑛!

∞

௡ୀ଴

                                          

             = 1 +
ቂ

ೌ

೥
ቃ

భ

ଵ!
+

ቂ
ೌ

೥
ቃ

మ

ଶ!
+

ቂ
ೌ

೥
ቃ

య

ଷ!
+ ⋯ 

      𝑍 ൤
𝑎௡

𝑛!
൨      =  𝑒

௔
௭           ቆ ∵    1 +

𝑥

1!
+

𝑥ଶ

2!
+

𝑥ଷ

3!
+ ⋯ ቇ =  𝑒௫                                       










otherwise

nfor
n

a
nx

n

0

0
!)(
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4. Form a difference equation by eliminating the arbitrary 
constants from . 

Solution: 
 Given    𝑈௡ = 𝐴2௡ାଵ …………………… (1) 

 Then          𝑈௡ାଵ = 𝐴2௡ାଶ 

             ⟹ 𝑈௡ାଵ = 𝐴2௡ାଵ. 2 … … … … … … … … . . (2) 

Eliminating A from (1)   & (2)   we get  

                 ⟹ ฬ
𝑈௡ 1

𝑈௡ାଵ 2
ฬ = 0 

                           2𝑈௡ − 𝑈௡ାଵ = 0 

5. Form a difference equation by eliminating the arbitrary 
constants from  . 

Solution: 
           Given   𝑦௡ = 𝐴. 3௡ ……………………………(1) 

         Then    𝑦௡ାଵ = 𝐴. 3௡ାଵ 

                ⟹ 𝑦௡ାଵ = 𝐴. 3௡(3) 

                ⟹ 𝑦௡ାଵ = 3𝐴. 3௡  ………………………….(2) 

Eliminating A from (1)   & (2)   we get  

                 ⟹ ฬ
𝑦௡ 1

𝑦௡ାଵ 3
ฬ = 0 

                  ⟹ 3𝑦௡ − 𝑦௡ାଵ = 0 

                  ⟹ 𝑦௡ାଵ − 3𝑦௡ = 0 

6. Find the Z-transform of . 

Solution: 
   We know that      𝑍  { 𝑥(𝑛)} =
 ∑ 𝑥(𝑛)∞

௡ୀ଴   𝑧ିⁿ                                                    

𝑍 ൤
1

𝑛!
൨   =  ෍

1

𝑛!

∞

௡ୀ଴

 𝑧ିⁿ                                                              

   =  ∑
ଵ

௡!
∞
௡ୀ଴  ቂ

ଵ

௭
ቃ

௡
                                              

     = 1 +
ଵ

ଵ!
ቂ

ଵ

௭
ቃ

ଵ
+

ଵ

ଶ!
ቂ

ଵ

௭
ቃ

ଶ
+

ଵ

ଷ!
ቂ

ଵ

௭
ቃ

ଷ
+ ⋯   

  =  1 +  
ቂ

భ

೥
ቃ

ଵ!
+

ቂ
భ

೥
ቃ

మ

ଶ!
+ ⋯                  

             =  𝑒
భ

೥                   ቀ ∵    1 +
௫

ଵ!
+

௫మ

ଶ!
+

௫య

ଷ!
+ ⋯ ቁ =  𝑒௫         

7. Find the Z transform of . 

Solution: 
W.K.T 𝑍{𝑥(𝑛)} = ∑ 𝑥(𝑛)∞

௡ୀ଴ 𝑧ି௡ 

                         𝑍 ൜
1

𝑛
ൠ = ෍

1

𝑛

∞

௡ୀଵ

𝑧ି௡ 

                                    = ෍
1

𝑛

∞

௡ୀଵ

൬
1

𝑧
൰

௡

 

12  n
n Au

n
n Ay 3

!

1

n

n

1
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                                    = ෍
ቀ

1
𝑧ቁ

௡

𝑛

∞

௡ୀଵ

 

                                    =
ቀ

1
𝑧ቁ

ଵ

1
+

ቀ
1
𝑧ቁ

ଶ

2
+

ቀ
1
𝑧ቁ

ଷ

3
+ ⋯ … 

                                                               

= −𝑙𝑜𝑔 ൬1 −
1

𝑧
൰                 ቆ∵  𝑥 +

𝑥ଶ

2
+

𝑥ଷ

3
+ ⋯ ቇ

= − log(1 − 𝑥)    

                              = −𝑙𝑜𝑔 ൬
𝑧 − 1

𝑧
൰ 

                               = 𝑙𝑜𝑔 ൬
𝑧 − 1

𝑧
൰

ିଵ

 

                ∴   𝑍 ൜
1

𝑛
ൠ = 𝑙𝑜𝑔 ቀ

𝑧

𝑧 − 1
ቁ 

8. Find the -transform of . 
   Solution: 

   W.K.T Z- transform formula is 

Z  {x(n)} = ෍ 𝑥(𝑛)

∞

௡ୀ଴

zିⁿ                                       

    

Z [𝑎௡] =  ෍ 𝑎௡

∞

௡ୀ଴

zିⁿ                                           

  = ∑ ቀ
௔

௭
ቁ

௡
∞
௡ୀ଴                                  

    =  1 +
௔

௭
+ ቀ

௔

௭
ቁ ² + ⋯                

       Z [𝑎௡]  =  ቂ1 −
௔

௭
ቃ

ିଵ
  [ ∴ (1 − 𝑥)⁻¹ =   1 + 𝑥 + 𝑥² + ⋯ ] 

                       =  ቂ
௭ି௔

௭
ቃ

ିଵ
  

  𝑍 [𝑎௡] =   
𝑧

𝑧 − 𝑎
    |𝑧| > |𝑎| 

9. Solve  given . 

   Solution: 
Given  𝑦௡ାଵ − 2𝑦௡ = 0 

𝑧[𝑦௡ାଵ − 2𝑦௡] = 0 

𝑧[𝑦௡ାଵ] − 2𝑍[𝑦௡] = 0 

𝑧[𝑌(𝑧) − 𝑦଴] − 2𝑌(𝑧) = 0 

Also given 𝑦଴ = 3              ∴  𝑧𝑌(𝑧) − 3𝑧 − 2𝑌(𝑧) = 0 

                                                   𝑌(𝑧)(𝑧 − 2) = 3𝑧 

                                                                        𝑌(𝑧) =
3𝑧

(𝑧 − 2)
 

                             𝑍൫𝑦(𝑛)൯ =
ଷ௭

(௭ିଶ)
                    [  ∵ 𝑌(𝑧) = 𝑍൫𝑦(𝑛)൯ 

                           = 𝑍ିଵ ቂ
ଷ௭

(௭ିଶ)
ቃ     = 3𝑍ିଵ ቂ

௭

(௭ିଶ)
ቃ 

Z na

021  nn yy 30 y
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                            𝑦(𝑛) = 3. 2௡                         [    ∵ 𝑎௡ = 𝑍ିଵ ቂ
௭

௭ି௔
ቃ 

10. State the Convolution theorem on Z transforms.  
Solution: 

     If 𝑍[𝑓(𝑛)] = 𝐹(𝑧)   &    𝑍[𝑔(𝑛)] = 𝐺(𝑧)  𝑡ℎ𝑒𝑛   𝑍[𝑓(𝑛) ∗ 𝑔(𝑛)] = 𝐹(𝑧)𝐺(𝑧)  

11. Obtain  

Solution: 
     Let X(Z) =

୸

(୸ାଵ)(୸ାଶ)
                                           

𝑋(𝑍)

𝑧
=

1

(𝑧 + 1)(𝑧 + 2)
                                           

1

(𝑧 + 1)(𝑧 + 2)
=

𝐴

𝑧 + 1
+

𝐵

𝑧 + 2
                             

1 = 𝐴(𝑧 + 2) + 𝐵(𝑧 + 1)                                   

Put 𝑧 =  −1 we get,     1 = 𝐴(−1 + 2) + 𝐵(0) 

     𝑨 = 𝟏 

Put z = -2 we get,     1 = 𝐴(0) + 𝐵(−2 + 1)   

    𝑩 = −𝟏 

𝑋(𝑍)

𝑧
=

1

(𝑧 + 1)(𝑧 + 2)
=

1

𝑧 + 1
−

1

𝑧 + 2
                                

𝑋(𝑍) =
𝑧

𝑧 + 1
−

𝑧

𝑧 + 2
                                                                     

𝑍{𝑥(𝑛)} =
𝑧

𝑧 + 1
−

𝑧

𝑧 + 2
                                                       

𝑥(𝑛) = 𝑍ିଵ ቂ
𝑧

𝑧 + 1
ቃ − 𝑍ିଵ ቂ

𝑧

𝑧 + 2
ቃ                                   

             𝑥(𝑛) = (−1)௡ − (−2)௡                     

12. If then show that  

Solution: 
By definition of z-transform  

X(z) = z[x(n)] = ෍ x(n)zି୬

∞

୬ୀ଴

 

Z[anx(n)] =  ෍ a୬x(n)zି୬

∞

୬ୀ଴

 

              = ෍ x(n) ቂ
z

a
ቃ

ି୬
∞

୬ୀ଴

 

= X ቂ
z

a
ቃ 

 

13. Find the -transform of . 

Solution: 

  We know that 𝑧[sin 𝑛𝜃] =
௭ ௦௜௡ఏ

௭మିଶ௭ ୡ୭ୱ ఏାଵ
 

Put 𝜃 =
గ

ଶ
  we get 













)2)(1(
1

zz

z
Z   )()( zXnxZ    .)( 







a

z
XnxaZ n

Z
2

sin
n
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𝑧 ቂ𝑠𝑖𝑛
𝑛𝜋

2
ቃ =

𝑧 𝑠𝑖𝑛
𝜋
2

𝑧ଶ − 2𝑧 cos
𝜋
2 + 1

 

=    
𝑧 (1)

𝑧ଶ − 2𝑧(0) + 1
 

       =
𝑧 

𝑧ଶ + 1
 

14. Find the difference equation generated by

Solution: 
Given   y୬ = b2୬ + an  ………………………….(1) 

    Then  y୬ାଵ = b2୬ାଵ + a(n + 1) 

          ⇒ y୬ାଵ = b2୬(2) + a(n + 1) 

          ⇒ y୬ାଵ = 2b2୬ + a(n + 1)   ………………..(2) 

Then      y୬ାଶ = b2୬ାଶ + a(n + 2) 

          ⇒ y୬ାଶ = b2୬(2ଶ) + a(n + 2) 

          ⇒ y୬ାଶ = 4b2୬ + a(n + 2)   …………… ….(3) 

     Eliminating a and b from (1), (2) & (3) we get 

                    ൥
y୬ 1 n

y୬ାଵ 2 n + 1
y୬ାଶ 4 n + 2

൩ = 0 

y୬[2(n + 2) − 4(n + 1)] − y୬ାଵ[n + 2 − 4n] + y୬ାଶ[n + 1 − 2n] = 0 

y୬[2n + 4 − 4n − 4] − y୬ାଵ[−3n + 2] + y୬ାଶ[−n + 1] = 0 

y୬[−2n] − y୬ାଵ[−3n + 2] − y୬ାଶ[n − 1] = 0 

                                  ⇒ 2ny୬ + (2 − 3n)y୬ାଵ + (n − 1)y୬ାଶ = 0 

15. Define the unit step sequence. Write its Z transform 
Solution: 
The unit step sequence u(n) has values  

      𝑢(𝑛) = ൜
1  𝑓𝑜𝑟  𝑛 > 0
0  𝑓𝑜𝑟   𝑛 < 0

 

        W.K.T  
   𝑍{𝑥(𝑛)}  =  ∑ 𝑥(𝑛)∞

௡ୀ଴  𝑧ି௡                                               

  𝑍{𝑢(𝑛)}     =  ෍ 𝑢(𝑛)

∞

௡ୀ଴

 𝑧ି௡                       

        𝑍{𝑢(𝑛)}   = ෍ 𝑧ି௡

∞

௡ୀ଴

      𝑏𝑦 𝑑𝑒𝑓𝑛. 𝑜𝑓 𝑢(𝑛) 

=  1 +
1

𝑧
+

1

𝑧ଶ
+ ⋯      

  =  ൤1 −
1

𝑧
൨

ିଵ

         

    𝑍{𝑢(𝑛)} =    ൤
𝑧 − 1

𝑧
൨

ିଵ

             

  𝑍{𝑢(𝑛)}   =  
𝑧

𝑧 − 1
             

                   PART-B 

n
n bany 2
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16. Find the Z-transform of  

Solution: 
By partial fraction  

1

𝑛(𝑛 + 1)
=

𝐴

𝑛
+

𝐵

(𝑛 + 1)
… … … … … . (1) 

1 = 𝐴(𝑛 + 1) + 𝐵𝑛 

                         Let    𝑛 = 0 ⇒            1 = 𝐴(0 + 1) + 0 

𝑨 = 𝟏 

                     Let    𝑛 = −1    ⇒            1 = 𝐴(0) + 𝐵(−1) 

𝑩 = −𝟏 

Sub A=1 , B=-1 in equation [1] 

1

𝑛(𝑛 + 1)
=

1

𝑛
−

1

(𝑛 + 1)
 

Taking z-transform  on both sides  

𝑧 ൤
1

𝑛(𝑛 + 1)
൨ = 𝑧 ൤

1

𝑛
൨ − 𝑧 ൤

1

(𝑛 + 1)
൨ 

= log
௭

௭ିଵ
- z log 

௭

௭ିଵ
 

= (1 − 𝑧) log
𝑧

𝑧 − 1
 

17. Find the -transform of  . Hence deduce the 

-transforms of  
Solution: 

   To find:  z[cos nθ]and z[sin nθ] 

      We know that  

                                              z[a୬] =
୸

୸ିୟ
, |z| > |a| 

                                           z[൫e୧θ)୬൧ =
୸

୸ିୣ౟θ 

zൣe୧୬θ൧ =
z

z − (cos θ + isin θ)
 

z[cos nθ + i sin nθ] =
z

(z − cos θ) − isin θ
 

z[cos nθ] + iz[sin nθ] =
z

(z − cos θ) − isin θ
 

z[cos nθ] + iz[sin nθ] = ൤
z

(z − cos θ) − isin θ
൨ ቈ

(z − cos θ) + isin θ

(z − cos θ) + isin θ
቉ 

               =
z(z − cos θ) + i zsin θ  

zଶ − 2zcos θ + cosଶθ + sinଶθ
 

      =
z(z − cos θ) + i zsin θ  

zଶ − 2zcos θ + 1
 

⟹  z[cos nθ] + iz[sin nθ] =
𝑧(𝑧 − 𝑐𝑜𝑠 𝜃)  

𝑧ଶ − 2𝑧𝑐𝑜𝑠 𝜃 + 1
+ i

 zsin θ  

zଶ − 2zcos θ + 1
 

Equating the real and imaginary parts, we get  

1,
)1(

1



n

nn
Z  nn cos&sin

Z  )1cos(&sin nnan
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z[cos nθ] =
z(z − cos θ)  

zଶ − 2zcos θ + 1
 

z[sin nθ] =
 zsin θ  

zଶ − 2zcos θ + 1
 

(i) To find z[cos(n + 1)θ] 
By shifting theorem, 

z[cos(n + 1)θ] = z[z[cos nθ] − cos 0] 

 = z ቈ
z(z − cos θ)  

zଶ − 2zcos θ + 1
− 1቉ 

= z ቈ
zଶ − z cos θ − zଶ + 2z cos θ − 1

zଶ − 2zcos θ + 1
቉ 

= z ൤
z cos θ − 1

zଶ − 2zcos θ + 1
൨ 

=
zଶ cos θ − z

zଶ − 2zcos θ + 1
 

(ii) To find  z[a୬ sin nθ] 
 

We know that z[a୬f(n)] = F ቂ
୸

ୟ
ቃ 

                                                                      z[a୬ sin nθ] = [z[sin nθ]]
୸ →  

୸
ୟ
 

     = ൤
zsin θ

zଶ − 2zcos θ + 1
൨

୸ →  
୸
ୟ

 

=
ቀ

z
aቁ sin θ

ቀ
z
aቁ

ଶ
− 2 ቀ

z
aቁ cos θ + 1

 

=
(
z sin θ

a )

zଶ − 2azcos θ + aଶ

aଶ

 

=
az sin θ

zଶ − 2azcos θ + aଶ
 

18. Find . 
Solution: 

We know that  

𝑧[nf(n)] = −z
d

dz
[z[f(n)]] 

z[na୬sinnθ] = −z
d

dz
[z[a୬sinnθ] 

                  = −z
d

dz
൤

az sinθ

zଶ − 2az cosθ + aଶ൨              [∵ 𝑑 ቀ
𝑢

𝑣
ቁ =

𝑣𝑑𝑢 − 𝑢𝑑𝑣

𝑣ଶ
] 

= −𝑧 ቈ
(𝑧ଶ − 2𝑎𝑧 𝑐𝑜𝑠𝜃 + 𝑎ଶ)(𝑎 sin 𝜃) − (𝑎𝑧 sin 𝜃)(2𝑧 − 2𝑎 cos 𝜃)

(𝑧ଶ − 2𝑎𝑧 𝑐𝑜𝑠𝜃 + 𝑎ଶ)ଶ ቉ 

= −𝑧 ቈ
(𝑧ଶ𝑎 sin 𝜃 − 2𝑎ଶ𝑧 sin 𝜃 cos 𝜃 + 𝑎ଷ sin 𝜃 − 2𝑎𝑧ଶ sin 𝜃 + 2𝑎ଶ𝑧 sin 𝜃 cos 𝜃)

(𝑧ଶ − 2𝑎𝑧 𝑐𝑜𝑠𝜃 + 𝑎ଶ)ଶ ቉ 

=
−𝑧(−𝑧ଶ𝑎 sin 𝜃 + 𝑎ଷ sin 𝜃 )

(𝑧ଶ − 2𝑎𝑧 𝑐𝑜𝑠𝜃 + 𝑎ଶ)ଶ
 

)sin( nnaZ n
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=
za([(𝑧ଶ − 𝑎ଶ) sin 𝜃]

(𝑧ଶ − 2𝑎𝑧 𝑐𝑜𝑠𝜃 + 𝑎ଶ)ଶ
 

19. Solve  and hence deduce . 

Solution: 

      z[a୬] =
z

z − a
, |z| > |a| 

         z[൫e୧θ)୬൧ =
୸

୸ିୣ౟θ 

zൣe୧୬θ൧ =
z

z − (cos θ + isin θ)
 

z[cos nθ + i sin nθ] =
z

(z − cos θ) − isin θ
 

z[cos nθ] + iz[sin nθ] =
z

(z − cos θ) − isin θ
 

z[cos nθ] + iz[sin nθ] = ൤
z

(z − cos θ) − isin θ
൨ ቈ

(z − cos θ) + isin θ

(z − cos θ) + isin θ
቉ 

               =
z(z − cos θ) + i zsin θ  

zଶ − 2zcos θ + cosଶθ + sinଶθ
 

 

      =
z(z − cos θ) + i zsin θ  

zଶ − 2zcos θ + 1
 

⟹  z[cos nθ] + iz[sin nθ] =
𝑧(𝑧 − 𝑐𝑜𝑠 𝜃)  

𝑧ଶ − 2𝑧𝑐𝑜𝑠 𝜃 + 1
+ i

 zsin θ  

zଶ − 2zcos θ + 1
 

Equating the real and imaginary parts, we get  

z[cos nθ] =
z(z − cos θ)  

zଶ − 2zcos θ + 1
 

We know that   𝑧[cos 𝑛𝜃] =
௭ (௭ି௖௢௦ఏ)

௭మିଶ௭ ୡ୭ୱ ఏାଵ
 

 Put 𝜃 =
గ

ଶ
  we get 

𝑧[cos
୬π

ଶ
] =  

௭ (௭ି௖௢௦
ഏ

మ
)

௭మିଶ௭ ୡ୭
ഏ

మ
ାଵ

 

                                    =
௭మ

௭మାଵ
                   [∵ cos

గ

ଶ
= 0] 

 

20. Find the inverse -transform of . 

Solution: 
Given  

𝑍ିଵ ൤
10𝑧

𝑧ଶ − 3𝑧 + 2
൨ = 𝑍ିଵ ൤

10𝑧

(𝑧 − 1)(𝑧 − 2)
൨                            

Let 𝑋(𝑧) =  
ଵ଴௭

(௭ିଵ)(௭ିଶ)
                                                                      

   

         
𝑋(𝑧)

𝑧
=  

10

(𝑧 − 1)(𝑧 − 2)
=

𝐴

𝑧 − 1
+

𝐵

𝑧 − 2
         … . (1)                      

10 = 𝐴(𝑧 − 2) + 𝐵(𝑧 − 1)                                                     

Let 𝑧 = 1                  10 = −𝐴   ⇒   𝑨 = −𝟏𝟎                                                                    

)(cos nZ 







2
cos

n
Z

Z
23

10
2  zz

z
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Let 𝑧 = 2                     10 = 0 + 𝐵 

𝐵 = 10                                                            

 

𝑋(𝑧)

𝑧
=

−10

𝑧 − 1
+

10

𝑧 − 2
                                           

 

𝑋(𝑧) =
−10𝑧

𝑧 − 1
+

10𝑧

𝑧 − 2
      

      𝑇𝑎𝑘𝑖𝑛𝑔 𝑍ିଵ 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 

𝑍ିଵ൫𝑋(𝑧)൯ = −10𝑍ିଵ ቂ
𝑧

𝑧 − 1
ቃ + 10𝑍ିଵ ቂ

𝑧

𝑧 − 2
ቃ           

𝑍ିଵ ൤
10𝑧

𝑧ଶ − 3𝑧 + 2
൨ = −10(1)௡ + 102௡                                   

 

∴    𝑍ିଵ ൤
10𝑧

𝑧ଶ − 3𝑧 + 2
൨ = 10( 2௡ − 1)               

21. Find the inverse -transform of  

Solution: 

Let 𝑋(𝑧) =
୸యିଶ଴୸

(୸ିଶ)య(୸ିସ)
 

𝑋(𝑧)

𝑧
=

zଶ − 20

(z − 2)ଷ(z − 4)
 

௑(௭)

௭
=

୸మିଶ଴

(୸ିଶ)య(୸ିସ)
=

୅

୸ିଶ
+

୆

(୸ିଶ)మ +
େ

(୸ିଶ)య +
ୈ

୸ିସ
………………..(1) 

 zଶ − 20 = A(z − 2)ଶ(z − 4) + B(z − 2)(z − 4) + D(z − 2)ଷ + c(z − 4) 

Put 𝑧 = 2 we get 

                        4 − 20 = 𝐶(−2) 

                           −16 = −2𝐶 

                              𝑪 = 𝟖 

Put 𝑧 = 4 we get 

                       16 − 20 = 𝐷(8) 

                            −4 = 8𝐷 

                                  𝑫 = −𝟏/𝟐 

Equating the coefficients of zଷ on both sides, we get 

                             0 = 𝐴 + 𝐷 

                                𝐴 = −𝐷 

                           𝑨 = −𝟏/𝟐 

 Pu𝑡 𝑧 = 0 we get 

                −20 = −16𝐴 + 8𝐵 − 4𝐶 − 8𝐷 

                  8𝐵 = −20 + 16𝐴 + 4𝐶 + 8𝐷 

                   8𝐵 = −20 + 16(−1/2) + 4(8) + 8(−1/2) 

                8𝐵 = −20 + 8 + 32 − 4 

                  8𝐵 = 40 − 24 

Z
)4()2(

20
3

3




zz

zz



MA 8353-TRANSFORMS AND PARTIAL DIFFERENTIAL 

EQUATIONS 

 

UNIT-V Z-TRANSFORMS AND DIFFERENCE EQUATIONS 

 

 

  III Semester   /  Page 

10 
 

  

                 8𝐵 = 16 

                 𝑩 = 𝟐 

Substituting these values in equation (1), we get 

𝑋(𝑧)

𝑧
=

zଶ − 20

(z − 2)ଷ(z − 4)
=

1/2

z − 2
+

2

(z − 2)ଶ
+

8

(z − 2)ଷ
−

1/2

z − 4
 

𝑋(𝑧) =
1

2

𝑧

𝑧 − 2
+

2𝑧

(z − 2)ଶ
+

8𝑧

(z − 2)ଷ
−

1

2

𝑧

𝑧 − 4
 

Taking 𝑧ିଵ on both sides we get 

𝑧ିଵ[𝑋(𝑧)]
1

2
𝑧ିଵ[

𝑧

𝑧 − 2
] + 2𝑧ିଵ[

𝑧

(z − 2)ଶ
] + 8𝑧ିଵ[

𝑧

(z − 2)ଷ
] −

1

2
[

𝑧

𝑧 − 4
] 

⇒ 𝑧ିଵ[𝑋(𝑧)] =
1

2
2௡ + 𝑛2௡ + 2௡𝑛(𝑛 − 1) −

1

2
4௡ 

⇒ 𝑧ିଵ[𝑋(𝑧)] = 2௡[
1

2
+ 𝑛 + 𝑛(𝑛 − 1)] −

1

2
4௡ 

 

⇒ 𝑧ିଵ[𝑋(𝑧)] = 2௡[
1

2
+ 𝑛 + 𝑛ଶ − 𝑛] −

1

2
4௡ 

⇒ 𝑧ିଵ[𝑋(𝑧)] = 2௡[
1

2
+ 𝑛ଶ] −

1

2
4௡ 

⇒ 𝑧ିଵ[
zଷ − 20z

(z − 2)ଷ(z − 4)
] = 2௡ିଵ + 𝑛ଶ2௡ −

1

2
4௡ 

22. Using convolution theorem find the inverse Z-transform of

.  

Solution: 
Given 

𝑍ିଵ ቎
𝑧ଶ

ቀ𝑧 −
1
2ቁ ቀ𝑧 −

1
4ቁ

቏ =  𝑍ିଵ ቎
𝑧

𝑧 −
1
2

.
𝑧

𝑧 −
1
4

቏                                        

                                                

𝑍ିଵ ቎
𝑧ଶ

ቀ𝑧 −
1
2ቁ ቀ𝑧 −

1
4ቁ

቏  =  𝑍ିଵ ቎
𝑧

𝑧 −
1
2

቏ ∗ 𝑍ିଵ ቎
𝑧

𝑧 −
1
4

቏                             

                                                 

=  ൬
1

2
൰

௡

∗ ൬
1

4
൰

௡

          

                             𝑍ିଵ ቈ
௭మ

ቀ௭ି
భ

మ
ቁቀ௭ି

భ

ర
ቁ
቉ =  ∑ ቀ

ଵ

ଶ
ቁ

௞

ቀ
ଵ

ସ
ቁ

௡ି௞
௡
௞ୀ଴                                      

                   =  ቀ
ଵ

ସ
ቁ

௡
∑ ቀ

ଵ

ଶ
ቁ

௞

ቀ
ଵ

ସ
ቁ

ି௞
௡
௞ୀ଴  

             =  ൬
1

4
൰

௡

෍ ൬
1

2
൰

௞

൬
1

2ଶ൰
ି௞௡

௞ୀ଴

 

            =  ቀ
ଵ

ସ
ቁ

௡
∑ ቀ

ଵ

ଶ
ቁ

௞

ቀ
ଵ

ଶ
ቁ

ିଶ௞
௡
௞ୀ଴     

)14)(12(

8 2

 zz

z
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𝑍ିଵ ቎
𝑧ଶ

ቀ𝑧 −
1
2ቁ ቀ𝑧 −

1
4ቁ

቏ =  ൬
1

4
൰

௡

෍ ൬
1

2
൰

ି௞௡

௞ୀ଴

=   ൬
1

4
൰

௡

෍ 2௞

௡

௞ୀ଴

                                           

                                                =  ቀ
ଵ

ସ
ቁ

௡
[1 + (2) + (2)ଶ + ⋯ + (2)௡] 

                    𝑠𝑖𝑛𝑐𝑒 1 + 𝑟 + 𝑟ଶ + 𝑟ଷ + ⋯ +𝑟௡. =   =
𝑟௡ାଵ − 1

𝑟 − 1
    𝑓𝑜𝑟 𝑟 < 1 

                                            =  ቀ
ଵ

ଶ
ቁ

ଶ௡

ቂ
(ଶ)೙శభିଵ

ଶିଵ
ቃ                            𝑏𝑦 𝐺. 𝑃 

        𝑍ିଵ ቈ
௭మ

ቀ௭ି
భ

మ
ቁቀ௭ି

భ

ర
ቁ
቉ =  ቀ

ଵ

ଶ
ቁ

ଶ௡
[(2)௡ାଵ − 1]       = ቀ

ଵ

ଶ
ቁ

ଶ௡
 ቂ

ଵ

ଶష೙షభ −

1ቃ                                  

                     =  ቀ
ଵ

ଶ
ቁ

ଶ௡

൤ቀ
ଵ

ଶ
ቁ

ି௡ିଵ
− 1൨ 

       𝑍ିଵ ቈ
௭మ

ቀ௭ି
భ

మ
ቁቀ௭ି

భ

ర
ቁ
቉ =  ቀ

ଵ

ଶ
ቁ

௡ିଵ
− ቀ

ଵ

ଶ
ቁ

ଶ௡
                                    

23. Using convolution theorem, find the inverse - transform 

of . 

Solution: 

𝑍ିଵ ቈ
𝑧ଶ

(𝑧 + 𝑎)ଶ቉ =  𝑍ିଵ ቂ
𝑧

𝑧 + 𝑎
  

𝑧

𝑧 + 𝑎 
ቃ                                               

   = 𝑍ିଵ ቂ
௭

௭ା௔
ቃ ∗ 𝑍ିଵ ቂ

௓

௭ା௔
ቃ   

                                             = (−𝑎)௡ ∗ (−𝑎)௡                      

= ෍(−𝑎)௞(−𝑎)௡ି௞

௡

௞ୀ଴

 

                                                          = (−𝑎)௡ ෍(1)௞ 

௡

௞ୀ଴

 

= (−𝑎)௡[1 + 1 + 1 + ⋯ ] 

𝑍ିଵ ቈ
𝑧ଶ

(𝑧 + 𝑎)ଶ቉      =  (n + 1) (– 𝑎)௡ 

24. By using convolution theorem, prove that the inverse Z-

transform of
௭మ

(௭ି௔)(௭ି௕)
. 

Solution: 

𝑍ିଵ ቈ
𝑧ଶ

(𝑧 − 𝑎)(𝑧 − 𝑏)
቉   =  𝑍ିଵ ቂ

𝑧

𝑧 − 𝑎
  

𝑧

𝑧 − 𝑏 
ቃ                      

 𝑍ିଵ ቈ
𝑧ଶ

(𝑧 − 𝑎)(𝑧 − 𝑏)
቉  =  𝑍ିଵ ൤

𝑧

(𝑧 − 𝑎)
൨ ∗ 𝑍ିଵ ൤

𝑍

𝑧 − 𝑏
൨            

                                                                        
    =  𝑎௡ ∗ 𝑏௡           

                                                                     

    =  ෍ 𝑎௞𝑏௡ି௞

௡

௞ୀ଴

 

Z









 2

2

)( az

z
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      =  𝑏௡ ෍ ቂ
𝑎

𝑏
ቃ

௞

    

௡

௞ୀ଴

 

    = 𝑏௡ ൤1 +
௔

௕
+ ቀ

௔

௕
ቁ

ଶ
+ ቀ

௔

௕
ቁ

ଷ
+ ⋯ + ቀ

௔

௕
ቁ

௡
. ൨ 

      𝑠𝑖𝑛𝑐𝑒 1 + 𝑟 + 𝑟ଶ + 𝑟ଷ + ⋯ +𝑟௡ =   =
𝑟௡ାଵ − 1

𝑟 − 1
                                 

   
ቀ

𝑎
𝑏ቁ

௡ାଵ
− 1

𝑎
𝑏

− 1
 = 𝑏௡ ൦

𝑎௡ାଵ − 𝑏௡ାଵ

𝑏௡ାଵ

𝑎 − 𝑏
𝑏

൪  

=𝑏௡ ቈ
ೌ೙శభష್೙శభ

್೙ ್
ೌష್

್

቉ 

   𝑍ିଵ ቈ
𝑧ଶ

(𝑧 − 𝑎)(𝑧 − 𝑏)
቉ =  

𝑎௡ାଵ − 𝑏௡ାଵ

𝑎 − 𝑏
                         

25. Form a difference equation from the relation . 
Solution: 

  

26. Construct the difference equation from n
n BnAy )3)(( 

Solution: 
Given  𝑦௡ = (𝐴 + 𝐵𝑛)(−3)௡ 

                    = 𝐴(−3)௡ + 𝐵𝑛(−3)௡ 

             𝑦௡ାଵ = (𝐴 + 𝐵(𝑛 + 1))(−3)௡ାଵ 

                       = 𝐴(−3)௡(−3) − 3𝐵(𝑛 + 1)(−3)௡(−3) 

             =  −3𝐴(−3)௡ − 3𝐵(𝑛 + 1)(−3)௡ 

                  𝑦௡ାଶ = (𝐴 + 𝐵(𝑛 + 2))(−3)௡ାଶ 

                          = 𝐴(−3)௡ାଶ + 𝐵(𝑛 + 2)(−3)௡ାଶ                          

                         = 9𝐴(−3)௡ + 9𝐵(𝑛 + 2)(−3)௡ 

                                 Eliminating A and B we get 

                           อ
𝑦௡ 1 𝑛

𝑦௡ାଵ −3 −3(𝑛 + 1)
𝑦௡ାଶ 9 9(𝑛 + 2)

อ =0 

𝑦௡[−27(𝑛 + 2) + 27(𝑛 + 1)] − 𝑦௡ାଵ[9(𝑛 + 2) − 9𝑛] + 𝑦௡ାଶ[−3(𝑛 + 1) + 3𝑛]
=  0  

𝑦௡[−27𝑛 − 54 + 27𝑛 + 27] − 𝑦௡ାଵ[9𝑛 + 18 − 9𝑛] + 𝑦௡ାଶ[−3𝑛 − 3 + 3𝑛] = 0 

  𝑦௡(−27) − 𝑦௡ାଵ(18) + 𝑦௡ାଶ(−3) = 0 

           −27𝑦௡ − 18𝑦௡ାଵ − 3𝑦௡ାଶ = 0 

       (÷ −3)         9𝑦௡ + 6𝑦௡ାଵ+ 𝑦௡ାଶ = 0    

27. Using Z-transform solve 0&1,0103 10)()1()2(   yyyyy nnn . 

Solution: 
Given y୬ାଶ − 3y୬ାଵ − 10y୬ = 0, y଴ = 1 & yଵ = 0 

    Taking z-transform on both sides, we get 

Using the formula        𝑍[𝑦௡] = 𝑌(𝑧) 

                                      𝑍[𝑦௡ାଵ] = 𝑧𝑌(𝑧) − 𝑧𝑦଴ 

                                        𝑍[𝑦௡ାଶ] = 𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ 

n
n bay 3
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                𝑧[y୬ାଶ] − 3z[y୬ାଵ] − 10z[y୬] = 0, y଴ = 1 & yଵ = 0 

               [𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ] − 3[𝑧𝑌(𝑧) − 𝑧𝑦଴] − 10𝑌(𝑧) = 0 

          [𝑧ଶ𝑌(𝑧) − 𝑧ଶ] − 3[𝑧𝑌(𝑧) − 𝑧] − 10𝑌(𝑧) = 0 

                         𝑧ଶ𝑌(𝑧) − 𝑧ଶ − 3𝑧𝑌(𝑧) + 3𝑧 − 10𝑌(𝑧) = 0 

                                                [𝑧ଶ − 3𝑧 − 10]𝑌(𝑧) − 𝑧ଶ + 3𝑧 = 0 

[𝑧ଶ − 3𝑧 − 10]𝑌(𝑧) = 𝑧ଶ − 3𝑧 

𝑌(𝑧) =
𝑧ଶ − 3𝑧

[𝑧ଶ − 3𝑧 − 10]
=

𝑧(𝑧 − 3)

(𝑧 − 5)(𝑧 + 2)
 

𝑇𝑜 𝑎𝑝𝑝𝑙𝑦  𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 𝑧௡ିଵ   

𝑌(𝑧)𝑧௡ିଵ =
𝑧(𝑧 − 3)

(𝑧 − 5)(𝑍 + 2)
𝑧௡ିଵ =

(𝑧 − 3)

(𝑧 − 5)(𝑧 + 2)
𝑧௡ 

Here 𝑧 = 5 & 𝑧 = −2 is a pole of order 1 

𝑅ଵ = Res
௭ୀହ

𝑌(𝑧)𝑧௡ିଵ =  lim
௭→ହ

(𝑧 − 5)
(𝑧 − 3)

(𝑧 − 5)(𝑧 + 2)
𝑧௡    

                                                                               =  lim
௭→ହ

(𝑧 − 3)

(𝑧 + 2)
𝑧௡   =  

(5 − 3)

(5 + 2)
5௡ 

                                                                           𝑅ଵ =
2

7
5௡ 

𝑅ଶ = Res
௭ୀିଶ

𝑌(𝑧)𝑧௡ିଵ =  lim
௭→ିଶ

(𝑧 + 2)
(𝑧 − 3)

(𝑧 − 5)(𝑍 + 2)
𝑧௡    

                                                                               =  lim
௭→ିଶ

(𝑧 − 3)

(𝑧 − 5)
𝑧௡  

=  
(−2 − 3)

(−2 − 5)
(−2)௡  =

−5

−7
(−2)௡ 

                                                       ∴      𝑅ଶ =
5

7
(−2)௡ 

By Cauchy' s  Residue theorem    𝑦(𝑛) = 𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 = 𝑅ଵ + 𝑅ଶ 

                                       𝑦(𝑛) =
2

7
5௡ +

5

7
(−2)௡ 

 
28. Solve n

nnn yyy 234 )()1()2(    with 1&0 10  yy  using Z-

transform. 
Solution: 
Using the formula 

                                        𝑍[𝑦௡] = 𝑌(𝑧) 

                                        𝑍[𝑦௡ାଵ] = 𝑧𝑌(𝑧) − 𝑧𝑦଴ 

                                       𝑍[𝑦௡ାଶ] = 𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ 

     Given 𝑦௡ାଶ + 4𝑦௡ାଵ + 3𝑦௡ = 2௡ 

 𝑧[𝑦௡ାଶ] + 4𝑧[𝑦௡ାଵ] + 3𝑧[𝑦௡] = 𝑧[2௡] 

𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ + 4[𝑧𝑌(𝑧) − 𝑧𝑦଴] + 3𝑌(𝑧) =
𝑧

𝑧 − 2
 

  Given 𝑦଴ = 0; 𝑦ଵ = 1 

𝑧ଶ𝑌(𝑧) − 𝑧 + 4𝑧𝑌(𝑧) + 3𝑌(𝑧) =
𝑧

𝑧 − 2
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[𝑧ଶ + 4𝑧 + 3]𝑌(𝑧) =
𝑧

𝑧 − 2
+ 𝑧 

  

[𝑧ଶ + 4𝑧 + 3]𝑌(𝑧) =
𝑧 + 𝑧(𝑧 − 2)

𝑧 − 2
 

[𝑧ଶ + 4𝑧 + 3]𝑌(𝑧) =
𝑧 + 𝑧ଶ − 2𝑧

𝑧 − 2
 

(𝑧 + 1)(𝑧 + 3)𝑌(𝑧) =
𝑧ଶ − 𝑧

𝑧 − 2
 

𝑌(𝑧) =
𝑧ଶ − 𝑧

(𝑧 + 1)(𝑧 + 3)(𝑧 − 2)
 

 

𝑇𝑜 𝑎𝑝𝑝𝑙𝑦  𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 𝑧௡ିଵ   

 

𝑌(𝑧)𝑧௡ିଵ =
𝑧௡(𝑧 − 1)

(𝑧 + 1)(𝑧 + 3)(𝑧 − 2)
 

                        𝑌(𝑧)𝑧௡ିଵ has a simple pole at 2, −1 𝑎𝑛𝑑 − 3 

                        𝑧 = 2 is a simple pole 

                    𝑧 = −1 is a simple pole 

                     𝑧 = −3 is a simple pole 

(i) 𝑅ଵ = Res
௭ୀିଶ

𝑌(𝑧)𝑧௡ିଵ = lim
௭→ଶ

(𝑧 − 2)
௭೙(௭ିଵ)

(௭ାଵ)(௭ାଷ)(௭ିଶ)
 

                                    = lim
௭→ଶ

𝑧௡(𝑧 − 1)

(𝑧 + 1)(𝑧 + 3)
 

                                     =
(2)௡

(3)(5)
 

                         𝑅ଵ =
ଶ೙

ଵହ
 

(ii) 𝑅ଶ = Res
௭ୀିଵ

𝑌(𝑧)𝑧௡ିଵ = lim
௭→ିଵ

(𝑧 + 1)
௭೙(௭ିଵ)

(௭ାଵ)(௭ାଷ)(௭ିଶ)
 

                                            = lim
                                                                      ௭→ିଵ

𝑧௡(𝑧 − 1)

(𝑧 − 2)(𝑧 + 3)
 

                                              =
(−1)௡(−2)

(−3)(2)
 

                                        𝑅ଶ =
(−1)௡

3
 

(iii) 𝑅ଷ = Res
௭ୀିଷ

𝑌(𝑧)𝑧௡ିଵ = lim
௭→ିଷ

(𝑧 + 3)
௭೙(௭ିଵ)

(௭ାଵ)(௭ାଷ)(௭ିଶ)
 

                                              = lim
                                                                          ௭→ିଷ

𝑧௡(𝑧 − 1)

(𝑧 − 2)(𝑧 + 1)
 

                                                 =
(−3)௡(−4)

(−5)(−2)
 

                                                 =
2(−3)௡

(−5)
 

                                           𝑅ଷ =
3௡

5
2(−1)௡ାଵ 

By Cauchy' s  Residue theorem  
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                             𝑦(𝑛) = 𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 = 𝑅ଵ + 𝑅ଶ + 𝑅ଷ 

=
2௡

15
+

(−1)௡

3
+

3௡

5
2(−1)௡ାଵ 

=
1

15
2௡ +

1

3
(−1)௡ +

2

5
(−1)௡ାଵ3௡ 

                             𝑦(𝑛) =
1

15
2௡ +

1

3
(−1)௡ +

2

5
(−1)௡ାଵ3௡ 

29. Solve the equation n
nnn uuu 296 12    given 010  uu . 

Solution: 
Using the formula 

                                                    𝑍[𝑦௡] = 𝑌(𝑧) 

                                                    𝑍[𝑦௡ାଵ] = 𝑧𝑌(𝑧) − 𝑧𝑦଴ 

                                                    𝑍[𝑦௡ାଶ] = 𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ 

                            Given 𝑦௡ାଶ + 6𝑦௡ାଵ + 9𝑦௡ =  2௡ 

 𝑍[𝑦௡ାଶ] + 6𝑍[𝑦௡ାଵ] + 9𝑍[𝑦௡] =  𝑍[2௡] 

  𝑧ଶ𝑌(𝑧) − 𝑧ଶ𝑦଴ − 𝑧𝑦ଵ + 6[𝑧𝑌(𝑧) − 𝑧𝑦଴] + 9𝑌(𝑧) =  
௭

௭ିଶ
   

  𝑧ଶ𝑌(𝑧) + 6𝑧𝑌(𝑧) + 9𝑌(𝑧) =  
௭

௭ିଶ
                                                        

                                  [𝑧ଶ + 6𝑧 + 9]𝑌(𝑧) =  
௭

௭ିଶ
                                                          

     (𝑧 + 3)ଶ𝑌(𝑧) =  
௭

௭ିଶ
                                                 

                                      𝑌(𝑧) =  
௭

(௭ିଶ)(௭ାଷ)మ                   

𝑇𝑜 𝑎𝑝𝑝𝑙𝑦  𝑟𝑒𝑠𝑖𝑑𝑢𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠 𝑏𝑦 𝑧௡ିଵ   

                                                  𝑌(𝑧)𝑧௡ିଵ =  
௭೙

(௭ିଶ)(௭ାଷ)మ                        

           𝑍 = 2 is a simple pole,    𝑍 =  −3 is a pole of order 2 

𝑅ଵ = Res
௭ୀଶ

𝑌(𝑧)𝑧௡ିଵ =  lim
௭→ଶ

(𝑧 − 2)
𝑧௡

(𝑧 − 2)(𝑧 + 3)ଶ
                                                     

        =  lim
௭→ଶ

௭೙

(௭ାଷ)మ      =  
ଶ೙

ଶହ
                             

  

𝑅ଶ = Res
௭ୀିଷ

𝑌(𝑧)𝑧௡ିଵ =  lim
௭→ିଷ

1

1!

𝑑

𝑑𝑧
(𝑧 + 3)ଶ    

𝑧௡

(𝑧 − 2)(𝑧 + 3)ଶ
                                                  

=  lim
௭→ିଷ

𝑑

𝑑𝑧
ቆ

𝑧௡

𝑧 − 2
ቇ                                              

              

=  lim
௭→ିଷ

ቈ
(𝑧 − 2)𝑛𝑧௡ିଵ − 𝑧௡

(𝑧 − 2)ଶ ቉                     

             

=
(−5)௡(−3)௡ିଵ − (−3)௡

(−5)ଶ
                  

 Res
௭ୀିଷ

𝑌(𝑧)𝑧௡ିଵ =  
(ିଷ)೙[ିହ௡(ିଷ)షభିଵ]

ଶହ
                                           

            =  
(ିଷ)೙ቂ

ఱ

య
௡ିଵቃ

ଶହ
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Res
௭ୀିଷ

𝑌(𝑧)𝑧௡ିଵ =  
(−3)௡[5𝑛 − 3]

75
                                                          

    By Cauchy' s  Residue theo 

                   𝑦(𝑛) = 𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 = 𝑅ଵ + 𝑅ଶ 

                      =
ଶ೙

ଶହ
+

(ିଷ)೙[ହ௡ିଷ]

଻ହ
                                

                     𝑦(𝑛)      =  
1

25
൤2௡ − (−3)௡ +

5

3
𝑛(−3)௡൨ 

 
 

 
 
 
 

 

 


